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Existence of weak solutions to a dynamic model for smectic-A liquid crystals
under undulations

Etienne Emmrich, Robert Lasarzik

Abstract

A nonlinear model due to Soddemann etal. and Stewart [38] describing incompressible smectic-A
liquid crystals under flow is studied. In comparison to previously considered models, this particular model
takes into account possible undulations of the layers away from equilibrium, which has been observed in
experiments. The emerging decoupling of the director and the layer normal is incorporated by an additional
evolution equation for the director. Global existence of weak solutions to this model is proved via a Galerkin
approximation with eigenfunctions of the associated linear differential operators in the three-dimensional
case.
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E. Emmrich, R. Lasarzik 2

1 Introduction

Liquid crystals are materials with remarkable physical and chemical properties. Displays of electronic devices as
those of computers, tablets or smart phones contain and only fulfill their function because of liquid crystals. As
such materials nowadays are an important part of our life, a profound mathematical understanding is more and
more necessary. This necessity resulted in many mathematical publications in recent years. However, different
meso-phases received different amounts of attention. While nematic liquid crystals were in the focus, smectic
liquid crystals were rarely discussed, even though they are at the core of many applications [10].

In this article, we prove global existence of weak solutions to a model describing smectic-A liquid crystals under
flow. The nonequilibrium behaviour results in undulations of the layers leading to a decoupling of the averaged
direction of the molecules, the director, and the layer normal. In comparison to previously considered models
(see for instance [32]), this decoupling is taken into account by an additional evolution equation for the director.

The existence proof relies on a Galerkin approximation with eigenfunctions of an associated differential operator.
To the best knowledge of the authors, the presented result is the first one showing existence of solutions to a
model describing smectic-A liquid crystals under flow away from equilibrium. Before we provide an overview on
the existing literature, we give an introduction into the structure of liquid crystals and their different meso-phases.

1.1 Properties of liquid crystal meso-phases

As their name already suggests, liquid crystals have properties of solid crystals as well as of conventional
liquids. On the one hand, these materials consist of rod-like molecules that form a condensed matter as fluids
do. On the other hand, this substances exhibit orientational ordering as solid crystals do. The regime of liquid
crystals can be subdivided into different meso-phases depending on positional and orientational ordering. The
different meso-phases evolve as a function of temperature (thermotropic liquid crystals) or concentration in a
solvent (lyotropic liquid crystals). In the nematic phase, the rod-like molecules have no positional ordering but
are randomly distributed in space (see Figure [I). They tend to align in the same direction, described by the

Liquid crystal mesophases
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Figure 1: Different liquid crystal phases and their molecular structure

so called director d, the locally averaged direction of the molecules. In smectic phases, the molecules are also
aligned in the same direction but they obey additional positional ordering. The material density is denoted by ¢
and exhibits peaks in one direction. With other words, the molecules are ordered in layers stacked over each
other. The layers can be seen as the isosurfaces of the material density ¢ to a certain value. The normal vector
a of the layers points in the same direction as V¢ since the gradient is always orthogonal to the isosurfaces.
In the smectic-C phase, there is a fixed angle between the layer normal @ and the director d, which differs from
zero degrees, whereas in smectic-A liquid crystals, the layer normal a is parallel to the alignment direction d. All
different phases are illustrated in Figure [l

This article deals with smectic-A liquid crystals.
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1.2 Review of known results

In the mathematical community, many articles dealing with the Ericksen—Leslie model have been published.
This model describes the nematic phase via a Navier—Stokes-like equation that is nonlinearly coupled with
a parabolic equation describing the evolution of the director d (see Figure [I). This model was proposed by
Ericksen [16}[17] and Leslie [26} [27] and since then extensively studied, see for instance [15] 124, 25| 28, 29].

A similar model for smectic-A liquid crystals was proposed by E [14]. It couples the Navier—Stokes-like equa-
tion with a fourth-order partial differential equation modelling the evolution of the layer function ¢. This model
assumes that the director d and the layer normal a always coincide. The first result on existence of solutions to
this model was proved by Liu [32] and since then, there have been results proved on the existence [8], long-time
behaviour [36] and numerical approximation [21] of the model. A review can be found in [9].

In the physical community, it has been observed [7] [12] that layered liquids show a coupling between their
internal structure and an applied shear flow. Smectic-A liquid crystals are very sensitive against dilatation of
the layers. Above a critical value of the dilatation, the layers form undulations to diminish the strain locally. In

Undulation effect in smectic-A liquid crystals
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Figure 2: If a shear flow is applied parallel to the layers, orthorgonal to this sheet of paper, the material reduces
the strain by local rotations resulting in undulations with a wave vector orthorgonal to the direction of the shear
force.

the described scenario, the director d may not be parallel to the normal of the layers a such that d and @ may
decouple. This results in the possible effect of permeation, i.e., motion of the fluid through the layers in direction
of the layer normal (see Stewart [38]).

New theories by Auernhammer etal. [1][2] and Soddemann et al. [37] include the decoupling of director and layer
normal. They propose a system consisting of a Navier—Stokes-like equation coupled with a parabolic equation
for the director d and, additionally, with a fourth-order equation for the description of the layers. In a sense,
these theories combine the Ericksen—Leslie model [26] for nematic liquid crystals with the theory by E [14] for
smectic-A liquid crystals in equilibrium. This description via three partial differential equations includes possible
undulations of the layers and permeation of the fluid through the layers as observed in experiments. The theory
of Auernhammer and Soddemann does not impose the gradient of the layer function V¢ to be of length one as
it is done in E [14]. In contrast to that, Stewart [38] proposed a similar model, where the coupling of the layer
function with the other two equations occurs via a normalized gradient of the layer function, i.e.,a := V¢ /|V¢|.
He especially notes that the so-called Oseen constraint Vxa = 0, which holds in the equilibrium situation
(see De Gennes [11] Section 7.2.1.8.] and note that Vx (V@) = 0), does no longer hold. Since the distance
of the layers may vary away from equilibrium and since |V¢| is no longer a constant, the Oseen constraint
may be violated, i.e., Vxa # 0. In the sequel of this article, we consider a model that has features of those
by Soddemann etal. [37] and Stewart [38]. We prove the global existence of weak solutions to the proposed
model in the three-dimensional case. To the best knowledge of the authors, this is the first existence result for
a nonstationary model describing smectic-A liquid crystals under flow that incorporates possible undulations of
the layers, which were observed in experiments.

The paper is organized as follows: In Section [1.3] we introduce some notation. In Section [2, we present the
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equations of motion and a precise definition of a solution to the equations considered. Section [3] provides
certain results that are essential to prove the main Theorem [2.3]in Section[4l There, we introduce a Galerkin
approximation (Section [4.1)), which gives rise to a sequence of approximate solutions. For this sequence of
solutions, we derive a priori estimates (Section[4.2) and show the convergence of a subsequence to the desired
solution (Section[4.3). In the last section (see Section[B), we comment on possible adaptations of the model in
regard of the Oseen constraint.

1.3 Notation

We consider a bounded domain Q € R? of class €. Elements of the vector space R> are denoted by bold
small letters. Matrices A € R**3 are denoted by bold capital Latin letters. In contrast to that, scalar numbers will
be denoted by small Latin or Greek letters. Capital Latin letters are reserved for potentials.

The Euclidean inner product in R? is denoted by a dot, a-b :=a’b = Z?:l ab; for a,b € R>. The Frobenius
inner product in the space R**3 of matrices is denoted by a colon, A : B := tr(ATB) = Zij:lAijBij for
A,B € R¥3. We also employ the corresponding Euclidean norm with ]a]z —a-afora € R? and the Frobenius
norm with |A|> =A : A for A € R¥*3. The standard matrix and matrix-vector multiplication, however, is written
without an extra sign for brevity,

3 3

AB = , AcR¥3 BeR¥3 acRR’.

i=1

, Aa=

J

3
Aiijk
=1

3
ZA,-jaj
ik=1 j=1

The outer product is denoted by a @ b = ab” = [a,-bj]?j:1 for a,b € R3. Note that tr(a ® b) = a-b. The

symmetric and skew-symmetric part of a matrix are denoted by Agym := 3(A +A”) and Agy = 3(A —AT)
for A € R¥*3 respectively. For the Frobenius product of two matrices A,B € R**3, we find that

A:B=A:B,, ifAT =A, A:B=A:Bgy, ifAT =—A.
Moreover, there holds A”B :C =B :AC forA,B,C e R**3 aswellasa®b:A =a-Abfora,b e R?, A € R>3.
Thisimpliesa®a:A =a-Aa=a-Agna.

