Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Ostwald ripening of faceted two-dimensional islands

V. M. Kaganer^1, W. Braun^1, and K. K. Sabelfeld^{2, 3}

1 Paul-Drude-Institut für Festkörperelektronik, Hausvogteiplatz 5–7, D-10117 Berlin, Germany 2 Weierstraß-Institut für Angewandte Analysis und Stochastik, Mohrenstr. 39, 10117 Berlin, Germany

3 Institute of Computational Mathematics and Mathematical Geophysics, Russian Academy of Sciences, Lavrentiev Prosp. 6, 630090 Novosibirsk, Russia

No. 1229 Berlin 2007

1991 Mathematics Subject Classification. PACS: 81.10.Aj,05.10.Ln,68.43.Jk,81.15.-z. Key words and phrases. Ostwald ripening, Lifshitz–Slyozov–Wagner theory, Becker–Döring equations, faceted crystalline droplets, Gibbs–Thomson formula, kinetic Monte Carlo simulations .

We thank D. Wolf and H. Müller-Krumbhaar for stimulating discussions, and A. I. Levykin for his advice. Financial support from RFBR (Grant N 06-01-00498) is acknowledged..

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study Ostwald ripening of two-dimensional adatom and advacancy islands on a crystal surface by means of kinetic Monte Carlo simulations. At large bond energies the islands are square-shaped, which qualitatively changes the coarsening kinetics. The Gibbs–Thomson chemical potential is violated: the coarsening proceeds through a sequence of ‘magic’ sizes corresponding to square or rectangular islands. The coarsening becomes attachment-limited, but Wagner’s asymptotic law is reached only after a very long transient time. The unusual coarsening kinetics obtained in the Monte Carlo simulations are well described by the Becker–Döring equations of nucleation kinetics. These equations can be applied to a wide range of coarsening problems.

1 Introduction

Domains of a guest phase inside a matrix tend to coarsen, thus reducing their specific interface energy. The prominent mechanism of coarsening was proposed by Ostwald [1] more than hundred years ago: larger domains grow at the expense of smaller ones by exchanging atoms. The net atom flux is directed to larger domains since they possess smaller interface energy per atom. The seminal theory of Ostwald ripening was proposed by Lifshitz and Slyozov [2] and by Wagner [3]. They showed that, at late times, the system is characterized by a single characteristic scale, namely, the average domain size R(t). The time evolution of the system consists in changing the scale: the domain distribution, shape of the diffraction peaks, etc. remain unchanged when scaled by R(t). The average domain size follows, in turn, universal laws, R(t) ∝ t^{1/3} if the atom diffusion is the rate limiting process [2] and R(t) ∝ t^{1/2} if the attachment-detachment at the domain interface is the limiting one [3].

The kinetic scaling is essentially based on the Gibbs–Thomson formula μ = γ/R for the excess chemical potential of a gas that is in equilibrium at the curved surface of a liquid droplet (the constant γ is proportional to the surface tension). The aim of the present work is to study the Ostwald ripening kinetics at low temperatures (or large bond energies) when the crystalline droplets are faceted. The energy of a small crystalline droplet is minimum at ‘magic’ sizes when all facets are completed. The coarsening proceeds as a sequence of jumps from one magic size to the next. We perform kinetic Monte Carlo simulations of Ostwald ripening kinetics for faceted two-dimensional (2D) islands and find a very long transient behavior of the system, so that the universal asymptotic laws are still not reached. We develop a mean-field theory for Ostwald ripening, based on the Becker–Döring [4] equations. We show that these equations, being the basic equations of nucleation theory [5, 6] can be used to describe the coarsening kinetics in a wide range of sizes, starting from monomers up to the long-time asymptotics that are not available in

Monte Carlo simulations. Both the Lifshitz–Slyozov–Wagner regime and the coarsening through a sequence of magic sizes are well described. This approach requires only the knowledge of the cluster energy dependence on the number of atoms in the cluster and can be applied to a wide range of coarsening problems in other systems as well.

The original analytical theories of nucleation [5, 6] and Ostwald ripeing [2, 3] are based on distinct assumptions and describe different kinetic processes: nucleation theory predicts the rate of formation of stable embryos, while Ostwald ripening theory follows the coarsening of large clusters. Langer and Schwartz [7] proposed a mean-field approach to study the nonlinear dynamical equations of motion for a phase separating system with both nucleation and growth of droplets. The unified theory of nucleation and coarsening was further developed by Sagui and Grant [8] by taking into account the correlation effects in a Thomas-Fermi approximation. We show in the present paper that the ordinary differential equations by Becker and Döring are well suited to describe both nucleation and coarsening kinetics. One can proceed, by solving a system of ordinary differential equations, from monomers to clusters containing millions of atoms. Although this approach cannot be extended to arbitrarily large clusters, it can be used to test theories that intend to describe both nucleation and coarsening processes. We restrict ourselves to small concentrations and take into account the screening effects [9] to avoid divergence of solutions of the two-dimensional diffusion equation. A more accurate description of screening that takes into account spatial correlations [10] only slightly changes the screening length in the case of small concentrations.

From the experimental studies of two-dimensional (2D) coarsening, we mention the ones that report time exponents n in the coarsening law R(t) ∝ t^n. These include low-energy electron diffraction from a chemisorbed monolayer of oxygen on W(110), [11], [12], helium atom beam diffraction from 0.5 monolayer (ML) of Cu on Cu(100) [13], optical microscopy of a thin layer of succinonitrile within the liquid-solid coexistence region [14], [15], a binary mixture of amphiphilic molecules [16] and low-energy electron microscopy of Si on Si(001) [17], [18]. In these works, [11, 12, 13, 14, 15, 16] time exponents somewhat smaller than 1/3 were found and explained by the Lifshitz–Slyozov law with finite-size corrections. The time exponent 1/2 obtained for Si on Si(001) [17, 18] was treated as the case of kinetics limited by the attachment and detachment of adatoms to steps [3]. Our recent x-ray diffraction study of coarsening of 2D GaAs islands on GaAs(001), [19] which showed an apparent time exponent close to 1, was the experimental inspiration for the present work.

