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Abstract. This paper studies a stochastic particle method for the numerical
treatment of Smoluchowski’s coagulation equation. Convergence in probability
is established for the Monte Carlo estimators, when the number of particles
tends to infinity. The deterministic limit is characterized as the solution of a
discrete in time version of the Smoluchowski equation. The results are illus-
trated by numerical examples.
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1. Introduction

The Smoluchowski equation first published in [5] describes the physical process of coag-
ulation. This phenomenon is important in many flelds of application, in particular in
aerosol science (cf. [7]). We consider the Smoluchowski equation in its simplest form

2 nu(t) = 3 21 Kigima(t) ni(t) — m(t) £2 Kuma(t),  1=1,2,...,  (L1)
with the initial condition
m(0)=n®, 1=1,2,.... (1.2)

Here my(t) is the concentration of particles of size [ (containing [ structural units or
monomers) at time ¢ > 0.
Concerning the initial value, we assume that

>0, I1=1,2..., (1.3)

=0, I>L (1.4)



and
max > 0. (1.5) |

Condition (1.4) assures, in particular, that the infinite sum on the right-hand side of (1.1)
is finite at time zero, for arbitrary kernels K .

Concerning the coagulation kernel K | we assume that
i,igr'lgfl K;;>0 _ (1.6)
and
K;;=K;i, 1,7 =1,2,.... (1.7)

Among numerical methods for solving Eq. (1.1) Monte Carlo algorithms based on
interacting particle systems play an important role. We refer to the extensive reference
list in [4]. The purpose of this paper is to give a rigorous convergence proof for a
stochastic algorithm, which was proposed in [2] and was numerically investigated in [4].
We call this procedure a Nanbu type method because of its analogy with a corresponding
numerical algorithm for the Boltzmann equation (cf. [3]). Convergence of the basic
algorithms for the Boltzmann equation was established in [1], [6].

In Section 2 we describe the numerical algorithm in detail. Section 3 contains the main
result showing convergence in probability of the Monte Carlo estimators to a deterministic
limit as the number of simulation particles tends to infinity. The limit is determined as
the solution of an equation, which is a discretized in time analogue of the Smoluchowski
equation. In Section 4 we present the results of some numerical experiments illustrating
the above mentioned convergence theorem as well as the convergence of the solution of
the discretized equation to the solution of Eq. (1.1).

2. Description of the algorithm

Let us consider a stochastic particle system, where each particle is characterized by its

size ! =1,2,.... The state of the system is determined by the sequence
Ny(t), No(t), ..., (2.1)
where N;(t) is the number of particles of size [ at time ¢ > 0. The system depends on a
parameter N = 1,2,..., and its state is defined at discrete moments
M k=0,1,..., M=o,

according to the rules following below. Between these points the system does not change.

Initial state: At time zero the system consists of N particles approximating the
initial value in condition (1.2). More precisely, let

N =) N(0) (2.2)

1>1



and

Ni(0) — n; ) in probabilityas N — oo, [=1,2,..., (2:3)

(N)

for some appropriate normalizing sequence ¢; . In correspondence with (1.4), we
assume that

N(0)=0, 1> L. (2.4)

Remark 2.1 (Choice of the normalizing sequence) From (2.2), (2.3), (2.4), (1.5)
one obtains

N

- = Z Zn(o) in probability as N — oo (2.5)
o >1 Co >1
so that
A}lfio cgN) =00. (2.6)
An appropriate choice is
N
) = e (2.7)
2121 L

Remark 2.2 One may consider N as the number of monomers in the system at time
zero, 1.e.

N =Y 1N(0), (2.8)

>1

instead of (22) Then (2.8), (2.8), (2.4) and (1.5) give

(N) Zl NI(O) = ln(o) >0 in probability as N — oo
1>1 o >1

so that in this case

="
Y1 lngo)

would be an appropriate choice of the normalizing sequencé.