We use the Nabla symbol V for real-valued functions f : R®> — R, vector-valued functions f : R* — R? as well
as matrix-valued functions A : R? — R**3 denoting

3 3 3
Vf:= [ﬂ} , Vf:= [afl} , VA:= [aAij]

oxi | ox; i j=1 oxy ijde=1

For brevity, we write VfT instead of (Vf)T. The symmetric and skew-symmetric part of the gradient of a
vector-valued function f are denoted by (Vf)sym and (V.f)skw, respectively. The divergence of a vector-valued
function f : R? — R* and a matrix-valued function A : R? — R**3 is defined by

3
V-f:= L ch" =u(Vf), V-A:= Zl axjj
i= ! j=

Note that (v- V) f = (V.f)v = Vfv for vector-valued functions v, f : R* — R?. We abbreviate VV by V2. The
double divergence is denoted by V2 : and defined via

3. 9%A..
VA= Y
A Z 8x,~8xj

i,j=1

for matrix-valued functions A : R® — R3*3. The Laplacian is defined as usual by A := Z?:l szi and the curl by
V x -. We abbreviate the bi-Laplacien by A> = AA.
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Spaces of vector-valued functions are emphasized by bold letters, for example L” (Q) := LP(Q; R3). If itis clear
from the context, we also use this bold notation for spaces of matrix-valued functions. Additionally, the indication
of the domain € is often omitted for the brevity of notation. In the same way, we denote the appropriate Sobolev
spaces, i.e., WP (Q) := WhP(Q;R?). The special Hilbert space cases for p = 2 are as usual denoted by
Hk(Q) = Wk’z(Q). The appropriate spaces for homogeneous Dirichlet boundary conditions are defined as
the closure Hj(Q) = closH_”Hk(Q) € (Q:RY), where € (Q;R?) denotes the space of infinitely many times
differentiable functions with compact support in . The space of smooth solenoidal functions with compact
support is denoted by € (€ R3). By L5 (Q), H(l)’o(Q), and W(l):’;(Q), we denote the closure of ‘ﬁc"fG(Q;R3)
with respect to the norm of L? (Q), H' (), and W'»(Q), respectively (1 < p < o).

The dual space of a vector space V is always denoted by V* and equipped with the standard norm; the duality
pairing is denoted by (,-). The inner product in L>(Q;R?) is denoted by (-,-) and in L2(Q;R**?) by (+;-).
The duality pairing between L? (Q) and L9(€2), for conjugated exponents p and ¢, i.e.,1/p+1/q =1, is also
denoted by (-,-) and (-;-), respectively. We equip HZ with the norm || - HH(% := ||A-||z2, which is equivalent
to the full H>-norm (see [19] Corollary 2.21]). Another important space is H* ﬂHé which is equipped with the

norm ([|A2 |12, 4 [|A-[|2,)!/? (see [19] Corollary 2.21] for the equivalence to the standard norm). The trace
operator is denoted by ¥p.

The Bochner spaces for a Banach space V are as usual denoted by LP(0,7;V) (1 < p < o) or Wl’S(O7 T;V)
(s > 0) for the case that the time derivative is also integrable to the exponent s (see also Diestel and Uhl [13]
Section 11.2] or Roubitek [35, Section 1.5]). To abbreviate, we often omit the time interval (0,7") and the domain
Q and write for example LP(W*P). By &76([0,T];V) and €,,([0,T];V), we denote the spaces of abstract
functions mapping [0, 7'] into V, which are absolutely continuous on [0, 7] and continuous on [0, '] with respect
to the weak topology on V, respectively.

By ¢ > 0, we denote a generic positive constant.

2 Model and main result

In this section, we introduce the system of the equations of motion and state the main result.

We consider the model

d+ A(VV)symd +2K17(VV)syma + 7 = 0, (2.1a)
g9+ (v-V)p+14,j=0, (2.1b)
ov+W-Vv+Vr+V.TE _v.TV =g, (2.1c)
V.v=0. (2.1d)

The vectord : Q x [0, T] — R? represents the orientation of the rod-like molecules, v : Q x [0, T] — R? denotes
the velocity of the fluid and ¢ : Q x [0,T] — R denotes the layer function. In this context, ¢ is not supposed
to resemble the material density but to exhibit the same layers as isosurfaces. The pressure is denoted by
7 : Qx[0,T]—R. We do not consider the existence of the pressure. The variables A, ki, ¥, and A, are
prescribed constants of the system.

The smectic layer normal is usually denoted by a and is given by the gradient of ¢, a := V¢.
Remark 2.1. With the previous definition of a, we follow Soddemann etal. [37]. The proof of this paper is also
valid for other choices of a, for example the one introduced in Section[d In the proof, we keep the extra variable

a to include other connections between V¢ and a such that a is a continuously differentiable function in V¢.
See Section[3 for more details.

Remark that Stewart [38] proposed to take a = V¢ /|V @ |. With this choice, a is not a continuous function in
V¢, which would deprive us of establishing existence of solutions to the approximate system by Carathéodory’s
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theorem and identifying the limit of these solutions with Lebesgue’s theorem on dominated convergence. Hence,
the present proof would not work. Nevertheless, we propose a possible relaxation in Section[3

The material derivative of the director is denoted by d and given by
d:=0d+v-V)d— (Vv)gud. (2.2)

The free energy potential I describes the elastic forces in the liquid crystal. It is assumed to depend only on the
director d, the gradient of the layer function ¢ as well as their spatial derivatives, F = F(d,Vd,V ¢, V2¢). The
free energy functional .% is then given by

F H'xH* >R, Z(d /Fd Vd,V,V?¢)dx

The variational derivative of .% with respect to d and ¢ is abbreviated by g and j, respectively (see Furihata
and Matsuo [18| Section 2.1]):

q:= 0 = 5-(d,Vd,V9,V%) - aVd(al Vd,V,V29), (2.30)
‘-_6_‘?_ a_F 2 2. 2
=54 =V 5y @ VA0V 0) 4V av2¢(d Vd,V9,V2$). (2.3b)

Since F only depends on V¢, we may consider another functional § where V¢ is replaced by b:
F:H'xH' SR, F(db)— / F(d,Vd,b,Vb)dx
Q

This allows us to compute the variational derivative of .% with respect to V¢. Since the free energy .% does
not depend on the layer function ¢ itself, but rather on its spatial derivatives, we can express the variational
derivative of .# with respect to ¢ via

oF

8.7 5.7 8.7 OF (
IV2p

]:—:—V— with —:—(d,Vd,V¢,V2¢)—V

2
50 55 55 = 9V d,vd Vo, V3¢).  (2.4)

The stress tensor 7l + T — TV of equation (&.1c) is divided into two parts, an elastic part 7/ +TF and a
viscous part TV. The elastic part is given by the pressure 7l and

JdF &/

TE VdTan V¢® V2o

8V2¢ (2.5a)

and the viscous part by
A o 1 o
TV =0 (d . (Vv)symd)d ®d + ?(d ®d)sym + ’)_/(d ®d)skw + om(Vv)sym + 2(X5 (d ® (Vv)symd)sym

A
+ p d @ (VW)symd) +T1(a- (VV)syma)a@a+27(a® (VV)syma@)sym

+2Ki((a® )sym + (@@ (VV)yma@)skw) + 212 (d - (VV)syma) (d © @) sym

+ i3 ((d- (Vv)ymd)a®a+ (a- (Vv)yma)d 0 d)

+ 214 ((d - (VV)syma)d @d + (d - (VV)symd) (d @ @) sym )

+2Ks ((d (W)yma)a®a+(a (VV)Syma)(a®d)Sym)
((

+2x¢ ((d ® VV syma)sym + (a ® (Vv)symd)sym) :

(
(

(2.5b)
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To guarantee the dissipative character of the system, we assume appropriate restrictions for the appearing
constants A,, ¥, A, o, T;, and Kk with i € {1,4,5}, j € {1,2},andk € {1,...,6}. Certain constants need to
be positive,

Apo Vo oou, ou, 205+A/Y—2A%)y, T, T-2Kiy, K >0. (2.6a)
Other terms have to be small enough to preserve the dissipative character of the system,

43 < outy, 8Kki<ouky, 8kZ<ioT, 4(ks—KiA): < (21 —4Kk3Y)2as+A/y—A%)y).

(2.6b)
We further assume that g € L*(0,T'; (H{ ;)°). Finally, we impose boundary and initial conditions:
d(x,0) =dy(x) forx € Q, d(x,t)=d,(x) for (x,1) € 0Q x [0,T], (2.7a)
¢ (x,0) = go(x) forxeQ, Vo(x,1)-nx)=0=¢(x,1) for (x,r) € dQ x [0,T], (2.7b)
v(x,0) =wy(x) forx € Q, v(ix,1) =0 for (x,1) € 0Q x [0,T]. (2.7¢c)

We always assume thatd| = d on dQ, which is a compatibility condition providing regularity, see Lemma [3.4
For the initial conditions, we assume thatdo € H' with d; ‘39 € H3?(9Q), ¢ € HZ, and vy € LZ.

We assume homogeneous Dirichlet boundary data for the layer function. However, since system (2.3) only
depends on derivatives of @, the system is equally fulfilled if ¢ is shifted by a constant.

2.1 Free energy potential

For the free energy potential modeling the interaction of molecules and layers, we choose a modified form of the
energy introduced by Stewart [38],

k
W(d,Vd,V,V>¢) = jl(v-d)2 + "2—3|V><d|2 + k—;(Aq))z (2.8a)
B
+70(|V¢|2+d-a—2)2+%|d><a|2. (2.8b)

In comparison to the model postulated in Stewart [38], we added the term k3| de!z, which was left out be-
cause the constant k3 is assumed to be small (see [23]). Additionally, we take the term (A¢)2 as given by
Auernhammer etal. [1] instead of (V-a)2, which was proposed by Stewart. In the equilibrium case, where |V¢|
is constant, both formulations coincide. We do these adjustments since they are essential for our analysis, es-
pecially to derive suitable a priori estimates. In comparison to Stewart [38], we replaced the term |V ¢ | by [V |?
in line (2.80). This ensures that (2.9) remains a continuously differentiable function in V@. All constants are
assumed to be strictly positive, k1, k3, ks,Bg,B1 > 0.

The terms in line(2.8a) model the distortion energy in the liquid crystal, especially the splay and bend defor-
mation of the director and the bending of the smectic layers, respectively. The terms in the second line (2.8D)
represent the coupling between the layers and the director, respectively.