Two-dimensional islands of ‘magic’ sizes were observed on several surfaces, such as Pt(111) [20], Si(111) [21] and Ag(111) [22] (see also a review [23]). Calculations with realistic model potentials show that magic sizes are inherent to metal fcc (001) surfaces [24]. It was shown theoretically that the presence of magic island sizes disrupts the scaling law of submonolayer molecular beam epitaxy growth [25]. Magic sizes of three-dimensional Pb nanocrystals on Si(111) lead to a breakdown of the classical Ostwald ripening laws [26]. The magic thicknesses of three-dimensional islands arise from a competition between quantum confinement, charge spilling, and interface-induced Friedel oscillation [27]. The magic sizes of two-dimensional islands are due to lateral electron confinement [22]. In our kinetic Monte Carlo study, the energies of 2D islands are obtained simply by bond counting, and the magic sizes are the ones of squared or rectangular islands. However, we formulate the Becker–Döring equations in such a way that they are applicable to any (possibly non-regular) discrete dependence of the island energy on the number of atoms in it. The proposed approach allows to describe the Ostwald ripening kinetics once the island energetics is established.

Faceted islands are commonly observed on metal surfaces. The adatom and vacancy islands on the (111) surfaces of Cu, Ag, and Au are equilateral hexagons, while these on the (100) surfaces are squares (see [28] for a review). Studies of these islands are performed mostly by scanning tunneling microscopy, which is well suited to provide a detailed microscopic view of the individual processes. However, the data are not sufficient to obtain the time evolution of average quantities, such as the mean island size, during Ostwald ripening. In our kinetic Monte Carlo simulations, the equilibrium island shape evolves from rounded to square, as the bond energy is increased. We do not analyze the individual events, such as sintering [29] but concentrate on the average quantities (mean island size and size distribution) in the process of Ostwald ripening.

Monte Carlo simulations of Ostwald ripening were performed using the 2D Ising model [30, 31, 32]. Spin conservation was achieved by flipping pairs of neighboring opposite spins (Kawasaki spin-exchange dynamics). The simulations were limited to rather small values of the coupling constant, so that the domains are rounded and faceting is absent. Time exponents were found to be smaller than 1/3, which was explained by finite-size corrections to the Lifshitz–Slyozov law. Further discussion of theoretical and simulation studies can be found in several reviews [33, 34, 35]. Despite kinetic Monte Carlo simulations are routinely used to model epitaxial growth, [36, 37, 38, 39, 40, 41] we are aware of only one such study of coarsening of 2D islands on a crystal surface [42]. This latter simulation was limited to small bond energies and rounded islands, similar to the simulations in the Ising model.

Faceting effects were found in the kinetics of non-conserved systems. Here, the velocity of a domain wall v is proportional to its curvature K, v = αK, which gives rise to kinetic scaling with a universal law R(t) ∝ t^{1/2} for the domain coarsening [43, 44, 45, 46]. In the seminal Allen and Cahn theory [44] the coefficient α does not depend on temperature. However, kinetic Monte Carlo simulations of the non-conserved Ising model (the Glauber single-spin-flip dynamics) show that, at low temperatures, the anisotropy of surface tension gives rise to square-shaped domains (in accordance with the Wulff construction) and results in smaller α [47]. In the opposite case of high temperatures, thermal roughening reduces α [48]. Both effects do not alter the coarsening law. In somewhat more complicated models, allowing soft domain walls [49] or both ferromagnetic and antiferromagnetic ordering, [50] the time exponent decreases with decreasing temperature and reaches a universal value of 1/4 at T = 0. In the latter model, the domain walls consist of curved parts and straight stacking faults (facets) with zero curvature, which move by creation and propagation of kinks.

A physical difference between the coarsening kinetics of 2D epitaxial islands and that of Ising spins becomes evident when we compare adatoms and advacancies with up and down spins. The first two objects possess qualitatively different kinetics (motion of an advacancy is a result of the collective motion of atoms), while up and down spins are equivalent. This distinction manifests itself in the transition probabilities, as discussed below. The fundamental laws of Ostwald ripening are expected to be independent of the transition probability distribution, so that a kinetic Monte Carlo simulation of the coarsening of epitaxial islands allows one to test this prediction. Here, we perform kinetic

Monte Carlo simulations of Ostwald ripening of 2D adatom islands (surface coverage 0.1 ML) and 2D advacancy islands (surface coverage 0.9 ML) in a wide range of bond energies (or temperatures). Our particular aim is to perform simulations in the case of large bond energies (low temperatures) when the islands are faceted, which was not studied previously.

In our simulations, no step edge barrier is imposed. The atoms can freely detach from an island and attach, after diffusion on the upper or lower levels, to the same or another island. The microscopic probability of an atom movement is given by the number of bonds in its initial state before the movement. The resulting net flux of atoms from smaller to larger islands decreases the total energy of surface steps (island borders). The simulation model is similar to the one used in our preceding work [51], but with a fundamental difference that leads to a different coarsening mechanism. In [51], the escape of an atom from a vacancy island to the higher level was prohibited by an infinite step edge barrier. That resulted in Brownian motion and coalescence of whole islands due to atom detachment and reattachment within an island. Such coarsening by dynamic coalescence is much less effective than Ostwald ripening considered in the present paper, and becomes essential only when the detachment of atoms from islands is prohibited.

2 Monte Carlo simulations

2.1 Simulation method

We employ the well-established generic model developed for kinetic Monte Carlo simulations of molecular beam epitaxy [36, 37, 38, 39, 40, 41, 42]. Atoms occupy a simple cubic lattice and interact with a pair energy that depends only on the number of bonds. An alternative approach to simulate surface kinetics is a detailed Monte Carlo simulation of a particular surface with energetic parameters taken from ab initio calculations, as it was done for GaAs(001) or InAs(001) [52, 53, 54, 55, 56]. Such simulations are very time-consuming and hence are limited to small time and spatial scales. They can hardly be applied to study the coarsening process. Some characteristic features of compound semiconductors can, however, be included in the generic model as a compromise [57, 58, 59].

We use an algorithm [60] that advances simulated time depending on the probability of the chosen event. This algorithm is commonly used in epitaxial growth simulations. We note that the Ostwald ripening simulations of the 2D Ising model [30, 31, 32] have employed the Metropolis accept–reject algorithm. This algorithm becomes inefficient at low temperatures, since most of the attempts are rejected and computer time is wasted. That is why previous simulations [30, 31, 32] were performed at relatively high temperatures T > 0.5T_c, where T_c is the Ising phase transition temperature. Of course, both algorithms give the same results and differ only in the computation time.