Time evolution: Given the state of the system (2.1) at time "), for some k& =
0,1,..., and a normalizing sequence cgc ), the state at time tﬂi is constructed in several
steps.

1. Choose the time increment

a

) )
max{};>1 —(fi‘r Kis}

AN = (2.9)
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where

0<a<l , (2.10)
is a discretization parameter, and define
) =M 1 AN (2.11)
2. Denote
N =N("), Ny =N,
3. For each particle of size [, [ =1,2,... , examine with the reaction probability

Ny(t")
i)

PI(N) = A(N) Z

7>1

K, 1=1,2..., (2.12)

whether it interacts with any other particle.

3.1 If yes, then find the random size m of the reaction partner according to the size
distribution

-

(N)' | Nm(th)) Kim

pl,m = ) Z ’ (213)
2721 Nj(t£N)) K
and change
N/ :=N/,-1, N, :=N, -1, N . :=N, . +1. (2.14)

3.2 If no, then do not change anything.

4. To keep all components non-negative truncate the system if necessary, i.e. define
Nl(tﬂi) := max(0, N}), [=1,2,.... (2.15)

5. Check whether the number of particles satisfies

; M <2 (2.16)
1 .

5.1 If yes, then double the system, i.e. define
NI =288, ) =240, (2.17)
5.2 If no, then do not change anything, i.e. define
M) = M), = (2.18)

Note that the probabilities (2.12), (2.13) are the same for all particles of the same size.

The normalizing sequences, which are in fact random, satisfy cch) =26 c(()N) , where (3 is
the number of those among the k time steps at which the doubling procedure (2.17) took
place. Thus, one obtains

< M ok N p_gq (2.19)



Remark 2.3 (Growth of the particle size) During one time step, the largest non-
zero component of the sequence (Ni) may increase at most by a factor 2 (cf. (2.14))."
Thus, according to (2.4), one obtains

Ny =0, I>2L,. (2.20)
Consequently, the infinite sums in (2.9), (2.12) and (2.18) are actually finite.

Remark 2.4 (Number of monomers) The mass conservation property of the Smolu-
chowski equation (1.1), i.e.

dolm(t) =) Im(0), t>0,
1>1 1>1
(see (3.9), (3.10) below) is violated for the particle system due to the truncation (2.15).
We have (cf. (2.14))
IN{ +m Ny, + (I+m) Niy = LN = 1)+ m (N, = 1) + (I 4+ m) (N + 1)
and therefore
YN, =Y LN
1>1 >1
but, according to (2.15), in general only
>IN > S INED).

I>1 I>1

Remark 2.5 (Number of particles) The number of particles in the system satisfies

ﬁgZN,(tg‘”)gN, E=0,1,..., (2.21)
2 7=
which follows by induction from

= EN:(t“”) <Y M) <> MEY).

251 >1 1>1
From (2.21) and (2.19) one obtains
- ZN,(tN))< g,) < sup g,) < o,
Ck >1
accordiﬁg to (2.5).
For the proof it will be sufficient to use the rough inequality

> N(t) <23 M),

1>1 I>1
which implies
CI(:N) ;Nz(t )< 2 ) < 2k SUp —ry ) < 00, (2.22)

according to (2.5).



3. Convergence theorem

We consider a discrete approximation to Eq.(1.1), namely

u(tes1) = fu(te) + Ak (% 2 K i tui(te) fumi(te) — u(te) ; K, ﬁi(tk)) , (3.1)
I=12..., k=01,.., )
with the initial condition
m0)=n,  1=1,2,.... (3.2)

The time steps are defined as

a
A = . , 3.3
max{¥;>1 A;(t) Ki;} (39)
where « is the parameter from (2.9), (2.10), and
B tk+1:tk+Ak, k=0,l,..., t0=0.
The main result is the following.
Theorem 3.1 Let the assumptions (2.8), (2.4) be fulfilled. Then
Ny (£
l((l{f.) ) — 7y(tr) in probability as N — oo, 1=1,2,..., k=0,1,..., (3.4
Ck
where 7y is the solution of Eq. (3.1) and Nz(tiN)) , c,(cN) were defined in Section 2.
We start with some preparations for the proof.
Lemma 3.2 The solution of Eq. (8.1) satisfies
fu(te) >0, l=12,..., k=0,1,..., (3.5)
fu(te) =0, I>28Ly, k=0,1,..., (3.6)