Following a standard relaxation technique, we obtain the free energy by adding penalisation terms to W,
1 2 1 2
Fi=W+—(ld?>-1)"+—([Vo]*—1)". 2.9
ge, (AP =1)"+ = (IVoF 1) (2.9)

This relaxation technique allows us to omit the Lagrangian multipliers added to the model by Stewart but, never-
theless, takes into account the algebraic restrictions |[d| = 1 and |V¢| = 1. We consider €; and &, to be small.
In this paper, however, we do not consider the limit case € ,& — 0.

We refer to [15] for generalized assumptions on the free energy in the case of the Ericksen—Leslie model
such that the system admits weak solutions. Additionally, we refer to [24] [25] for the singular limit of vanishing
penalization, € — 0, in the case of the Ericksen—Leslie system equipped with the Oseen—Frank energy resulting
in measure-valued solutions.
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2.2 Existence of weak solutions

Since the aim of this article is to prove the existence of generalized solutions, we start with a precise definition of
a solution. Therefore, we derive a reformulation of the elastic stress tensor. For brevity, we omit the arguments
of F and its partial derivatives. Since the free energy potential F depends on the four arguments d, Vd, V¢,
and V2¢, the spatial derivative of I can be expressed as

-V)F = (v-V)F(d,Vd.V9,V29) = 2L v vd+ 2L . (v.v)va
od ovd
or aF 2 (2.10)

In the following calculation, we insert (2.5a), (2.3a) and (2.4), and differentiate by parts, where the boundary
terms vanish since v € H(l)‘c. Using the standard tools of vector analysis (see Section yields

(TF;Vv) — (Vd"q,v) — (Vo)
r OF 5§F , OF
<Vd gV > + (vwoﬁ,w) + (v ¢m,w>
_<VdT <‘3—§—V aa§d> ) <V¢V 66: )
( an> (Vd V- ﬁ’v> <av¢ -V av2¢>>
Q

(v
(VW ) <(V' o575 ( V2¢>
(o
(

T
’8d> (”m *(VW )
8F JoF
, _ OF IF
‘W'm’”) i ( ovg!
—/Q(v-V)Fdx:O. 2.11)

The last equality holds since v is solenoidal and the second to the last equality is granted by (@.10). For-
mula @21) allows us to reformulate equation (2.1) by incorporating F in a reformulation of the pressure,
f:=n+F, andreplacing V-T* by —Vd'qg— V¢ ;.

Definition 2.2 (Weak solution). The triple (d, ¢,v) is said to be a solution to (21) if

d e L”(0,T;H")NL*(0,T;:H*)NnW'#3(0,T:L?),
¢ € L=(0,T;H3)NL*0,T;H*)NL2(0,T;L?), (2.12)
vEL=(0,T:L3)NL*(0,T:Hy ;) "W'2(0,T:(H*NHy 5)*)

/0 ' ((0d+ (v-V)d — (VV)gwd + A(VV)ymd, W) + ¥ (21 (VW) syma + ¢, W) )dt =0, (2.13a)
[ @oro910.0+0G.00m=0,  @io

/OT ((Ov+v-VIv—Vd'qg—Vej,@)+(T";Ve)—(g,@))dt =0 (2.13c)
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Existence of weak solutions to a dynamic model for smectic-A liquid crystals under undulations 9

hold for all y € €(Q x (0,T);R?), { € €7 (Q % (0,T)), and solenoidal @ € €=(Q x (0,T);R?) and if the
initial conditions are satisfied as well as Yo (d) =d, .

To be precise, our concept of solution is a weak solution concept with respect to the Navier—Stokes-like equa-
tion (2.3¢) but rather a strong solution concept with respect to the equations (2.13a) and (2.13b) for the inner
variables. Note that the trace operator is denoted by ¥y (see Section [L.3). In Corollary [3.8, we prove that all
terms of are well-defined under the regularity assumptions of Definition 2.21 We remark that the initial
values are attained in a weak sense since d € ¢,,([0,T];H"), ¢ € ¢,,([0,T];H}), and v € €,,(0,T;L32)
(compare (2.12) as well as Lions and Magenes [31] Ch. 3, Lemma 8.1]).

Theorem 2.3 (Existence of generalized solutions). Let Q be a domain of class &* and assume (2.8). For given
initial data (do, §o,vo) € H' x H} x L%, boundary datad; € H*?(9Q) such thaty(do) = d and right-hand
sideg € L*(0,T;(H (1)‘ o)), there exists a weak solution to system (2.1)—~(2.9) in the sense of Definition[2.2

Before we give the proof in Section[d] Section[3collects some important inequalities that will be of use later on.

3 Preliminaries

3.1 Important inequalities

Lemma 3.1 (Gagliardo—Nirenberg). Let the domain Q be of class €*, let p € [2,10/3], ¢ € [6,10] and let 6,
6, € [0,2] be such that
p_ 6

1= 573 and 1=

%
=,

AR

Then there exists a constant ¢ > 0 such that the estimates

[*] 1-6 [*) 1-6:
VAo < clldl gyt Il o) < clldl e 4=

hold for all functionsd € L=(H') N L*(H?).
See Emmrich and Lasarzik [15, Lemma 2.1] for the proof of this time dependent version of the Gagliardo—

Nirenberg inequality. Note that the Lebesgue exponents in time and space are chosen to be equal for the norm
on the left-hand side of the inequality.

Corollary 3.2. Let the domain Q be of class €, k € {1,2} and let p € [6,14] in the case k = 1 as well as
p € [2,14/3] in the case k = 2 with 0 € [0,2] fulfilling the relation

2k—1 4
12%—?9, ke{1,2}.

Then there exists a constant ¢ > 0 such that the estimate

0 1-6
101 gviry < cll@lphtrs 1911 =grb
is fulfilled for all ¢ € L=(0,T;H*)NL*(0,T;H*).

Corollary 3.3. Let the domain Q be of class €* and the relation 1/p = 1/2 —2/3r be fulfilled for p € [2,6]
and for r € [1,0|. Then there exists a constant ¢ > 0 such that the estimate

2 2
Wllere) < el a2

holds for allv € L=(0,T;L2) N L*(0, T;H(lm).
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Lemma 3.4 (Extension operator). Let Q be of class €*. Then there exists a linear continuous extension
operator . : H/?(9Q) — H*(Q) such that Yo(Ed,) =d; and k;V(V-Ed;) —k3Vx VxEd, =0 for all
d, € H*?(9Q). Additionally, there exists a constant ¢ > 0 such that

IEdi g < clldillgizon) and [Edillg < clldi|lg2oq) (3.1)

foralld, € H?>(9Q).

Proof. The extension operator is chosen as the solution operator of the problem
—(kiV(V-h) —ksVxVxh)=—-V-A:Vh=0 inQ, h=d; ondQ.

Here A is a constant tensor of order four with A;jx; = ki 6;j0 + k3 (681 — 0 8k ). This tensor is symmetric,
i.e., Ajji = Awij, and strongly elliptic, i.e., (@ ®b) : A : (a®b) > min{k k3 }|a|?|b|? for ki, k3 > 0. There
exists a unique solution for every d; € H3/?(9Q) (see [34, Theorem 4.10]). A standard regularity result reveals
the estimates (3.) (see [34, Theorem 4.21]). By construction, the image of the associated operator [E lies in the
kernel of the operator —V-A : V. O

Corollary 3.5. There exists a constant ¢ > 0 such that the estimates
Il < ¢ (lAdllz + ldi lgzogy)  and i <c (VA +dilgrpe) G2
hold for every functiond € H* with Yo(d) =d, € H>?(9Q).

Proof. With Lemma[3:4, we observe thatd — Ed; € H>NH|. For dQ € €, the norm ||A- |2 is equivalent
to the || - || g2-norm (see Gilbarg and Trudinger [20, Theorem 9.15]) on H>NH/. The full H?-norm can be
estimated by

ld||p2 < [ld —Ed |2 + [|Ed: [z < c[|Ad —Edy)||p2 + | Edi |2 < ¢ (HAdHLz + |l Hm/zm) :
The last inequality follows from (3.3). Similarly, we find with Poincaré’s inequality
|l < ||d —Edi || + [ Ed || < c||[V(d —Edy)||p2 +[|Ed || < ¢ (HVdHLz +|ld: ||H1/2(89) ;

where again the last inequality follows from (3.9). O

3.2 Free energy

We present two lemmata capturing important properties of the free energy potential (2.8)—(2.9), which are
essential for our analysis. These lemmata provide the well-posedness of Definition 2.2] in Corollary [3.8] the
essential a priori estimates in Lemma[4.4] and the estimates in order to pass to the limit in the nonlinear terms
in Lemmal4.8

Lemma 3.6 (Coerciveness). There exists a possibly large constant ¢ > 0 and a possibly small constantn > 0
such that the free energy % and its variational derivatives fulfill the estimates

Z(d.¢) > n(IVa|lz +1915) — cldillzar2 50 (3.3)
21

H‘IH%Z(Lz) 2 7HMH%2(L2) _C(HVdH?w(U) + H¢H6w(H§) + |ld qusﬁ(ag) +1), (3.4)
. n

12y F18%00Rs ey~ 710 ey = 9IS o+ 101 gy W s+ 1) 09

foreveryd € L*(0,T;H")NL*(0,T;H?) with¥o(d) =d; € H/*(dQ) and ¢ € L=(0,T;HZ)NL*(0,T; H*).
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Existence of weak solutions to a dynamic model for smectic-A liquid crystals under undulations 11

Proof. Considering the term tr(Vd?) — (V-d)?, we observe with some vector calculus (see Section[1.3) that

\Vd|* = tr(Vd" Vd) = tr(VdVd +2(Vd)1,,, Vd)

= tr(VdVd) +2tr((Vd) L, (Vd) o) = tr(Vd?) + 2| (V) g |* (3.6)
= (V-d)* + |V xd|)* +tr(Vd*) — (V-d)*.