The choice of the probability w(x → y) for the transition from the state x to the state y introduces the physics of the system into the simulations. The choice is made differently for the epitaxial growth and the Ising model simulations. It is worthwhile to compare these probabilites briefly. A sufficient condition that the system evolves to thermodynamic equilibrium is the detailed balance condition, w(x → y)/w(y → x) = exp(−ΔE/k_BT ). Here ΔE = E(y) − E(x) is the energy difference between the states x and y, k_B is the Boltzmann constant and T is the temperature. The simulations of the Ising model use a probability that depends on ΔE (either the Metropolis or the Glauber probability). These probabilities favor transitions which reduce the energy of the system, ΔE < 0. On the other hand, for an atom jump on the crystal surface, the transition probability does not depend on the final state y but only on the height of the energy barrier that needs to be overcome [61]. The probability is w(x → y) ∝ exp[E(x)/k_BT ], where E(x) < 0 is the energy of the initial state with respect to the barrier. Such a probability obviously satisfies the detailed balance condition. The system evolves into a lower-energy state since it escapes higher-energy initial states with larger probabilities.

In the present study, no step edge barrier is imposed. An atom detaching from a step edge can go to the lower or the upper terrace with equal probabilities. In particular, atom exchange between advacancy islands is achieved predominantly by adatoms diffusing on the top level rather than by the diffusion of vacancies, despite that the latter process is not forbidden. Similar simulations, but with an infinite step edge barrier, were performed in our preceding work [51]. The infinite step edge barrier leads to Brownian motion of the islands and their dynamic coalescence, which is a much slower process than Ostwald ripening and leads to much less effective coarsening. It becomes essential only if the exchange of atoms between islands is prohibited, e.g., by a step edge barrier. In the present simulations, the dynamic coalescence process is not forbidden but its contribution is negligible.

An atom that has n neighbors in the initial state with equal bond energies E_b to these neighbors possesses an energy E(x) = −(nE_b + E_D), where the activation energy of surface diffusion E_D is the barrier height. It determines the time scale τ of the problem, τ^{−1} = ν exp(−E_D/k_BT ), where ν ≈ 10^{13} s^{−1} is the vibrational frequency of atoms in a crystal. In the epitaxial growth simulations, the time scale τ is to be compared with the deposition flux, which determines an appropriate choice of E_D. We do not consider deposition, and the choice of E_D is arbitrary. Note that the works on the Ising model kinetics measure time simply in the flip attempts (sweeps) per lattice site. We take the same values of E_D as in the preceding work, [51] with the aim to compare time scales of Ostwald ripening (in absence of the step edge barrier) with that of dynamic coalescence (infinite step edge barrier). Namely, we choose E_D = 0.2; 0.1; 0 eV for E_b = 0.2; 0.3; 0.4 eV, respectively.

The ratio of the interaction energy between neighboring atoms to the temperature E_b/k_BT is the only essential parameter for the coarsening problem. We fix the temperature at 400 K and vary the bond energy E_b from 0.2 eV to 0.4 eV. In terms of our model, the Ising phase transition takes place at E_b/k_BT = 2 ln(1 + √ 2). Our choice of bond energies corresponds to T/T_c varying from 0.15 to 0.3, temperatures much lower than the ones used in previous kinetic Monte Carlo studies of Ostwald ripening [30, 31, 32, 42]. Here, T_c is the Ising phase transition temperature.

We perform kinetic Monte Carlo simulations on a 1000×1000 square grid with periodic boundary conditions. Each simulation is repeated 25 times, to obtain sufficient statistics for the island size distribution. In the initial state, either 0.1 ML or 0.9 ML are randomly deposited. Adatom islands form in the first case and advacancy islands in the second.

2.2 Simulation results

Snapshots of the simulated system at the end of a simulation are presented in Fig. 1(a). As the bond energy E_b is increased (from left to right), the island shape continuously transforms from more circular to almost square. Since faceting transitions are absent in 2D systems, we refer to the almost square islands as faceted in order to stress the qualitative shape difference at small and large bond energies. Apart from the change in shape, the equilibrium density of adatoms between islands exponentially decreases as the bond energy increases.

Figures 1(b) and (c) show time variations of average island diameters 2R(t) in logarithmic and linear scales, respectively. The sizes of all islands in the simulated system are obtained by using an algorithm[62] that allows to count all topologically connected clusters in the system. The radii of individual islands are calculated as r_n = √ n/π, where n is the number of atoms in a cluster. At small bond energies (left column in Fig. 1), the process of Ostwald ripening follows the Lifshitz–Slyozov law R(t) ∝ t^{1/3}. As the bond energy increases, the coarsening law for advacancy islands deviates from that for adatom islands and from the expected t^{1/3} law. At large bond energies (right column in Fig. 1), the coarsening behavior of advacancy islands is qualitatively different and close to a linear dependence, in a wide range of island sizes. The coarsening of adatom islands also notably deviates from the Lifshitz–Slyozov law. The attachment-limited asymptotic t^{1/2} can be inferred from the figure, but it is not really reached.

Figure 1(d) shows the island size distributions at different times. The uniformly spaced time instances are marked on the curves in Fig. 1(c) by the same symbols as used for the corresponding size distributions. The distributions are scaled by the average size R(t): instead of the probability p(r), we plot the scaled probability P (r) = Rp(r) versus r/R. The scaled distributions do not change in time even at large bond energies, where the average island sizes do not show a power law behavior. However, the island size distribution does change with increasing bond energy, Fig. 1(d). The distribution develops a tail extended to 2R, while at smaller bond energies it is limited to 1.5R.

We also use the Monte Carlo simulations to verify the average island size determination in diffraction studies. In a diffraction experiment, one has access to the peak profile only and obtains the average size from its width. Using the island distribution obtained in the simulation and calculating the peak profiles, we can compare the average sizes obtained from the real space and the reciprocal space distributions. The diffraction peaks (structure factors) obtained from the simulations are presented in Fig. 2(a). We consider the anti-Bragg condition (adjacent atomic layers contribute to the scattering function with a phase shift of π) and obtain two-dimensional intensity distributions I(q_x, q_y) from Fourier transformation of exp[iπh(x, y)]. Here an integer function h(x, y) is the surface height. Then, we take into account that in a diffraction experiment, the scattered intensity is usually collected by a wide open detector that integrates over one of the components of the scattering vector q [19]. Hence, we integrate the distributions I(q_x, q_y) over one of the components of the scattering vector, either q_x or q_y. The resulting diffraction peaks I(q) are presented in Fig. 2(a). The peaks corresponding to different time moments [the same time moments as in Fig. 1(d)] coincide once the wave vectors q are scaled by the average island size. Kinetic scaling is thus confirmed. The shapes of the peaks depend on the bond energy E_b, thus showing that the island size distribution and the correlations

Figure 1: Results of kinetic Monte Carlo simulations: (a) snapshots of the 1000×1000 simulation cells at the end of the simulations, (b) and (c) time dependence of the average island size in logarithmic and linear scales, and (d) the island size distributions. The gray levels in the snapshots vary from black to white as the surface height increases. Different columns show results for different bond energies E_b, with the temperature fixed at T = 400 K. The size distributions are obtained at the time moments marked in (c) by the corresponding symbols.