Yiwt) =00,  k=0,1,.... (3.7)

I>1 >1

Proof. We prove the assertions by induction with respect to k. In the case k£ = 0 they
are fulfilled because of (3.2), (1.3) and (1.4). Assuming that they are fulfilled for some &
we prove them for £+ 1. Eq. (3.1) takes the form

-1

. . . 1 . .
fu(ters) = Mate) |1 — Ap D Kigfi(te)| + 3 A Kigoii(te) Pu—i(te) - (3.8)
i>1 =1




The term in brackets satisfies (cf. (3.3), (2.10), (1.7))

N Yiv1 Kiani(te)
1-A K ni(te) =1—«
F KAl =1 = e ) Kiord

>1-a>0,

which implies (3.5). If I > Ly2*+! | then either i(tk) = 0 or 7u_i(tx) = 0 so that the
right-hand side of (3.8) vanishes and (3.6) follows. Finally, we note that

133
Zl[ ZKtl—zb bl—l] = _ZZthl—zbbl—zz_ZZl‘i'z tlbbl

>1 =1 z>1 1>z 1.>1 i>1

= Z Iy Z Kg,z b,' N (39)

>1 1

for any symmetric matrix K and any sequence (b;). Now (3.1) and (3.9) imply

> lu(terr) = 3 Ifu(te) (3.10)

>1 >1

and (3.7) follows. O =

Let the system Nl(t,(cN)), Ng(tSCN) ),- - be fixed. For each tested particle (cf. step 3
in the description of the time evolution in Section 2)

(Li), 1=1,2,..., =12, N&",

we introduce a random variable §;; that determines whether the particle takes part in
a reaction. These random variables are independent and distributed according to (cf.
(2.12))

Prob(¢; =1)= P, Prob(; =0)=1—P™. (3.11)

We also introduce random variables m;; for the size the reaction partner, which are
independent of each other and of (§;;). Their distribution is (cf. (2.13))
Prob(m; =m) = P m=12.... (3.12)

I,m

We prove two lemmas related to these random variables.

Lemma 3.3 Assume, for some k=0,1,...,
(M)
t
il((—l\—%—) — fy(te) n probability as N — oo, [=1,2,.... (3.13)
Sk
Then
1 Nl(tk ))
m Z i — 2Akn,(tk)ZK,,n,(tk), 1=1,2,..., (3.14)
1= i1

wn probability as N — oo.



Proof. For the random variable on the left-hand side of (3.14),

] Nz(t(N))

l : (N) Z 511. 3 (315)

we prove that the expectation tends to the deterministic expression on the right-hand
side, 1.e.

1

Jim B = = Auiu(t) Y Ko s(te), (3.16)
—00 >
and that the variance vanishes, i.e.
Jim v =g, (3.17)

Let Ej denote the cond1t10nal expectatlon with respect to the o-algebra generated by
the sequence N (£ ), Ng(tk ), ... . Then (cf. (3.11), (2.12))

E &= P;(N) (3.18)
and, consequently,
JIACRD) (V)
1 k Ni(t
E¢™ = EB (™ =E|E > b =E[ 'C((;;) Jp
i=1 2
Nt )1 N(# ‘
B l((l\l;) )2A(N)Z ( Kz,J} _ (3.19)
k

Note that the random variable in brackets is bounded according to the definition (2.9)
and the estimate (2.22). Thus, (3.16) follows from (3.13) and the fact that (cf. (2.9),

(3.3))