We used that 2|(Vd)sw|> = | Vx d|?. The last two terms on the right-hand side of (3.6) can be interpreted as
the divergence of a vectorfield. By Gaul3’ formula, it is already determined by the prescribed boundary data,

/Q (tr(Vd?) — (V-d)?) dx = /

[ (V-(Vdd ~ (V-d)d) dx = /

[ (n-Vdd—(V-dn-d)dS < [z 50,

Additionally, we recognize that all terms in line (2.80) and (2.9) are positive. Thus, they can be estimated from
below by zero. We define k := min{k;,k3,ks } and can estimate the free energy by

F(d, ) > k/g ((V-d)* +|Vxd|* + tr(Vd*) — (V-d)* + (A9)* — (tr(Vd?) — (V-d)?)) dx
zk/g(|Vd|2+(A¢)2)dx—k/Q(tr(Vd2)—(v-d)z)dx

>k (IIVAlZ: + 10113 ) = clldolys a0

To prove the two remaining inequalities, we need to calculate the variational derivatives of the free energy
explicitly. The variational derivative q is given by

q= % = —kV(V-d)+k3VxVxd+By(|V|* +d-a—2)a+B\(|la|’d — (d-a)a) + gl](yau2 —1)d
=—kiV(V-d)+k3VxVxd+Ry.
(3.7)
Estimating the L?-norm of the variational derivative q while using a consequence of Young'’s inequality,
2by —by|> > |by|> —2|by)* forallby,b, € R3, (3.8)
gives
Il > 5 1k V(V-d) ks Vx Vxd]}: — Ral: ©9)

In view of (3.7) and a = V@, the second part of (3.9) can be estimated using Holder’s and Young’s inequality,

1 2
IRall < [, (Bo||v¢|3 + 1|V ~2/V9l[ +281| Vo d| + - (P + |d|)> dx
< c(IVolzs + Idlzs +1). (3.10)
This first part of (3.9) can be calculated using the Hilbert space structure,

[kiV(V-d) — k3 Vx Vxd|7 = k5| V(V-d)|7. — 2kiks(V(V-d),Vx Vxd) + k3| Vx Vxd|7.. (3.11)

Note that the mixed term (V(V-d),Vx V x d) can be estimated by the prescribed boundary conditions, which
becomes evident after performing an integration by parts and using that the divergence of the V x -operator is
zero,

(V(V-d),VxVxd)=—(V-d,V-VxVxd)+ (¥,(Vx Vxd),Y(V-d))
< IVxVxd|lg-1250)ll V-dllgirga) < CHdeS/Z(aQ)- (3.12)
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E. Emmrich, R. Lasarzik 12

The integration-by-parts formula we just used has to be interpreted in a weak sense (compare [34] p. 99ff.]).
The vector identity Ad = V(V-d) — V x Vxd leads similarly to (3.8) to the estimate
KIV(V-d)lIf + K311V x Vxd|z >
1.
5 min{id K3 }[1Ad 72 + max (& — K3, 0}V (V-d) |72 + max (i3 — K}, 01|V Vx| f». (3.13)

Since all terms on the right-hand side of the previous inequality (3.13) are positive, we can estimate the L-norm
of g by (3:9), (317), and such that

1

2 . 2 6 6 2

lallz> = Zmln{k?7k§}!!Ad!!Lz —c(IVOllgs + lldllfs +1) = clldoligs o0 -

With the embedding in three dimensions H' < L% and Corollary the claimed inequality (3.4) becomes
evident.

As a last step, we prove inequality (3.5). The variational derivative j is given by (see (2.3b), (2.8), and (2.9))
._0F 2 2
1= %9 = ksA“¢ —BoV-((|V9["+d-a—2)(2V¢ +d))
1
~B1V-(ldf’a—(d-a)d) - E—ZV-((IWI2 —1)Vg)

= ksA>p — Bo(2Vo +d) - (2V*9V ¢ + VAV +V*¢d) — Bo(|Vo|> +d - V¢ —2)(2A¢ + V-d)
(3.14)

—B1(2V¢VdTd + A¢|d|]* — (V-d)d-V¢ +d-V*>¢d +d-VdV))
1
— 5 (B0(VOF —1)+2V0-V*9V)
=1 ksA*9 + Ry .

In the calculation of the variational derivative, we explicitly used the choice a = V¢ (see Remark 2.3). To
estimate this variational derivative from below, we use inequality (3.8) such that

: k3
17172 = Z11A%1I7 — IRy 17- (3.15)
In regard of the calculation (3.14), we estimate ||Ry HiQ (for &, fixed) by
2
IRy|I72 < c[|Bo (IV?9[IVOI* + |V29|ld[* + [V?9| + [Vd||Ve|* + |Vd]||d||Ve| + |Vd]) || .

2

1
+c|[Bi (IV?9lld[* +|Vd|ld||V9]) + & (IV20l(IVol* +1)) .

< C/Q (V2017 IVOI* + V20 *1d|* + V29 [* + VAP [Vo[* + |Vd*d[* Vo[> + |Vd|*) dx.
In the following, we apply Young’s inequality so that the norms of the director emerge with certain exponents,
i.e., 16/5 in the case of |Vd| and 48/5 in the case of |d|. Other choices for the exponents are possible. Nev-

ertheless, the exponents have to be chosen very carefully so that all terms appearing can be absorbed into the
leading order terms, i.e., ||Ad\|i2 and HA2¢‘|%2- Applying Young'’s inequality in this way yields

HR¢||22 < C/Q <|Vd|16/5_|_ |d|48/5> dx
e [ (IV20PIVOF + V9P 4 V20 + [Vo ™ + V9| + 1) dx
Q

<c [ (IVa]'0 +ar 4 (V2P + Vo[ 2+ 1) ox
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Existence of weak solutions to a dynamic model for smectic-A liquid crystals under undulations 13

Thus, the remainder Ry is bounded by

16/5 48/5 24/7
HR¢HL2 L?) <c <HVdHL16//5 L16/5) + HdHths/ﬁ L48/5)) +c <HV2¢HL2{/7 L24/7) + HV([)Hle L12) + 1) . (3.16)

The Gagliardo—Nirenberg inequalities of Lemma[3.3]and Corollary [3.2] yield

9/5 7/5 9/5 39/5
1Ro 3202 < (11500, 111725+ 15000 11132 500

2 1115/14 | 1133/14 2. 13/2 21/2
o (18201202 19112 e + 182011502 011725 +1) - 317)
These terms are estimated again with Young’s inequality. We apply it so that the leading order terms, i.e., || Ad | .2
and ||A%¢ |2, remain squared and multiplied with a small constant. This small constant is defined by

1 1 .
N := min { gymin{klz,kg}, Z/'kag,mm{kl ,k3,k5}} . (3.18)
With this newly defined parameter, we estimate further on with Corollary[3.5land Young’s inequality

n
IRol) < 7 (1) + 180 sy + W oo )

66/13
(182 )+ 0TS )+ NI o) + 1922 ) + 1)

_|_
< 2 (181 o)+ 18%0 02 ) + (191 )+ 101 gy + 11 00 1) -
(3.19)

This estimate can be inserted into (3.75), which gives the coercivity estimate claimed for the variational derivative
of % with respect to ¢ (see (3.5)).

O

Lemma 3.7 (Boundedness). There exists a constant ¢ > 0 such that the free energy .% (see ([2.8) and (2.9))
and its variational derivatives (2.3) can be estimated by

F(do, 90) < c(|[dollgp + 1|90 + 1), (3.20)
lgllZ2z2) < cCdllZ2qerz) + I gy + 101 ) (3.21)
171Z2z2) < @11 Fa sy + 112 e2) + N2 gy + 191172 2y + 1) (3:22)

for everydy € H',d € L=(0,T;H") N L*(0,T;H?) fulfilling Yo(do) = Yo(d) = d, € H3/2(8§2) as well as
¢ € HZ, ¢ € L=(0,T;H3)NL*(0,T;H*).

Proof. The free energy is estimated by inserting the definitions (2.8) and (2.9):

7 (do. 90) < c(dollzn + ldollzs + [ 6ol 52 + 9ol +1).
The continuous embeddings H' < L* and H> < W'* yield

Z (do, $0) < c(||dollfp + | 9ol[72 + 1) (3.23)

In the same way, we estimate both variational derivatives from above. Using (3.7) and (3.10), we bound g by

lgll72z2) < 20k1 V(V-d) — ks Vx V d| 7212+ 2lIRall 2 2

< c(la72 )+ 7o ey + 1191312y + 1)

and with and (3.19) the variational derivative j by

1711722y < 2ks 11817212y + 201Ro I 7212) < U@l 72 g9 + 72 ag2) + 22 g1y + 10172 12y + 1)
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The following corollary proves that our notion of a solution (2.2) makes sense.

Corollary 3.8. All terms in are well-defined.

Proof. In regard of the assumed regularity (2.12) for d, ¢, and v as well as the boundedness of the variational
derivatives (Lemma[3.4), every term appearing in the equations (2.73a) and (2.33D) is finite, which follows from
Hélder’s inequality.