Figure 2: (a) Diffraction peaks obtained from the Monte Carlo simulation results (the gray curves are Gaussian fits). (b) Time dependence of the average island sizes obtained from the numbers of atoms in the clusters (black curves) and from the widths of the diffraction peaks (gray curves).

between the islands change.

The quantity most commonly measured in a diffraction experiment is the full width at half maximum (FWHM) of a peak obtained by an appropriate fit. Considering islands of linear size 2R, one obtains a structure factor sin^2(qR)/ sin^2(qa), which can be approximated by exp(−q^2R^2/π) [63]. Here, a is the lattice spacing. We obtain the average size 2R by fitting the peaks to this Gaussian function, despite the peaks are not Gaussian, especially for small bond energies. Figure 2(b) compares these sizes with the ones obtained from the real-space island size analysis described above. The values are in good agreement, thus confirming that the average quantities can be obtained from the diffraction peak widths even if the profiles deviate notably from Gaussian.

3 Coarsening equations

3.1 The Becker–Döring equations for the 3D problem

The process of Ostwald ripening can be described by two alternative approaches, either in terms of a continuous function f(r) representing the number density of clusters of radius r, or in terms of discrete numbers c_n representing the densities of clusters containing n atoms (nmers). The first approach was employed by Lifshitz and Slyozov[2] and Wagner [3]. The equations for discrete quantities c_n were first formulated by Becker and Döring[4] and ever since form the basis of nucleation theory [5, 6]. Closely related equations, the rate equations, were used in the description of crystal growth [64, 65, 66]. They contain an additional deposition term, while the detachment process is not essential and the corresponding terms in the equations are frequently omitted. Similar discrete equations for the Ostwald ripening process were introduced under the names of microscopic continuity equations [67, 68] population balance equations, [69, 70, 71] or rate equation approach [72]. Mathematical aspects of the relationship between the discrete and the continuous equations were also considered [73, 74]. The aim of the present section is to link the discrete and continuous approaches and obtain equations that can be used for a numerical study of the Ostwald ripening process.

The number of atoms n in a cluster increases or decreases by one when an atom is attached to the cluster or detached from it. Let J_n be the net rate of transformation of nmers into (n + 1)mers. The number c_n of nmers increases due to the transformation of (n − 1)mers into nmers and decreases because of the transformation of nmers into (n + 1)mers:

dc_n/dt = J_{n−1} − J_n. (1)

This equation is valid for n ≥ 2. The equation describing the number of monomers c_1 is obtained by requiring that the total number of atoms in the system N = ∞∑ n=1 nc_n (2)

does not change in time. The condition dN/dt = 0 gives, after substitution of Eqs. (1) and rearrangement of the terms,

dc_1/dt = −2J_1 − ∞∑ n=2 J_n. (3)

This equation takes into account that each transformation of an nmer into an (n + 1)mer decreases the number of monomers by one, except in the case n = 1, where two monomers form a dimer.

The net rate J_n is a result of two processes. First, an nmer catches a monomer. The rate of this process is proportional to the densities of the nmers and the monomers and can be written as a_nc_1c_n, where a_n is a time-independent coefficient that remains to be determined. The second process is a spontaneous detachment of a monomer from a (n + 1)mer. It is proportional to the density of (n + 1)mers solely and can be written as b_nc_{n+1}, where b_n is another time-independent coefficient to be specified. Hence, we obtain

J_n = a_nc_1c_n − b_{n+1}c_{n+1}. (4)

Equations (1), (3), and (4) are the Becker–Döring equations.

If the time limiting process is the adatom diffusion between clusters, the attachment and detachment coefficients a_n and b_n for the 3D problem are calculated, for large n, as follows. The cluster of n atoms is considered as a sphere of radius r_n, so that n = 4πr^3_n/3. To calculate the attachment coefficient, we solve the steady-state diffusion equation ∇^2c(r) = 0 with two boundary conditions: the concentration of the monomers far away from the cluster is equal to their mean concentration, c(r) |_{r=∞} = c_1, while the concentration of the monomers at the cluster surface is zero, c(r) |_{r=rn} = 0, since the monomers are attached to the cluster as soon as they reach it. The solution is c(r) = (1 − r_n/r)c_1. The total atom flux at the cluster surface

j_n = 4πr^2_nD∇c(r) |_{r=rn} , (5)

where D is the diffusion coefficient of the monomers, is equal to 4πDr_nc_1, and hence the attachment coefficient is a_n = 4πDr_n. (6)

The detachment coefficient is calculated assuming that the concentration of the monomers at the cluster surface is equal to the equilibrium monomer concentration c_{neq}, while there is an ideal sink for monomers at infinity, c(r) |_{r=∞} = 0. The solution of the steady-state diffusion equation with these boundary conditions is c(r) = c_{neq}r_n/r, and the corresponding detachment flux of the monomers is b_{n+1} = 4πDr_nc_{neq}. Here we take into account that this flux refers to the detachment from the (n + 1)mer. The ratio of the detachment and the attachment coefficients is then

b_{n+1}/a_n = c_{neq}. (7)

The equilibrium density of monomers at the surface of a cluster is given by the Gibbs– Thomson formula c_{neq} = c_{∞eq} exp(γ/r_n) ≈ c_{∞eq}(1 + γ/r_n), (8)

where γ is a constant proportional to the surface tension. The explicit expression for γ is given in the next section. A correction to Eq. (8) for small clusters consisting of very few atoms, while being important for the nucleation theory, is not essential for the Ostwald ripening problem. Then, equations (1)–(8) form a complete set that describes the process of Ostwald ripening.

When the clusters are large enough, n can be treated as a continuous variable. Let us verify that the continuous equations derived from the set of equations above are the Lifshitz–Slyozov equations. The cluster size distribution function f(r, t) is defined so that f(r, t)dr is the number of clusters per unit volume in an interval from r to r + dr. Then, f(r, t)dr = c_n(t)dn and, keeping in mind that n = 4πr^3/3, we obtain f(r, t) = 4πr^2c_n(t). The mass conservation law (2) can be rewritten, by separating monomers and larger clusters, as

c_1(t) + 4π 3 ∫_∞ 0 r^3f(r, t)dr = N = const. (9)

The finite-difference equation (1) transforms into the continuity equation

∂f/dt + ∂J/∂r = 0. (10)

To calculate the flux in the cluster size space J(r, t), one can neglect the difference between c_n and c_{n+1} in Eq. (4). Then, substituting Eqs. (7) and (8), one obtains

J(r, t) = D r (c_1 − c_{∞eq} − γc_{∞eq} r )f. (11)

Equations (9)–(11) coincide with the Lifshitz–Slyozov equations [2].