Ach): @ C!A :Ak
max{¥is1 ‘(N) Ky P te) Kil}

in probability as N — co. Note that

Nl t(N) X .
Z___((A’;) )Kg,lHan(tk)Ki,,, i=1,2,...,

since the sums are over a finite set of indices, according to (2.20) and (3.6). Moreover,

an i‘k 1[ > lan,J ma.xnz(tk) >0,
>1

according to (3.7), (1.5) and (1.6).
In order to establish (3.17) we use the property

V™ = BV G + BB (VY — (BETY, (3-20)

8



where
Ve () = Eu(¢$)? — (B (V)2
From (3.16) we know that

2
I .
lim (¢ ()2 = 5 O n,(tk)ZKz,,-nj(tk)} . (3.21)
321
Using (3.18) we obtain
Nl(t( N 2 ™) 2
Ny(t
=1 Cr

This term is handled as the right-hand side of (3.19) giving

2
lim E(B. My = [ Ay fu(te) Y Ku;fis( ’«‘k)] (3.22)

321

Finally we obtain from (3.15), (3.11)
IACRD) (N)
1 b Ni(t

Ve ) = (Mg > W= E;) 2) M@ - Py, (3.23)

(e ) = c )

This random variable is bounded according to the definitions (2.12), (2.9) and the estimate
(2.22). Its expectation tends to zero according to (3.13), (2.19) and (2.6). Thus, (3.20),
(3.21), (3.22), (3.23) imply (3.17). O

Lemma 3.4 Assume, for some k =0,1,.

+)
Nl((ls) ) — my(tx) n probability as N — oo, 1=1,2,....
k

Then
L MED) 1
m z f,‘,j 5,“’:.1 — -2- Ag ‘fb,‘(tk) Ki,l ’ﬁ,z(tk) , 'I,,l = 1, 2,_ ey
Ck 3=1
1 probability as N — oo, where § denotes the Kronecker symbol.

Proof. One obtains

Ni(tg
Eg fi,j 5’71’,;” = Pi(N) pgllv.) = A(N) l((N) ) K1,

according to (3.11), (3.12), (2.12), (2.13). Thus,

1 M0 N 1 o M)
X Gt o7 gt Ty




The rest of the argument is analogous to the proof of Lemma 3.3. O

Proof of Theorem 3.1.  We prove the assertion by induction. In the case k = 0 (3.4)
is fulfilled because of (3.2) and assumption (2.3). We assume that (3.4) is fulfilled for

some k and prove it for £+ 1.
Let 1, l(llv) be the number of particles of size [ taking part in reactions as tested particles,
Iy (M) _ the number of particles of size [ taking part in reactions as partners of tested

pa.rt1c1es, and [;’ () _ the number of new particles of size I. Then, according to (2.14),
N =Nt -1 -1+ 15, 1=1,2,.... (3.24)
Using the representations (cf. (3.11), (3.12))

N(EN)

I(N) = Y. &,
=1

N; (t(N))

I(N) — Z Z &6 il

21 j=1
—1 M)

Il(,éV) = Z Z f 1,J ThJ -1,

=1 =1
we obtain from Lemmas3.3 and 3.4
Nl(t )
1 1 1

-_(-1\7—)‘ Il(’iv) Z & i > Ak nl(tk) Z Kl,] nJ(tk)

(& =1 j>1
] N‘(t(N))
Fhe = §iibmgt = 3 AkZm (t) Kia fu(te) ,
Ck

21 Ck 7=1 1>1

1

and
1 -1 M)
N
i) Il(,3)=z Z &ij O j1-i — 5 Akznz(tk Kig-ity_i(te),
k

i=1 Ck i=1

in probability as N — co. Thus, according to (3.24), the induction hypothesis, (1.7) and
(3.1),

1 .
- N, — fy(te) + A ( Z ni(te) Kigmi Pui(te) — ta(te) D nalte) Ki z)
Ck 1=1 1.>1
= ultes) | (3.25)

in probability as N — co. Now (3.25), (2.15) and (3.5) imply
1 (N 1
M Nl(#ﬂ-b = (N) max(0, Ny) — Au(tr41) -
k
Finally we note that the doubling transformation does not change the limit, since