The Navier—Stokes-like equation can be considered in a similar fashion. However, in order to handle the viscous
stress tensor TV (see (2.50)), the material derivative d given in (2.2) needs to be bounded in an appropriate
norm. This can be observed by

Il z2) < 190l s oy + W2 ws) 1o wr sy + W2y oy - (3.24)

|

4 Galerkin approximation and proof of the main result

In this section, we prove the main result Theorem [2.3] via convergence of a Galerkin approximation. The proof
is divided into the following steps: We first introduce the Galerkin scheme and deduce the local existence of a
solution to the approximate problem (see p.[I4). Then, we derive a priori estimates (Section[4.2) and we show
that the solutions of the approximate problems exist on the whole time interval [0, T].

The crucial part is carried out in Section in which we use the a priori estimates to extract a weakly con-
vergent subsequence. We conclude the convergence of the time derivatives which allows us to deduce strong
convergence (see Lemma[4.6). This enables us to prove the convergence for the nonlinear variational deriva-
tive of the free energy (see Lemma [4.8) and, therewith, we can pass to the limit in the director equation, the
layer equation, and the Navier—Stokes-like equation to obtain in the limit the weak formulation in the sense of
Definition 2.2

4.1 Galerkin approximation and local existence

We are going to use a Galerkin scheme to discretize the system of interest in space. For the approximation of
the director equation, we use an L?-orthonormal Galerkin basis consisting of eigenfunctions y1, y», ... of the
differential operator corresponding to the boundary value problem

kg V(V-y)+kVxVxy=—V-(A:Vy)=h inQ,

41
z=0 ondQ. @1

Here, the constant symmetric strongly elliptic tensor A is defined in the proof of Lemmal[3.4l The above problem
is a symmetric strongly elliptic system that possesses a unique weak solution z € H(l) forany h € H! (see,
e.g., Chipot [6, Thm. 13.3]). Its solution operator is thus a compact selfadjoint operator in L?. Hence there exists
an orthogonal basis of eigenfunctions y,y>, ... in L* A regularity result (see McLean [34] Theorem 4.21]) pro-
vides regularity of the eigenfunctions such that ¥;, := span{yy,...,y,} C H? OH(I). The associated orthogonal
Lz-projection is denoted by R, :L> — Y,,. Note that the projection R,, is H(l)-stable, i.e., there exists a constant
¢ > 0 such that HR,,yHHgJ < CH)’HH(]) forally € H)) (see [15, Section 4.1]).

For the approximation of the layer equation, we consider a Galerkin basis consisting of eigenfunctions of the
biharmonic operator. Consider the boundary value problem

Az, =h, inQ, n-Vz,=2z,=0 ondQ.

This boundary value problem possesses a unique weak solution for every h € (Hg)* and the solution operator
is a compact selfadjoint operator as a mapping in L?*. Thus, we can find a sequence of eigenfunctions {z, } that
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Existence of weak solutions to a dynamic model for smectic-A liquid crystals under undulations 15

are orthonormal in L? (see [B]). A standard regularity result shows z,, € H* ﬂHg for all n € N (see [19] Corol-
lary 2.21]). Then the approximation space is denoted by Z,, := span{zy,...,z,} with the associated orthogonal
projection Q,, : L? — Z,. Note that the projection Q,, is Hg-stable, i.e., there exists a constant ¢ > 0 such that
Han||Hg < CHZHHg for all z € HZ (see [4, Section 9.8]). The high regularity € € €* of the considered domain
is essential to apply the regularity result. This regularity is indeed the only reason, why we have to choose such
a regular domain.

For the approximation of the Navier—Stokes-like equation, we follow Temam [39] p. 27f] and use a Galerkin
basis consisting of eigenfunctions wi, w», ... € H? ﬂH(l)‘G of the Stokes operator (with homogeneous Dirichlet
boundary conditions). As is well known, the eigenfunctiohs form an orthogonal basis in L%. as well as in H(lm
and in H*NH{ ;. Let W, = span{wy,...,w,} (n € N) and let P, : L3 — W, denote the L3 -orthogonal
projection onto W, Since Q is of class ¢, there exists ¢ > 0 such that |Pv| g2 < c||v||g2 for alln € N and
veH? ﬂH(l)‘o_, see, e.g., Malek et al. [33] Appendix, Thm. 4.11 and Lemma 4.26] together with Boyer and
Fabrie [3, Prop. 111.3.17].

The approximate problem is the following: Find a solution (d,,, §,,v,) with (d, —Ed;) € € ([0,T]) ®Y,,
0, € Z€(0,T]) ®Z,, and v, € ZE([0,T]) @ W, solving the problem

o

(dn + A’(an)symdn + 2K'1 }/(an)syman + 'an,y) = O, dn(o) = IEdl +Rn (dO - Edl) ) (4-23-)
(a;(])n + (vn ' V)q)n + A'pjn,z) = O, (Pn(o) = Qn(PO ) (4.2b)
(Ovn+ V- V)V — Vd} g — VOujn,w) + (T); VW) = (g.w), v,(0) =P (4.2c)

forally € Y,,z € Z,,w € W,, and for a possibly short time interval [0, 7;,). In the above equations, the variational
derivatives and the material derivative are given by

—r (37 _r (2F 2 . OF 2
q, =R, ( 5d (d,,,(])n)) =R, (8(1 (d,,vd,,V¢,,V-¢,) -V 8Vd(dn’Vdn’V¢n’V (j)n)) , (4.2d)
. 07 _ 2. JoF 2 a_F )
Jn L Qn <W(d}’h¢n>> - Qn <V . 8V2¢ (dn7Vdn7V¢n7V (p}’l) V av¢ (dn7Vdn7V¢n7V ¢n)> 9
(4.2e)
d, = 0d, + vy V)d, — (V) skwdn (4.2f)

and the viscous stress by
v A A?

T, =oi(dy - (Vvp)symdn)d, @d,+ | 205 + P (dn ® (Vi) symdn)sym
+2 (%6 — A1) (Vi) sym@n @d)sym + ((VV2)symdn @ @n)sym) — A(gn @ dn)sym + (@n @ di)sicw
+ 04 (VVn)sym + 71 (@ - (V) sym@n) (@, @ @)
+ (272 - 4K12’Y) (an & (an)syman)syrn - 2K1 ’Y(an ®qn)syrn
+212(dy - (VVi)sym@n) (d @ @) sym + K3 ((dn (VW) symdn)(@n @ ay) + (@n - (VVi)sym@n) (dy ®dn))
+ 214 ((dn - (VVn)sym@n) (dn @dy) + (dy - (VV)symdn) (dn @ @) sym)
+ 2K5 ((dn : (an)syman)(an ®an) + (an . (an)syman)(dn ®an)sym) )

(4.29)

which follows from (2.5b) by inserting (.2a) for col,,. This definition avoids that the time derivative of d,, appears
in the viscous stress.

Note that the approximate variational derivative (4.2d) is the variational derivative of the approximate free energy
function. Indeed, defining .% ,(d,9) := % (R,d,0,¢), we find that

0.F, 0F
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The same holds true for the variational derivative of .% with respect to ¢. Note that the nonlinear terms depend-
ing on d or ¢ and appearing in the Navier—Stokes-like equation (2.1c) have been projected appropriately. This
ensures that the important energy inequality is valid in the approximate setting.

A classical existence theorem (see Hale [22] Chapter |, Theorem 5.2]) provides, for every n € N, the existence of
a maximal solution to the above approximate problem (@.2) on an interval [0,T},) in the sense of Carathéodory.
This theorem grants a solution on [0, T] if the solution undergoes no blow-up. With the a priori estimates of the
next section, we can exclude blow-ups and thus prove global-in-time existence.

4.2 Energy inequality and a priori estimates
An essential tool for the analysis in this work is the energy inequality proved in the following.

Lemma 4.1. Let the assumptions of Theorem[2.3 be fulfilled and let (d,,, ¢,,,v,) be a solution to (£.2). Then the
energy equality

1 4 .
S0 13s+7 @0),0u00) + [ (gl 51+ 0 - (9
! 2 A‘ 2’2 2 2
+/0 [ (Vvn)symllp> + ( 205 + ? - 7 [(VWi)symdnllp> + Till@n - (VVn)sym@nll7 | ds

it
+/0 (2% = 46V (Vn)sym@al Iz + 252 | - (V¥0)sym@ial[72) s 4.4
1 ! |
= I O) [+ F@d(0). 0u(0) + [ (gl
ot ot
- 2K3/ (@n - (VVn)symdn,@n - (VVy)syman) ds — 4K4/ (dn - (VVi)sym@n,dn - (V) symd, )ds
0 0

t

t
—41<5/ (dn-(an)syma,,,an-(Vv,,)syman)ds—4(1<6—1qk)/ ((Vvn)symdn, (VVy)sym@n)ds
0 0

holds for all't in any compact subinterval of [0, T;,).