Figure 3: (a) The cluster size distribution obtained by numerical solution of the Becker– Döring equations at different times (thin black lines, the lines closer to the gray line correspond to later times) and the analytical solution by Lifshitz and Slyozov (thick gray line). (b) The time dependency of R^3. A linear asymptotic is evident from the plot.

As an example, we compare in Fig. 3 numerical solutions of the ordinary differential equations (1)–(8) with the analytical result [2]. To solve the Becker–Döring system, we employ a second-order Rosenbrock method, which is essentially based on a Padeapproximation of the transition operator (see, e.g., citehairer96). A version of this method [76] that fits well to stiff systems of differential-algebraic equations was used. Practically, we solve a set of up to one million ordinary differential equations on a personal computer. The solutions in Fig. 3 are obtained by taking γ = 5 and, as the initial condition at t = 0, only monomers with the initial supersaturation c_1/c_{∞eq} = 10^5. The figure shows that the numerical solutions asymptotically converge to the analytical formula, which validates our approach.

3.2 Attachment and detachment coefficients

Equation (7) can be derived in a more general form that will be useful for the considerations below. In equilibrium, all fluxes J_n are identically equal to zero. Then, denoting by C_n the equilibrium concentrations of the nmers, we have from Eq. (4)

b_{n+1}/a_n = C_1C_n/C_{n+1}. (12)

The equilibrium concentrations calculated in the framework of equilibrium thermodynamics are [77] C_n = C^n_1 exp[−(E_n − nE_1)/k_BT ], (13)

where E_n is the energy of an nmer and E_1 is the energy of a monomer. This relation can be treated as the mass action law for the equilibrium between nmers and monomers, C_n ⇆ nC_1. Substitution into Eq. (12) gives

b_{n+1}/a_n = c_{∞eq} exp[(E_{n+1} − E_n)/k_BT ], (14)

where c_{∞eq} = exp(−E_1/kT ) is the concentration of monomers that are in equilibrium with an infinite cluster. For spherical clusters, Eq. (14) reduces to the Gibbs–Thomson formula. The energy of a spherical cluster is E_n = 4πr^2σ, where σ is the surface tension, with the radius r defined by nv = 4πr^3/3, where v = a^3 is the volume per atom. The radius increase due to the attachment of an atom to a nmer is given by v = 4πr^2Δr. The change of the energy due to the attachment of a single atom is E_{n+1} − E_n = 8πσrΔr = 2vσ/r. Thus, we arrive at Eq. (8) with γ = 2vσ/k_BT . A similar calculation for the 2D case gives γ = sσ/k_BT , where s is the area per atom.

Equation (14) is more general than the Gibbs–Thomson formula and can be used in situations when the latter is not applicable. Figure 4(a) presents the island size distribution obtained in our kinetic Monte Carlo simulations at an early stage of coarsening for the largest bond energy we have studied, E_b = 0.4 eV. The distribution is not smooth but consists of peaks at ‘magic’ island sizes corresponding to a product of two close integers, like 30 = 6×5. Accordingly, the insert in the figure shows that the islands are mainly rectangles with an aspect ratio close to 1. The origin of such a distribution is evident: when an island consisting, for example, of 30 atoms, grows by one atom, its energy increases by 2E_b, while further growth to 36 atoms does not change its energy at all. Thus, we solve the Becker–Döring equations with the energy of a 2D island of n atoms calculated as follows. First, we find the largest square that still contains fewer atoms than n. Then we add, as long as the number of atoms does not exceed n, rows of atoms to the side of the square. The last row may be incomplete. The number of broken bonds for such an island is calculated. Figure 4(b) presents a numerical solution of the Becker–Döring equations with the island energies E_n thus calculated and the attachment–detachment coefficient ratio given by Eq. (14). The approximation for a_n appropriate for the 2D case

Figure 4: Island size distribution of faceted islands obtained in the kinetic Monte Carlo simulations (a) and by numerical solution of the Becker–Döring equations (b). The strong preference of magic island sizes is obvious.

is given below in Sec. 3.3. The size distribution closely reproduces the one obtained in the Monte Carlo simulations: squared or rectangular (with aspect ratio close to 1) islands are discrete barriers to be overcome, while the filling of an atomic row does not change the island energy and proceeds relatively fast. This example shows that Eq. (14) can be used when the island energy E_n is known but is not described simply by the surface tension, so that the Gibbs–Thomson formula is not applicable.

3.3 Coarsening equations in two dimensions

The Becker–Döring equations (1)–(4) and the equation (14) for the ratio of the coefficients b_{n+1}/a_n do not depend on the dimensionality of the system and can be applied to both 2D and 3D problems. (It may be worth to note that the radius r_n entering the Gibbs– Thomson law is expressed differently through n in the 2D and 3D cases.) The only formula that has to be reconsidered is expression (6) for the attachment coefficients a_n, since it is based on the solution of the 3D diffusion equation. The solution of the 2D diffusion equation behaves as c(r) ∝ ln r and the boundary condition c(r) |_{r=∞} = c_1 cannot be imposed. A simple approximation is to place this condition at a finite distance l, given by an average distance between the islands [78, 79, 80, 68, 81]. Then, in the case of diffusionlimited kinetics, the attachment coefficient a_n does not depend on n and is proportional to (ln l)^{−1}. Proceeding to the continuous distribution function, one arrives at Eq. (11), with the conservation law (9) rewritten for the 2D case. The coarsening equations are solved analytically in this case [82, 79, 80].

A self-consistent description of two-dimensional diffusion can be obtained by taking into account its screening by the island distribution [9]. A solution of the 2D screened diffusion equation, satisfying the boundary conditions c(r) |_{r=∞} = c_1 and c(r) |_{r=rn} = 0, is c(r) = c_1[1 − K_0(r/ξ)/K_0(r_n/ξ)], where K_0(x) is the zeroth modified Bessel function and ξ is the screening length that remains to be defined. Then, one obtains the attachment coefficient

a_n = DK(r_n/ξ), (15)

where K(x) = 2πxK_1(x)/K_0(x) (16)

and K_1(x) is the first modified Bessel function. The self-consistency condition for the screening length ξ is [9]

ξ^{−1} =

∫_∞ 0 K(r/ξ)f(r, t)dr. (17)

Expressions very similar to Eqs. (15) and (16) are used in studies of crystal growth from the gas phase[6, 65, 66], with one essential difference: for the latter problem, the length ξ is the mean diffusion length of an adatom on the surface before its reevaporation. It is a well-defined time-independent constant, so that no self-consistency condition is involved.