1 N I <
(N) Nz(tiﬁ = Nl(tl(cﬁ)
Crya Ci

in both cases (2.17) and (2.18). This completes the proof. O

10



4. Numerical experiments

In this section we illustrate two effects. The first is convergence for N — oo of the
numerical approximation to the solution of Eq. (3.1), i.e. the result of Theorem 3.1. This
solution depends on the discretization parameter a (cf. (3.3)). The second effect to be
shown is convergence for oo — 0 of the solution of the discretized equation to the solution

of the original equation (1.1).

We consider some special cases of Eq. (1.1), in which the analytical solution is known.

Beside the solution n; we calculate the average particle size

st Lma(t) _ 21 lngo)
Yisim(t)  Xipimult)

and the particle size distribution

S(t) :=

m(t)
—_, I1=1,2,....
2121 m(t)

si(t) ==
For the (normalized) initial value
D=1, aP=0, 1>2,
and the coagulation kernel

K,;j=1, 1,7 =1,2,...,

the exact solutions are

(%)L—l (%)l—l
— S = , S =1+
(1 %)l+1 ) l(t) (1 N %)l (t) 1

For the initial value (4.3) and the coagulation kernel

nz(t) =

Ki,j:'i'*'j) i)j=1727"'7

one has
-, t\—1 —I(1—e=t
nz(t)z—lTe_ (1—et)tete™)
and
_ ll_—l_ —t\I-1 _—I(1—e"%) S — ot
si(t) = i (1—e) e , (t)=¢".

The initial value of the system is

N(0)=N, N(0)=0, [>2,

11
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(4.8)

(4.9)



so that (2.3) is fulfilled for the sequence (cf. (2.7), (4.3))

M =N. (4.10)
Let the random functions
Ni(?) _
) te[0,T], 1=1,2,...,

be obtained by linear interpolation between the points t;cN) (cf. (2.11)) and ¥ )(tch)) =
cgN). Using averaging over M independent trajectories we construct the empirical mean
values as well as confidence intervals in a standard way.

In order to investigate the convergence

Ni(t)
(1)

we consider the kernel (4.4), fix o = 0.8 and calculate the random trajectories on a time
interval of length 7' = 10. The results for two components nz and 75 of the solution are
given in Table 1. The columns “f;-err” and “f;-conf” (¢ = 3,5) show the supremum
over the time interval of the systematic error and the length of the confidence interval,
respectively, i.e. '

—>m(t) as N — oo,

sup |F | =% — n(t and 3 su —V . 4.11
2 2 [g] 0 S\ [EG) 1)
The truncation error related to (2.15), i.e.
Ni(t)
sup |1 =) -1, 4.12
te[Og’] 1221 cM)(¢) (4.12)

(cf. Remark 2.4, (4.9), (4.10)) is denoted by “trunc”, while “steps” means the number of
time steps on the interval. Both values are averaged over M trajectories.

Table 1

N M nz-err | fig-conf | fis-err | fis-conf | trunc | steps
16 | 640000 | 2.79e-2 | 2.97e-4 | 1.02e-2 | 1.26e-4 | 0.41 | 5.23
32 | 320000 | 2.01e-2 | 3.43e-4 | 7.92e-3 | 1.40e-4 | 0.22 | 5.05
64 | 160000 | 1.37e-2 | 3.84e-4 | 5.90e-3 | 1.55e-4 | 0.10 | 4.99
128 | 80000 | 8.26e-3 | 4.09¢-4 | 4.18e-3 | 1.67e-4 | 0.04 | 4.99
256 | 40000 | 4.26e-3 | 4.20e-4 | 2.76e-3 | 1.76e-4 | 0.01 | 4.99
512 | 20000 | 1.95e-3 | 4.22e-4 | 1.60e-3 | 1.83e-4 | 0.00 | 5.00
1024 | 10000 | 1.21e-3 | 4.35e-4 | 9.72e-4 | 1.89e-4 | 0.00 | 5.00
2048 | 5000 | 3.87e-4 | 4.34e-4 | 4.90e-4 | 1.90e-4 | 0.00 | 5.00
4096 | 2500 | 1.78e-4 | 4.31e-4 | 2.71e-4 | 1.96e-4 | 0.00 | 5.00