Proof. In order to derive (4.4), we test the Navier—Stokes-like equation ([4.2¢) with the approximate solutions v,
of the velocity field and obtain

1d

——Vallfz — (VAL Gn + Vujnva) + (T); Vv,) = (8,Vn) . (4.5)
2dt

Here, we employed that the convection term vanishes since v, is solenoidal. The director equation (4.2a) is
tested with the variational derivative g, (see (4.2d)),

(0idn,qn) + (V- V)dn,qn) — (VVi)skwln,qn) + A (V) symdin,qn)
+2K ’}/((an)symanvqn) + YanHiz =0. (4.6)

Note that the projection R,, is well-defined as a mapping R,, L? —Y,. This assures that the test function g, is
in the appropriate test space. The layer equation is tested with the approximate variational derivative j,,

(D 0ns jn) + (Vn- V), jn) + Ap Ljn] 22 = 0. (4.7)

Note that Q,, is the L-projection onto Z, and j, is an appropriate test function.
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The derivative with respect to time of the free energy is given by (compare with (Z10))

F b)) = [ AF(@,.Vd,.V6,.V20,)dx
_ /Q <§_Z od, + ;—VZ 1 9,Vd, + aaqua Vo, + aqus atv2¢n> dx
:i/ (id”'<§5" 5§;> a"Z’"<V2 ai§¢ V';g;>>dx

OF ., OF oF
_/ <a‘d Hn <ah an>+af¢”Q” <V avig av¢>>dx

= (at nyqn) (at(pm.]n)- (4.8)

dt

The boundary terms arising due to the integration by parts formula are zero since the boundary value pre-
scribed for the director is constant in time. Moreover, d,, (1) € Hé. The second to the last equality in the above
calculation is valid since d,d,(t) € Y,, and d,¢,(t) € Z,.

Summing up the equations (4.5), (4.6), and (4.7) while simultaneously using (4.8) leads to

d .

(Sl + 2 @ 90)) + Vgl + 2 il (4.99)
- <Vdn qn7vn> - <V¢njnvvn> + ((Vn : V)dnvqn) + ((Vn : V)d’mjn) (4-9b)
+ /‘L((V"n)symdnvqyt) + 2K1 Y((an)symamqn) - ((an)skwqun) (4-90)

+ (T,Y;an) = (8:Vn) -
Line vanishes (see also Section [1.3). We calculate the last term on the left-hand side, i.e., the viscous
stress tested with the gradient of the approximate solution v,;:
2

A A
(T35900) = 0l (99l  cal(Pvhml+ (205 45 =5 ) I Owadomd e

+ il - (an)symanHIZAZ + (27— 4’(127) | (an)symanH%} +2K ||y - (an)syman||i2
= A((VVi)symdn,qn) + (@n; (VVn)skwdn) — 2K1Y((VV0) sym@n, Gn) (4.10b)
+213(d - (Vi) symdn, @ - (Vi) sym@n)  +4Ka(dy - (VVi)sym@n,dn - (VVi)symdn)
+4K5(dn - (Vi) sym@n,@n - (Vi) sym@n) +4(K6 — A K1) ((VVi)symdn, (VVi) sym@n) -

The sum of the terms in line and the terms in line is zero.

Inserting the last equation into (4.9), putting the terms which are not necessarily of positive sign on the
right-hand side, and integrating in time yields the energy identity (4.4). O

Corollary 4.2. Let the assumptions of Theorem[2.3 be fulfilled. Then there exist positive constants f; > 0,
i€{l,...,6}, and ¢ > 0 such that

1 ! .
S Z 0,000 + [ (il + 2 il + Bl Ton )
!
"‘/0 (ﬂZHdn : (an)symdnHiZ + ﬁ3”(vvn)symdnuiz + Bslla, - (V"n)symanHiz + BSH(V"n)symanHiz) ds

t 1 't
+ [ Bolldy - (9, Fads < 5 00 (O) 3 + F (0. 0,(0) +c [ g1y, a5 (411)

for all t in any compact subinterval of [0,T;,).
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Proof. Starting from equation (4.4), we have to estimate the terms on the right-hand side. Since we assume the
strict inequalities (2.60), we can find § € (0, 1) such that

12i5] < EVu v/, [4ks| < Ev/ou /2K,
ldks| < C\/2K0/T1, 46— KiA| < 201/20 — dxckyy 205 + A /7~ A2/ 7.

Every term in the last two lines on the right-hand side of (4.4) is estimated by Young’s inequality such that

‘2K3H(dn : (an)symdnvan : (an)syman)‘ + ‘4K4H(dn : (an)symanvdn : (an)symdn)’
+ ’4K5"(dn : (an)symaman : (an)syman)’ +4‘ Ko — Kll"((vvn)symdnv (an)syman)’

< ‘C(\/a_ldn . (an)symdna \/T_lan : (an)syrnan)| =+ ‘C(\/Edn : (an)symana \/a_ldn ' (an)syrndn)
+ ‘C(\/%dn : (an)symam \/T—lan . (an)syman)
+2 ‘ C(\/2065 + QL/}/— ;LQ/Y(an)symdm \/ 272 - 4K12Y(an)syman)

<Ca|d,- (V"n)symdnH]z‘2 + C21,|d, - (an)symanHi2 +Ctilla, - (V"n)symanHi2
+ (20 = 47| (VVn)sym@nllf + £ (205 + A /7= 22 /V) [ (VVn)symdn 7 -

(4.12)

As a second step, we estimate the last term in the first line on the right-hand side of (4.4). Therefore, we use
the definition of the norm of the dual space (H(l) G)* as well as Korn’s first inequality (see McLean [34, Theorem
10.1]) and again Young'’s inequality such that

2
C Oy
(an)symHL2 < 2—064||gH%H(lw)' + 7||(an)sym||12}' (4.13)

(8.vn) < lIgll ey Vallmy , < cligllay

Inserting the inequalities (4.12) and (#.13) into the energy equation (&4) and choosing the constants 3; appro-
priately gives the claimed energy inequality (4.17). O

All results achieved up to this point are proved for general free energies. We have only assumed differentiability,
which is important for the calculation in (4.8). In the following, we use the specific form of the free energy given

in (2.8) and (2.9).

Lemma 4.3 (A priori estimate ). Let the assumptions of Theorem|[2.3 be fulfilled. Then the following a priori
estimate holds for the solutions (d,,, §,,v,) (n € N) to the approximate problem (4.2):

1 :
SVallZe g2+ sup F(dn(t), 0n(t)) + VlIgnllF2 12) + Ap linll2 12
2 (L?) (L?)
t€[0,T]
+ B H(V"n)symHi2(L2) + B2l/d - (an)symdnHiZ(Lz) +ﬁ3H(VVn)symdnHi2(L2)
+ Ball@s - (an)syman||i2(L2) + BS‘|(an)syman‘|1%2(L2) + Belld. - (an)syman||i2(L2)

< c(Ivollz> + 18117y ye) + 1Veollz> + 19oll72 + A lggs 290y +1) +
(H ) (99)

(4.14)

where the positive constants B; > 0 (i € {1,...,6}) are given in Corollary[4.2
Proof. Let us show that the terms on the right-hand side of (4.1) depending on the initial values can be esti-

mated independently of 7. We recall that P, is the L2 -orthogonal projection such that |[v,,(0)(|,2 = ||Pvol|2 <
|lvol|z2- The required estimate for the free energy is proved in Lemma[3.7] such that

F(d,(0),9,(0)) = F (Ed + R, (do— Ed1),0,0) < c(| Ed + Ry (do—Ed)|[g1 + |Qudoll o + 1)
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Since R, and Q,, are orthogonal projections (see Section[4.T)), we observe that

IEd + Ru(do —Ed))||g1 < [[Ra(do—Ed))|g: + [ Ed ||y
<clldo —Edi|g + [Edi|lg < cl|Vdoll2 +clldi || g0

as well as

1On9ollr2 < cl[@ol| 2 -

This shows that the right-hand side of (@.11) can be estimated from above by a constant that depends on d,
dy, ¢, vo, and g but not on n. Therefore, the estimate (@11) holds for all # € [0,7,,). This finally shows that
there is no blow-up for the approximate solution and thus we obtain global-in-time existence of a solution, which
more over satisfies (4.14).

|

Lemma 4.4 (A priori estimate ). Let the assumptions of Theorem[2.3 be fulfilled. Then there exists a constant
¢ > 0 such that

19l a2y + ey + 19012y + 9oy )+ - (V) syl i
+ H(an)symdnHiZ(LZ) + Han . (an)syman||i2(L2) + ||(an)syman‘|i2(L2) (415)
+ - (VVn)sym@all72 12 + 1Adn] 7212y + 1A% 007212y < €

holds for the solutions (d,,, §,,v,) (n € N) of the approximate system (4.2).