In the case of attachment-limited kinetics, the boundary condition for the concentration field c(r) at the island surface is the absence of the flux, ∇c |_{r=rn} = 0, which gives a constant solution, c(r) = c_1. Then, the attachment coefficient is

a_n = 2πKr_n, (18)

where K is the attachment coefficient. The result is independent of screening in this case. The same expression is obtained in the approximation of a constant screening distance equal to the mean distance between islands [78, 79, 80, 68, 81].

3.4 Coarsening equations for advacancy islands

In our Monte Carlo simulations, a step edge barrier is absent and an atom detaching from a vacancy island ascends to the higher terrace. The vacancy island size increases by one vacancy at the same time. The coarsening proceeds by exchange of adatoms between vacancy islands and can be described by equations similar to the Becker–Döring equations. Let us denote by g(t) the concentration of adatoms, while c_n are the concentrations of 2D islands of n vacancies. Then, the continuity equation (1) for the density of clusters c_n(t) remains unchanged. The fluxes J_n in these equations describe two processes. The first process is the spontaneous emission of an adatom. Its rate is proportional to the density of nmers. The second process is the absorption of an adatom by the vacancy type (n + 1)mer, which gives rise to an nmer. Its rate is proportional to the density g of adatoms and the density of (n + 1)mers, so that

J_n = b_nc_n − a_{n+1}gc_{n+1}. (19)

The annihilation of an atom and a single vacancy is described by the flux J_0 = −a_1gc_1. Then, the set of equations (1) is valid for n ≥ 1. The creation of an adatom–vacancy pair from a flat surface is prohibited in our model.

Since the growth of a vacancy cluster by one vacancy is accompanied with the emission of an adatom, the conserved total amount of atoms in the system is given by N = ∞∑ n=1 nJ_n − g, (20)

which replaces Eq. (2). By differentiating this equation with respect to time and rearranging the terms, the condition dN/dt = 0 leads to an equation for the time variation of the adatom density:

dg/dt = ∞∑ n=0 J_n. (21)

The mass action law now has to be written for an equilibrium between an advacancy island and adatoms that annihilate, C_n + ng ⇆ 0. Hence, instead of Eq. (13) we have

C_ng^n = exp[−(E_n + nE_1)/k_BT ]. (22)

The requirement of zero fluxes at equilibrium gives rise to the detailed balance condition

b_n/a_{n+1} = c_{∞eq} exp[−(E_{n+1} − E_n)/k_BT ] (23)

that differs from Eq. (14) by the sign in the exponent. For circular islands, the same calculation as above leads to the Gibbs–Thomson formula (8) with negative γ, which corresponds to a negative curvature of the vacancy island surface.

3.5 Solutions of the coarsening equations

Figure 5 presents the results of the numerical solution of the Becker–Döring equations for adatom and advacancy islands. With the aim to quantitatively compare the solutions with the results of kinetic Monte Carlo simulations in the whole time interval, we use the same initial conditions. The initial random adatom distribution with the coverage 0.1 ML contains not only monomers, but also dimers, trimers, etc., the densities of which quickly decrease with increasing cluster sizes. By simple statistical analysis of the initial distribution in kinetic Monte Carlo simulations, we find that at t = 0, c_n ≈ c_1 × 10^{(n−1)/2}. This distribution was used as the initial condition for the Becker–Döring equations. The initial conditions are essential only at the initial stages of coarsening. The results of the calculations do not depend on the initial monomer concentration c_1, as long as the initial supersaturation c_1(t = 0)/c_{∞eq} is much larger than unity. The time scale of the solutions is adjusted to these of the Monte Carlo simulations.

Figure 5: Results of numerical solutions of the Becker–Döring equations: time evolution of the average island sizes in logarithmic (a) and linear (b) scales and the island size distributions (c). The left column presents calculations for a bond energy E_b = 0.2 eV with diffusion-limited kinetics, while the right column shows the results for a bond energy E_b = 0.4 eV with attachment-limited kinetics. The solutions of the Becker–Döring equations are shown in (a) and (b) by black lines, and the results of the kinetic Monte Carlo simulations by gray lines. Symbols “a” and “v” on the plots denote the results for adatom and advacancy islands, respectively. Full lines in the right column show the calculations for the discrete island energies with ‘magic’ sizes, while the broken lines are calculations for the continuous Gibbs-Thomson chemical potential.

The case of small bond energies (left column in Fig. 5) is well described by the 2D diffusion limited kinetics with screening (15) and the ratio of the detachment and attachment coefficients given by the Gibbs–Thomson formula (8). The calculations in the left column of Fig. 5 are made with γ = 3.7. The solutions of the Becker–Döring equations (black lines) are in a good agreement with the results of the kinetic Monte Carlo simulations (gray lines), repeated from Fig. 1. The coarsening laws for adatom and advacancy islands almost coincide and quickly reach the Lifshitz–Slyozov t^{1/3} asymptotic. The island size distributions, Fig. 5(c), also almost coincide for adatom and advacancy islands, obey kinetic scaling, and agree well with the ones obtained in the kinetic Monte Carlo simulations, cf. Fig. 1(d).

For large bond energies (right column in Fig. 5), the calculations are performed with attachment-limited kinetics, Eq. (18), since the kinetic Monte Carlo simulations point to the Wagner’s t^{1/2} asymptotic. We compare the discrete distribution of island energies that takes into account the ‘magic’ island sizes as described in Sec. 3.2 (full black lines) with the continuous distribution, given by the Gibbs–Thomson formula (broken lines). The relationship between the discrete and the continuous models is established by calculating the energy of a square island and a circular one with the same number of atoms: E_b/k_BT = √ πγ/2. The calculations are performed for γ = 9. The effect of magic sizes is slightly different for adatom and advacancy islands. For adatom islands, the detachment coefficients b_n given by Eq. (14) are exceptionally large for n = m + 1, where m is a magic number. Thus, a monomer that has attached to a magic island detaches again with a high probability. For advacancy islands, the detachment coefficients b_m for magic islands are exceptionally small, so that the detachment of an atom from a vacancy island (this atom becomes an adatom on the higher level) proceeds at a small rate. Both processes make each magic size a trap for further island growth, giving rise to the discrete island size distribution peaked at the magic sizes shown in Fig. 4. The island size distributions presented in Fig. 5(c) for this case are obtained by averaging over finite ranges of the sizes, just as for the kinetic Monte Carlo simulations.