The time dependent curves for the empirical means approximating the components i3 and
fis are shown in Figures 1 and 2. The lines correspond to N = 32 (dashed), N = 128
(dotted), N = 512 (dashed-dotted), and the exact limit (solid).
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0.08
0.06 |
0.04
0.02 ¢

7i3(t) as N — oo (a fixed)

Figure 1: Convergence c%}”l% -
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(o fixed)

o) — ng(t) as N — oo
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Ny
AN)(

Figure 2: Convergence
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Next we numerically illustrate the convergence
u(t) > n(t) as a—0.

For this purpose, we fix N = 10000 and M = 1000 and again calculate the random
trajectories of the system on the time interval of length 7' = 10. The results for the
two components n3 and 75 are shown in Table 2. The meaning of the columns “n;-err”
and “n;-conf” (z = 3,5) is analogous to (4.11) taking now n;(t) (cf. (4.5)) as the exact
reference value. The columns “¢;” and “#,” show the first and second moment of time at
which the system is doubled according to (2.16), (2.17).

Table 2

«a naz-err | nz-conf | ns-err | ns-conf | % ta
0.8 | 4.20e-2 | 4.58e-4 | 1.64e-2 | 2.03e-4 | 2.13 | 4.34
0.4 | 2.23e-2 | 2.55e-4 | 6.77e-3 | 1.38e-4 | 2.30 | 6.03
0.2 | 9.48e-3 | 2.34e-4 | 2.73e-3 | 1.13e-4 | 1.97 | 5.99
0.1 |4.36e-3 | 2.37e-4 | 1.27e-3 | 1.09e-4 | 2.00 | 5.85
0.05 | 2.158:3 | 2.22e-4 | 6.32e-4 | 1.10e-4 | 2.00 | 5.97
0.01 | 4.0le-4 | 2.12e-4 | 9.86e-5 | 1.12e-4 | 2.00 | 5.99

The time dependent curves for the empirical means approximating the components n3
and ns are shown in Figures 3 and 4. The lines correspond to o = 0.8 (dashed), o = 0.2
(dotted), & = 0.05 (dashed-dotted), and the exact limit (solid).

Numerical experiments with the kernel (4.6) (cf. (4.7), (4.8)) show a qualitatively
similar behaviour, while the process of coagulation is going on much faster. Some results
are shown in Table 3. Here the values N = 10000 and M = 1000 are fixed, and the
meaning of “nz-err” and “ns-err” is as before. The truncation error (4.12) is denoted
by “trunc”, and “steps” means the number of time steps on the time interval of length
T = 1.75. The column “S-err” shows the supremum over the time interval of the error
for the average particle size (4.1). The column “s-err” shows the supremum over [ of the
error for the particle size distribution (4.2) at the end of the time interval.

Table 3

o N3-eIT | Ny-€rr S-err s-err | trunc | steps
0.2 | 1.13e-2 | 2.08e-3 | 1.17e-1 | 5.79¢-3 | 0.04 | 302
0.1 | 4.88e-3 | 1.00e-3 | 7.93e-2 | 2.38e-3 | 0.02 627

0.05 | 3.15e-3 | 7.14e-4 | 3.85e-2 | 1.11e-3 | 0.00 | 1358

14



Figure 3: Convergence 7i3(t) — n3(t) as a — 0 (N, M fixed)

0.035 fFr

0.025 ¢

0.02

0.015 p

0.005 p

) P A—
0 2 4 6 é 10

Figure 4: Convergence #i5(t) — ns(t) as @ — 0 (N, M fixed)
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