Proof. The estimate follows from Lemma [3.6] due to the structure of the free energy potential. Indeed, inequal-
ity (3.3) inserted in estimate (£.14) implies
1 2 2 2 2 .2
EHVnHLm(LZ) + ﬂ(\\VdnHLm(m + H(PnHLw(Hg)) + YanHU(LZ) + lp HJnHL2(L2)
+ Bl H(V"n)symH%Z(B) + BZHdn : (V"n)symdnH%Z(Lz) + B3H(an)symd"H1242(Lz) (4.16)
+ B4||an : (an)syrnanHIZAZ(Lz) + BS || (an)syman ||1242(L2) + ﬁ6Hdn : (an)syrnan HIZAZ(LZ)

<c (1IvollZ + gl g oy + Vol + 190l + i [ +1) =1

The above inequality shows the boundedness of the L""(H1 )-norm of the director (see Corollary B.5) and the
boundedness of the L°°(H§)-norm of the layer function. Estimate allows us to prove bounds for the
L?-norm of Ad,, and A”¢,, respectively. Indeed, with (3.Z) we observe that—analogously to (3:9)—

1
lgnllZ> > IR V-(A Vd,)|z: — IRuRa,IIZ:

Since R, is the L2-orthogonal projection onto Y;,, which is spanned by the eigenfunctions to the operator defined
in (4.1), we find that

2
L

n

1
lgnllZ> > HIV-(A: Vd,)||> — IR

and we can follow the same argumentation as in the proof of Lemma [3.6] obtaining an estimate analogously
to (3.4). Similarly, we observe with (3.14) that—analogously to (3.15)—

) k2 k2
jnll72 > f\lQnAzﬁaniz —[|QuRy, 172 > §\|A2¢nlliz — IRy, 1172,

and we finally obtain an estimate analogous to (3.5).
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Inserting the coercivity-like estimates for g,, and j, into and using again to estimate the L= (H')-
norm of d,, and the L™ (Hg)-norm of ¢, shows that

%H"nHiw(LZ) +n(|[Vd, Hiw(]}) + 1100 Hiw(Hg)) +2n HMnH%Z(Iﬁ) +1 HAz(ani2(L2) - HMnH%Z(LZ)
+ Bill(VWa)symll72(z2) + Balldn - (VWi )symdll72z2) + Bsll (V) symdlul |72 a2
+ Ballan - (VWa)sym@alZ222) + Bs | (VVn)sym@n 22 22y + Bolldn - (V¥a)symanl |7 2,
<ci+ eIVl 72 g2y + 19l )+ 11152 a0y + 1) < €1+ 2¢ (e + 1)
This finally proves the assertion.
a

Lemma 4.5. Let the assumptions of Theorem|[2.3 be fulfilled. Then there exists a constant C > 0 such that the
time derivatives of the solutions (d,,, §,,v,) (n € N) to the approximate system (@.2) obey the estimate

19hdl sy + 1900ulliz 2y + 10wl 2 ey ) <€ - (@17)

Proof. The first goal is to estimate the time derivative of the solution to the approximate director equation (4.2a).
We test d,d,, with an arbitrary function W € L? in the L?-inner product. Since d,d,,(t) € Y,, we can insert the
projection R,, such that

(al‘dn’W) = (al‘dn’Rn]II) =
- ((vn : V)dn - (an)skwdnaRnW) - (k (an)symdn + 2K1 Y(an)syman + yqn,RnW) . (4-1 8)

Inserting equation (4.23) is only allowed due to the application of the projection R,,. The time derivative in the
L?-norm is estimated with the definition of the dual norm such that

sup |(ddn, W) < sup ([|(va- V)dn — (Vi) skwdnlr2) [ RaW ]| 2
lyll2<1 lwl <t

+ | SHUP (M|(V"n)symdn||L2 + 21| (VVn) sym@nl| 2 + 7||qn||L2) IR WlL2 -
yl2<1

(4.19)

We recall that ||R, |12 < |[y||,>. Additionally, the boundedness of ||(VVvy)symdnl|12z2), [[(VVi)sym@nll 12 (22),
and (g |22y is granted by the a priori estimate (£.14). What remains is to estimate the first term on the

right-hand side of (@19). Hélder’s inequality is used to estimate the time derivative in the L*/3 (LZ)-norm:
9l 432y < [ Wn - V)dull a3 2y + [ (V) skwdnl| 123 12y
+ AV symnll 5 12y + 260V (VW) sym@nll a3 g2y + Vgl o3 12

< Avallzz@s)lldnllzswrs) + [[vall 2y l1dnll s o)

o (19 gmdall2we) + 1 (V90)mall 2y + [90ll2e2)) -
The appearing norms of d,, are bounded in view of the a priori estimate since

1/2 1/2 1/2 1/2

1dnllzswrs) < clidnll 2oy ldnll =gy and lldnllzs@=) < clidnll 22 dnll = g

For the time derivative of the approximate layer function, we follow the same reasoning as for the director

equation. Recall that @, is the L2-orthogonal projection onto Z,. In order to estimate the time derivative of ¢,

we insert the projection onto the appropriate subspace. This allows us to use the approximate equation (4.2b)
and estimate further on with Holder’s inequality:

T
sup / (9,00, £) dt
”C”LZ(LZ)Sl 0

sup
HCHLZ(LZ)SI

T
| 009000 = 20 0 81| < [9alias IV + Ayl 12
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Thus, the time derivative is bounded in the Hilbert space L (L?).

Recall that P, is the (H? ﬂH(lw)-orthogonal projection onto W,,. Using [@.29), it follows for ¢ € H> DH&G that

[(Ovn, @) = |<gaan’> - ((vn Vv, — Vd;Qn - V(Pnjn,an)) - (TV‘L/;VPHq,) {
< gl y  I1B@ Nty + 1005wl 1Pl + Vg 1P
+ IVOuinllsr2 1Pl s + 1T [l o5 IV Pugls -

Since H? ﬂH(l) & Is continuously embedded in H(l) o L7, L3, and W', we obtain

10wl ey < € (I8lag, e + 110wV wales + Vgl + 9l + 1T o)
and thus
19wl ey ) < @ (1812qcap )+ 100 Vvallizay
+ |Vdygull )+ IV Oninll 22y + HTr‘I/HLZ(L"ﬁ)) :
With Holder's inequality, we observe that
1V VIvallzw) < Ivall=@) [Vvallzaz) and - |[Vdndall o) < IVl o) 190l 222

as well as

IV @ninll2zsrzy < NV Onllr= o) linll222) -

In view of (£.14) and (£.15), the terms on the right-hand sides of the foregoing estimates are bounded.
Finally, we observe with (4.2g) and again with Hélder’s inequality that

I zqeorsy < ¢ (M- (V9)symdilliziiz) + lan - () mdall2e) ) (1allZeao) + lanlBees))
- (V9 )oym@nl22) (2o g + @l ze) ) + 199222y
o (Iullzs) + =z ) (Ianlzzqee) + 1V symdnll 22 )

(Il sy + =z ) 11OV sym@l222) )

which proves the assertion because of (4.15) and standard embeddings. O

4.3 Convergence of the approximate solutions

The a priori estimates (4.14) and prove the boundedness of the sequences of solutions to the approximate
problem (4.2) in different norms. The Banach—Alaoglu—Bourbaki theorem [4, Thm 3.16 on p. 66] allows us to
deduce relative weak and weak* compactness of the sequence in the considered spaces. In the following, we
are not going to relabel the subsequences.

Lemma 4.6. Let the assumptions of Theorem|[2.3 be fulfilled. Then there exists a subsequence of the sequence
of solutions to the approximate problem (@.2) and d, ¢, v satisfying 212) as well as q € LZ(O, T;Lz), jE
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L*(0,T;L?) such that the convergences

d,>d inL=(0,T:H"YNL*(0,T;:H*) nW"'*3(0,T;L?), (4.20a)
On — in L=(0,T;H3) NL*(0,T;H*)nW'2(0,T;L%), (4.20b)

Vv inL=(0,T:L5)NL*(0,T:Hy ) "\W'2(0,T;(H*NH{ 5)*) ,
(4.20c)
g4, —q inL*(0,T;L?), (4.200)
jn—7 inL*(0,T;L%), (4.20e)
d, (Vv,)symdy —d-(V)symd ~ inL*(0,T;L7), (4.20f)
a, - (Vvy)sym@n — a- (Vv)gyma inL*(0,T;L?), (4.209)
d, (Vv,)sym@y —d-(Vv)yma  inL[*(0,T;L%), (4.20h)
(VV)symdn — (VV)symd inL*(0,T;L%), (4.20i)
(VV)sym@n — (VV)syma inL*(0,T;L?), (4.20))
d,—d in L2(0,T:H" )N L350, T;WH1/5ynL¥/5(0, T;L¥/) | (4.20k)
On — ¢ in L2(0,T;HY) N L*70,T;W** YN L"?(0,T;W''?),  (4.20])
Yy — v inL*(0,T;L2) (4.20m)

hold for n — oo.

Proof. The a priori estimates and (4.17) yield the weak and weak™ convergences (4.20a)-(4.20j). The
Lemma of Lions—Aubin (Lions [30, Théoreme 1.5.2]) ensures the following compact embeddings

c

LX(0,T;H>)nW"43(0,T;L*) < L*(0,T;H"),

L2(0,T;HYNW'2(0,T;L?) < L*(0,T:HY),

L*(0,T;:H} ;) NW'2(0,T;(H*NH} 5)*) <> L*(0,T;L2).
The convergences of the director (4.20a)), the layer function (4.20b), the velocity field as well as their time
derivatives (4.20aH4.20c), immediately give the strong convergences with respect to the first space indicated

in (4.20K)—(4.201) as well as (4.20m). With Lemma [3.7]and Corollary[3.2] we observe that

3/5 2/5 1/5 4/5
Il o aorsy < lldnll}ge, ldall 53 and Il ooy < elldnls5gn Il
as well as
3/7 4/7 1/7 6/7
I allsss sy < 19allys (g0 90,7, and I allzssiwriey < 19nlly a9l

and thus the boundedness of the sequence {d,,} in L'%/3(0, ;W 19/3) N L19(0, T; L'?) and of the sequence
{6} in L'*3(0, T;W214/3)NL*(0,T;W"1*). Since 16/5 < 10/3,48/5 < 10,24 /7 < 14/3, and 12 < 14,
a standard interpolation argument grants the strong convergence in the last two spaces of (4.20K) and (4.201),
respectively. These strong convergences allow us to identify the limits in (4.20f)-(4.20j) (recalling thata,, = V ¢,).

|

Remark 4.7. The initial values for the approximate equations are defined via the associated orthogonal projec-
tions of the given initial datum, i.e., R,dy, O, @0, and P,vy, respectively. This ensures that the initial values of
the approximate solutions converge strongly to the given initial value,

d,(0)—d(0) inH', ,(00=¢(0) inH}and v,(0)—vy inL%. (4.21)
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The next lemma identifies the weak limits for the variational derivatives and (4.20g).