The time dependence of the average island sizes obtained for coarsening through the sequence of magic islands (full black lines in right column of Fig. 5) are in good agreement with the results of kinetic Monte Carlo simulations (gray lines). For vacancy islands, the continuous island size distribution with the Gibbs–Thomson formula gives rise to a notably different coarsening behavior (broken lines), with a very fast increase of the island sizes in the intermediate range. The island size distributions obtained in the discrete (with magic sizes) and the continuous models are also notably different, see Fig. 5(c). The distribution obtained in the discrete model is symmetric with respect to the maximum, similar to the one obtained in the Monte Carlo simulations, but notably narrower, cf. Fig. 1(d). It is worth to note that the distribution scaled by the average island size does not change in time and is the same for the adatom and advacancy islands, despite the time evolutions of the average island sizes not coinciding and not following a power law. In other words, the solution of the Becker–Döring equation obeys kinetic scaling in the sense that the island size distribution is a function of r/R(t) that does not depend on time. However, R(t) is not described by a power law. The continuous model gives a much broader and asymmetric island size distribution, shown by broken lines in Fig. 5(c). The broken-bond counting scheme described in Sec. 3.2 adequately represents the energies E_n of small islands and quantitatively describes the island size distribution at the initial stage of coarsening, see Fig. 4. However, for larger islands it oversimplifies the island energy distribution and gives rise to a more narrow distribution than found in the simulations. A better model for the island energies E_n is needed to describe this distribution correctly.

To summarize this section, we show that the Ostwald ripening kinetics can be described as an initial value problem for the ordinary differential equations (1)–(8) that can be solved by standard numerical methods. This approach can be applied to various coarsening problems by replacing the Gibbs–Thomson formula (8) with Eqs. (14), (23) that admit any dependence of the island energy E_n on the number of atoms n in it. The alternative approach, a numerical implementation of the integro-differential equations (9)–(11),[83, 84] seems much more difficult.

4 Conclusions

Our kinetic Monte Carlo simulations show that the Ostwald ripening of 2D islands qualitatively changes with increasing bond energy (or decreasing temperature). The islands become faceted and the coarsening proceeds through a sequence of magic sizes. The Gibbs-Thomson chemical potential is not applicable and the detachment of monomers from islands is governed by the discrete energies of the islands. The coarsening is diffusion limited at small bond energies and becomes attachment limited at large bond energies. In this latter case, Wagner’s asymptotic law is reached only after a very long transient regime.

We show that the Becker–Döring equations of nucleation kinetics are well suited to study the process of Ostwald ripening. Two- and three-dimensional coarsening processes with diverse limiting mechanisms can be simulated by solving a system of ordinary differential equations. Concentrations of clusters of all sizes, from monomers to ones consisting of millions of atoms, can be traced simultaneously. The calculations are not necessarily based on the Gibbs–Thomson formula but adopt any continuous or singular dependence of the cluster energy on the number of atoms in it. This approach can be applied to a wide range of coarsening problems for two- and three-dimensional islands on a surface.

References

[1] W. Ostwald, Z. Phys. Chem. 34, 495 (1900).

[2] I. M. Lifshitz and V. V. Slyozov, J. Phys. Chem. Solids 19, 35 (1961).

[3] C. Wagner, Z. Elektrochem. 65, 581 (1961).

[4] R. Becker and W. Döring, Ann. Phys. 24, 719 (1935).

[5] J. Frenkel, Kinetic Theory of Liquids (Clarendon, Oxford, 1946).

[6] B. Lewis and J. C. Anderson, Nucleation and Growth of Thin Films (Academic Press, N. Y., 1978).

[7] J. S. Langer and A. J. Schwartz, Phys. Rev. A 21, 948 (1980).

[8] C. Sagui and M. Grant, Phys. Rev. E 59, 4175 (1999). [9] J. A. Marqusee, J. Chem. Phys. 81, 976 (1984).

[10] J. H. Yao, K. R. Elder, H. Guo, and M. Grant, Phys. Rev. B 47, 14110 (1993). [11] M. C. Tringides, P. K. Wu, and M. G. Lagally, Phys. Rev. Lett. 59, 315 (1987). [12] P. K. Wu, M. C. Tringides, and M. G. Lagally, Phys. Rev. B 39, 7595 (1989). [13] H.-J. Ernst, F. Fabre, and J. Lapujoulade, Phys. Rev. Lett. 69, 458 (1992). [14] O. Krichevsky and J. Stavans, Phys. Rev. Lett. 70, 1473 (1993). [15] O. Krichevsky and J. Stavans, Phys. Rev. E 52, 1818 (1995). [16] M. Seul, N. Y. Morgan, and C. Sire, Phys. Rev. Lett. 73, 2284 (1994). [17] W. Theis, N. C. Bartelt, and R. M. Tromp, Phys. Rev. Lett. 75, 3328 (1995). [18] N. C. Bartelt, W. Theis, and R. M. Tromp, Phys. Rev. B 54, 11741 (1996). [19] W. Braun, V. M. Kaganer, B. Jenichen, and K. H. Ploog, Phys. Rev. B 69, 165405 (2004).

[20] G. Rosenfeld, A. F. Becker, B. Poelsema, L. K. Verheij, and G. Comsa, Phys. Rev.

Lett. 69, 917 (1992).

[21] B. Voigtländer, M. Kästner, and P. Šmilauer, Phys. Rev. Lett. 81, 858 (1998). [22] K. Morgenstern, E. Lægsgaard, and F. Besenbacher, Phys. Rev. Lett. 94, 166104 (2005).

[23] Y. L. Wang and M. Y. Lai, J. Phys.: Condens. Matter 13, R589 (2001). [24] J. Zhuang, Z. Sun, W. Zhang, M. Zhuang, X. Ning, L. Liu, and Y. Li, Phys. Rev. B 69, 165421 (2004).

[25] M. Schroeder and D. E. Wolf, Phys. Rev. Lett. 74, 2062 (1995). [26] C. A. Jeffrey, E. H. Conrad, R. Feng, M. Hupalo, C. Kim, P. J. Ryan, P. F. Miceli, and M. C. Tringides, Phys. Rev. Lett. 96, 106105 (2006).

[27] Z. Zhang, Q. Niu, and C.-K.Shih, Phys. Rev. Lett. 80, 5381 (1998). [28] K. Morgenstern, Phys. Stat. Sol. (a) 242, 773 (2005). [29] D.-J. Liu and J. W. Evans, Phys. Rev. B 66, 165407 (2002). [30] D. A. Huse, Phys. Rev. B 34, 7845 (1986).

[31] J. G. Amar, F. E. Sullivan, and R. D. Mountain, Phys. Rev. B 37, 196 (1988). [32] C. Roland and M. Grant, Phys. Rev. B 39, 11971 (1989).

[33] P. W. Voorhees, J. Stat. Phys. 38, 231 (1985).

[34] O. G. Mouritsen, Kinetics of Ordering and Growth at Surfaces (Plenum Press, N.

Y., 1990), p. 1.

[35] A. J. Bray, Adv. Phys. 43, 357 (1994).

[36] S. Clarke and D. D. Vvedensky, Phys. Rev. Lett. 58, 2235 (1987). [37] S. Clarke and D. D. Vvedensky, J. Appl. Phys. 63, 2272 (1988). [38] S. Clarke, M. R. Wilby, D. D. Vvedensky, and T. Kawamura, Phys. Rev. B 40, 1369 (1989).

[39] S. Clarke, M. R. Wilby, and D. D. Vvedensky, Surf. Sci. 255, 91 (1991). [40] T. Shitara, D. D. Vvedensky, M. R. Wilby, J. Zhang, J. H. Neave, and B. A. Joyce, Phys. Rev. B 46, 6815 (1992a).

[41] T. Shitara, D. D. Vvedensky, M. R. Wilby, J. Zhang, J. H. Neave, and B. A. Joyce, Phys. Rev. B 46, 6825 (1992b).

[42] P.-M. Lam, D. Bayayoko, and X.-Y. Hu, Surf. Sci. 429, 161 (1999). [43] I. M. Lifshitz, Zh. Eksp. Teor. Fiz. 42, 1354 (1962), [Sov. Phys. JETP 15, 939 (1962)]. [44] S. M. Allen and J. W. Cahn, Acta Metall. 27, 1085 (1979). [45] T. Ohta, D. Jasnow, and K. Kawasaki, Phys. Rev. Lett. 49, 1223 (1982). [46] J. J. Arenzon, A. J. Bray, L. F. Cugliandolo, and A. Sicilia, Phys. Rev. Lett. 98, 145701 (2007).

[47] M.-D. Lacasse, M. Grant, and J. Viñals, Phys. Rev. B 48, 3661 (1993). [48] M. Grant and J. D. Gunton, Phys. Rev. B 28, 5496 (1983). [49] O. G. Mouritsen and E. Præstgaard, Phys. Rev. B 38, 2703 (1988). [50] T. Castán and P.-A. Lindgård, Phys. Rev. B 40, 5069 (1989). [51] V. M. Kaganer, K. H. Ploog, and K. K. Sabelfeld, Phys. Rev. B 73, 115425 (2006). [52] P. Kratzer, C. G. Morgan, and M. Scheffler, Phys. Rev. B 59, 15246 (1999). [53] P. Kratzer and M. Scheffler, Phys. Rev. Lett. 88, 036102 (2002). [54] F. Grosse, W. Barvosa-Carter, J. Zinck, M. Wheeler, and M. F. Gyure, Phys. Rev.

Lett. 89, 116102 (2002a).

[55] F. Grosse and M. F. Gyure, Phys. Rev. B 66, 075320 (2002).

[56] F. Grosse, W. Barvosa-Carter, J. J. Zinck, and M. F. Gyure, Phys. Rev. B 66, 075321 (2002b).

[57] C. Heyn and M. Harsdorff, Phys. Rev. B 55, 7034 (1997).

[58] C. Heyn, T. Franke, R. Anton, and M. Harsdorff, Phys. Rev. B 56, 13483 (1997). [59] Z. Zhang and B. G. Orr, Phys. Rev. B 67, 075305 (2003).

[60] A. B. Bortz, M. H. Kalos, and J. L. Lebowitz, J. Comput. Phys. 17, 10 (1975). [61] H. C. Kang and W. H. Weinberg, J. Chem. Phys. 90, 2824 (1989). [62] J. Hoshen and R. Kopelman, Phys. Rev. B 14, 3438 (1976). [63] B. E. Warren, X-Ray Diffraction (Addison-Wesley, Reading, Mass., 1969). [64] G. Zinsmeister, Vacuum 16, 529 (1966).

[65] S. Stoyanov and D. Kaschiev, Current Topics in Materials Science 7, 69 (1981). [66] J. A. Venables, G. D. T. Spiller, and M. Hanbücken, Rep. Prog. Phys. 47, 399 (1984). [67] D. B. Dadyburjor and E. Ruckenstein, J. Cryst. Growth 40, 279 (1977). [68] A. Bhakta and E. Ruckenstein, J. Chem. Phys. 103, 7120 (1995). [69] G. Madras and B. J. McCoy, J. Chem. Phys. 117, 8042 (2002). [70] G. Madras and B. J. McCoy, Chem. Eng. Sci. 58, 2903 (2003). [71] G. Madras and B. J. McCoy, J. Cryst. Growth 279, 466 (2005). [72] H. Xia and M. Zinke-Allmang, Physica A 261, 176 (1998). [73] O. Penrose, J. Stat. Phys. 89, 305 (1997).

[74] J.-F. Collet, T. Goudon, F. Poupand, and A. Vasseur, SIAM J. Appl. Math. 62, 1488 (2002).

[75] E. Hairer and G. Wanner, Solving Ordinary Differential Equations II. Stiff and Differential-Algebraic Problems, Springer Series in Computational Mathematics (Springer, Berlin, 2004).

[76] A. I. Levykin and E. A. Novikov, Doklady Akademii Nauk 348, 442 (1996), [Doklady Mathematics, 53, 377 (1996)].

[77] D. Walton, J. Chem Phys. 37, 2182 (1962). [78] B. K. Chakraverty, J. Phys. Chem. Solids 28, 2401 (1967). [79] T. M. Rogers and R. C. Desai, Phys. Rev. B 39, 11956 (1989). [80] A. J. Ardell, Phys. Rev. B 41, 2554 (1990). [81] F. Haußer and A. Voigt, Phys. Rev. B 72, 035437 (2005). [82] M. Hillert, Acta Metall. 13, 227 (1965).

[83] G. Venzl, Ber. Bunsenges. Phys. Chem. 87, 318 (1983). [84] J. A. Carillo and T. Goudon, J. Scientific Computing 20, 69 (2003).