Lemma 4.8. The variational derivatives q,, and j, of the solution to the approximate system converge weakly
to the variational derivative q and j of the limit functions given by 2.3) withd and ¢ given by Lemmal4.8, i.e.

gn—q inL*(0,T;L* and j,—j inL*(0,T;L*) asn—oo. (4.22)

Proof. With a priori estimate (4.14), we have already deduced the weak convergences (4.20d) and (4.20€). It
remains to identify the limits g and j in dependence of d and ¢. In regard of the composition of the variational
derivative g (see ([3.7)), the higher order term, i.e., V2d, occurs only linearly. For y € L?(0, T;L?), consider g,,
tested with y,

T T
/ (qn,lll)dt:—/ (laV(V-d,) — ks VX Vx dy, RuW) dt
0 0
T
+/0 BO((‘V%F"“LI'V¢n_2)v¢n7Rn‘V)dt
T
+/0 <Bl((|v¢n|2dn - (dn 'V¢n)v¢n),RnW)+ gll((|dn|2_ l)dnaRnW)> dr. (4-23)

In the first line of (#23) only linear terms of V2d,, occur. Due to the weak convergence of {d,,} in L>(0,T;H?),
we can pass to the limit in this terms. The second line of depends only on the lower order terms d,, and
V ¢, which converge strongly.

Indeed, due to (4.20K) and (4.201), we can extract an almost everywhere converging subsequence such that

d,(x,t)—d(x,t) and vd, (x,t)— Vd(x,1) for allmost every (x,7) € Q x (0,T),
V@, (x,1)—>Vo(x,t) and V20, (x,t) = V3¢ (x,1) for allmost every (x,7) € Q x (0,T),

where {Vd,,} is dominated by a function in L'%/5(0, T;L'/), {d,,} by a function in L*8/3(0, T;L*8/5), {V?¢,}
by a function in L2*/7(0,T;L?*/7), and {V ¢, } by a function in L'2(0,T;L'?).

Similarly to the estimate (3.10) in Lemma[3.4} we can find a dominating function in L2(0, T'; L?) for the variational
derivative and pass to the limit with Lebesgue’s theorem on dominated convergence. Note that we put
the projection R, on the test function Y in (4.23) and that R,y converges strongly to Y for all y € L.

In a similar way, we show the limiting behaviour for the sequence { j, }. Consider the variational derivative of .#
with respect to ¢, which is given in equation (314), tested with { € L>(0,T;L?),

T

[ tnenoi= [ (580,000 1By [ (V-(V0P + V0 2)(2¥0, ). 0,0 o
_/0. <Bl (V-(‘anV(Pn - (dn ' V‘Pn)dn)inC) +8_12 (V'((’V¢n‘2 - ])V(Pn)inC)) dr. (4.24)

The higher order term A2¢ occurs again linearly and thus converges weakly due to (4.200). The lower order
terms in (3.14) also depend on V2¢. Similarly to the estimate (3.16) in Lemma [3.4] we can find a dominating
function in L*(0,T;L?) for the variational derivative in (4.24) and pass to the limit with Lebesgue’s theorem
on dominated convergence. Note that we put the projection Q, on the test function { in (£24) and that Q,,{
converges strongly to ¢ for all { € L?.

|

Proof of Theorem|[2.3. To prove the main result, it remains to prove that the limit of the subsequence of the
sequence of solutions (d,, ¢,,v,) to the approximate problem (4.2) fulfills the weak formulation 2.13). The
essential tools to show this statement are the different convergence results achieved so far.
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We start with the director equation. The time derivative of the approximate solutions converge weakly due
to (4.20a). From (4.20a)), the strong convergence (4.20k), and the weak convergence of the velocities (4.20c),
we find that

T T
/ (O + (V- V) — (V9) g, W) A — / Qd+(v-V)d — (VW)gud, W)dt  (4.25)
0 0
for y € €7(Q x (0,T);R*) as n— 0. Due to (@.201) and (@.20]), the other semilinear terms converge,

T T
/0 (A (V) symdn + 261 Y(VVy ) sym@n, W) df — /0 (A (VV)symd + 251 7(VV)syma, W) d1 (4.26)

for y € €7 (Q x (0,T);R?) as n— oo. The variational derivative g, converges due to Lemma @38). Thus, we
have shown the convergence of every term of (£.2a) and hence, that the limit fulfills (2.13al).

Due to the strong convergence of V@, according to (4.20]) as well as the weak convergence of the velocity
field according to (4.20c), the time derivative according to (4.20D), and the variational derivative j, according
to (3.14), we can take the limit in every term of the approximate layer equation (4.20) and obtain

T T
| @0ut 00 V)04 A )t [ (016 + (0910 + 25 )

for { € €7 (Q2x (0,T)) as n— co.

Finally, we show that the limit of the solutions to the approximate system (4.2) solves (2.13c). The term incor-
porating the time derivative converges due to (4.20¢). With (4.20c) and (4.20m), we see the convergence of the
convection term such that

[ G vmorsi— [ (- wgar
0 0

for all solenoidal @ € €°(Q x (0,T);R?) as n— oo.

The strong convergences of the director and the layer function, see (4.20k), (4.201), as well as the weak con-
vergence of the velocity field and the variational derivative q, see (4.22), grants the weak convergence of the
approximate elastic stress (@.2g) to the rearranged elastic stress, where d in (2.5D) is replaced using (2.1a).

Since the equation d + A(V¥)symd + 2K1Y(Vv)sym@ + vg = 0 even holds in L*(0,T;L?), we can rearrange
the viscous stress and obtain (2.5b). Thus, it holds

T T
/ (TV;Ve)dt —>/ (TV:Ve)dt
0 0

for all solenoidal @ € €=(Q x (0,T);R?) and as n— 0. The remaining term Vd’gq, + V¢, j, converges
weakly due to the weak convergence of the variational derivatives according to (4.22) and the strong conver-
gence of the gradients of the director according to and the layer function according to (4.201). For all
solenoidal @ € €°(Q x (0,T);R?), the reformulated elastic stress converges as 1 — oo,

T T
| (Vdig,+Vo.inp)ai = [ (Va'q+Voj.@)r. (4.27)

In the limit, the integration-by-parts formula (2.79) can be applied again such that the equation (2.13¢) is even
fulfilled with the original elastic stress tensor (2.5a). All in all, we proved that a solution in the sense of Defini-
tion 22 exists. O

In the next part, we introduce a possible adaptation of the model.
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5 Oseen constraint

5.1 Relaxation of the Oseen constraint

In the modelling of smectic-A liquid crystals, the Oseen constraint Vx a = 0 is often assumed to hold (see De
Gennes [11], Section 7.2.1.8.]). The layer normal a is thus of gradient structure. Since the normal of the layers
is assumed to be a unit vector, it follows that V¢ is a unit vector. Stewart [38] asserts (as experiments suggest,
see [12]) that this will not be the case in the dynamical theory away from equilibrium. He suggests to choose
aasa=V¢/|V@|. This is convenient since the normal vector should be a unit vector. In contrast to that, one
cannot deduce strong convergence of a from strong convergence of V@ due to the lack of continuity of the

mapping y — y/[y|.
Instead, we propose to use a continuously differentiable function p¢, where p, approximates the mapping x —>
x/|x|. We can define a; via

az :=Vop:(V9). (5.1)

For every € > 0, a; is continuous in V¢ and, therewith, we may infer the strong convergence of a. ,, from the
strong convergence of V¢,,.

The proof in this paper can be extended by replacing every occurrence of a with a.. As already mentioned, this is
fairly easy in Section[4.3] where the convergence of the approximate solutions is shown. Since pe is continuous
and we have deduced strong convergence of V¢,, the strong convergence of a; ,, follows immediately. The a
priori estimates of Section[4.2]can be proved in the same way as long as the coerciveness (Lemmal[3.6) and the
boundedness (Lemma[3.7) of the free energy and its variational derivatives are provided. The only difference
between the proofs of these lemmata due to the redefinition of a, in (5.7) is the variational derivative of .% with
respect to ¢ (3.14).

5.2 Variational derivative of the relaxed free energy
Consider a potential F € ¢! (R3 x R33 x R3;R) and let this potential define a free energy via

F(¢) = /QF(V(p,VZ(b,ag)dx

with a; as defined in (5.3). Then the variational derivative of this functional can be calculated as

§F JF > , OF > da; \" IF
_ oF 2 2, OF 2
==V avq) (V(P,V ¢>a£)+v : m(V(I)’V (P,ag)

—V. ((pg(v¢)1+v¢ ®pe(V9)) 3—i> )

where I denotes the identity matrix in R*3. Since Pe and its first derivative are bounded from above, all the
calculations in the proof of Lemmaf3.6land Lemmal3.7]can be carried out in a similar fashion. With this method,
it is possible to relax the Oseen constraint and, at the same time, to prevent the vector a. from becoming
degenerate.

The model studied this paper with the layer normal as defined in (&.1) can be seen as a relaxed model of the
one proposed by Stewart [38]. It has similar features and it incorporates especially the possible violation of the
Oseen constrain Vxa = 0. In virtue of the proof in the article at hand, the global existence of weak solutions
to this relaxed Stewart model can be proved.
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