Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

An Inverse Problem for Fluid-Solid Interaction

J. Elschner^2 , G.C. Hsiao^1, and A. Rathsfeld^2

1 Department of Mathematical Sciences, University of Delaware, Newark, Delaware 19716, U.S.A.

2 Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, 10117 Berlin, Germany submitted: February 27, 2007

No. 1210 Berlin 2007

W I A S

1991 Mathematics Subject Classification. 35R30 76Q05 35J05 35J20 70G75.

Key words and phrases. acoustic and elastic waves, inverse scattering, gradients, Gauß-Newton method.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

1 Introduction 1

Abstract

Any acoustic plane wave incident to an elastic obstacle results in a scattered field with a corresponding far field pattern. Mathematically, the scattered field is the solution of a transmission problem coupling the reduced elastodynamic equations over the domain occupied by the obstacle with the Helmholtz equation in the exterior. The far field pattern is obtained applying an integral operator to the scattered field function restricted to a simple smooth surface surrounding the obstacle. The subject of our paper is the inverse problem, where the shape of the elastic body represented by a parametrization of its boundary is to be reconstructed from a finite number of measured far field patterns.

We define a family of objective functionals depending on a non-negative regularization parameter such that, for regularization parameter zero, the shape of the sought elastic obstacle is a minimizer of the functional. For any positive regularization parameter, there exists a regularized solution minimizing the functional. Moreover, for the regularization parameter tending to zero, these regularized solutions converge to the solution of the inverse problem provided the latter is uniquely determined by the given far field patterns. The whole approach is based on the variational form of the partial differential operators involved. Hence, numerical approximations can be found applying finite element discretization. Note that, though the transmission problem in its weak formulation may have non-unique solutions for domains with so-called Jones frequencies, the scattered field and its far field pattern is unique and depend continuously on the shape of the obstacle.

1 Introduction

If an elastic body is surrounded by a fluid and if an acoustic plane wave is incident, then an elastic wave is incited inside of the body, and the acoustic wave in the fluid is scattered. This phenomenon is modelled by a transmission problem for the displacement amplitude and the acoustic pressure. The displacement amplitude satisfies the reduced elastodynamic equations inside the body, and the acoustic pressure is a solution of the Helmholtz equation in the domain exterior to it. On the boundary of the body the traction of the displacement amplitude points into the normal direction and is equal to the acoustic pressure from the outside. Moreover, the normal component of the displacement is proportional to the normal derivative of the pressure over the boundary of the body. Finally, the scattered field satisfies the Sommerfeld radiation condition at infinity.

The Fredholm theory for the variational equations corresponding to such a fluid-solid interaction is well established and several variants of finite element and boundary element methods have been proposed for the numerical solution (cf. e.g. [14, 6, 15, 10]). Note that the homogeneous transmission problem may have eigensolutions for special shapes of the elastic obstacle and for special values of the frequency (cf. e.g. [6, 17]). As usual, the scattered acoustic field has the typical behaviour of outgoing Helmholtz solutions characterized by the so-called far field pattern. This pattern can be expressed by an integral operator applied to the scattered field (cf. e.g. [3]). Measuring the acoustic field at points of large distance to the elastic body, the far field pattern can be detected.

Similarly to inverse problems for the scattering of acoustic waves by sound hard and soft obstacles, inverse problems for the fluid-solid interaction can be formulated. For instance, suppose the shape of an elastic obstacle is unknown, but the far field patterns of scattered waves, resulting from certain incident plane waves, are known. The inverse problem is to recover the shape of the elastic scatterer from the measured far field patterns. To our knowledge, uniqueness of solutions for the inverse problem with a finite number of given far field patterns have not been investigated yet. For the uniqueness in the case of known far fields for all incident directions we refer to [16]. Treating the numerical solution, the number of given far field patterns is finite, and all the methods developed for the reconstruction in the case of sound hard and soft obstacles (cf. e.g. [3]) should have counterparts for the case of elastic scatterers.

In the present paper, we formulate the mathematical model of the solid-fluid interaction in Section 2. We introduce the variational formulations of the transmission problem for the reduced elastodynamic and the Helmholtz equations. The unbounded exterior domain is truncated by a boundary integral equation method. Following [10], we prove that the sesqui-linear variational form satisfies a Gårding’s inequality. If a technical condition for the boundary integral operator is satisfied, then the variational equation has a unique acoustic field solution. This is true even in the exceptional case where the elastic wave is not unique. In this case, the variational equation cannot be solved directly. Instead, the variational equation should be solved for a slightly modified frequency. We prove that this commonly known approximation is correct, i.e., that the acoustic field solutions for the modified frequencies converge to the true solution if the perturbed frequencies tend to the correct value.

In Section 3 we introduce the inverse problem. We restrict the class of obstacles to starlike domains with boundary parametrizations from a Sobolev space. Our inverse problem is ill-posed, and its solution requires a regularization. Including such a regularization, we propose three different reformulations of the inverse problem in form of optimization problems. These reformulations differ essentially in the number of unknown optimization parameters after discretization. We analyze the reformulation with the smallest number of optimization parameters. For this, the objective functional is the least squares deviation of the measured far field patterns from those corresponding to the obstacle which is to be optimized. Of course, we add the scaled square norm of the boundary parametrizations for regularization. On the other hand, we prove that the scattered acoustic field depends continuously on the shape of the obstacles even if the incited elastic wave is not unique. Consequently, the objective functional of the reformulated inverse problem is continuous, and, for any regularization parameter, there exists a regularized solution, i.e. a minimizer of the regularized objective functional. In case the involved far field patterns determine the obstacle uniquely, the regularized solutions converge to this unique obstacle whenever the regularization parameter tends to zero. For this convergence, we can even admit measurement errors in the size of the regularization parameter.

We conclude the paper with some details for the numerical solution. In Section 4 we derive a formula for the directional derivative of the scattered acoustic field with respect to the parametrization of the obstacle boundary. The gradient computation is based on the solution of the variational equation of the transmission problem with modified right-hand sides. Thus this gradient formula is efficient if the discretized variational equation, i.e. the finite element system, is solved by a direct solver which may be adapted to systems with sparse coefficient matrices (cf. [20]). In Section 5 we discuss the numerical solution of the optimization problems. The parametrizations of the obstacle boundaries are reduced to finite series of trigonometric functions resp. spherical harmonics. Having formulas for the gradients at our disposal, we suggest the Gauß-Newton method (cf. [18]) for the numerical computation of the minimizers. The computations for a simple two-dimensional scatterer presented in Section 7 confirm the theoretical results of the paper.

2 Direct Problem

The direct problem is the following. Suppose a bounded elastic body is given occupying the bounded domain Ω in the two- or three-dimensional space R^d (d=2 or d=3). This body is surrounded by a homogenous compressible inviscid fluid filling the complementary space R^d \ Ω. If an acoustic timeharmonic wave with the scalar pressure field p^{inc}(x)e^{iωt} is incident on the elastic obstacle in Ω, then this wave is scattered, i.e. the amplitude p of the total pressure p(x)^{iωt} is the sum of the incoming p^{inc} and the scattered wave amplitude p^s. The interaction with the elastic body is controlled by the incited elastic wave described by the three-dimensional displacement amplitude u. Clearly, u satisfies the reduced

Figure 1: Domains.

elastodynamic equations

Δ^∗u(x) + ϱ ω^2u(x) = 0, x ∈ Ω, (2.1) Δ^∗u(x) := μ Δu(x) + (λ + μ) ∇ [∇ · u(x)],

with the density ϱ of the elastic body and with the Lamé constants λ and μ such that λ +^2_d μ > 0 and μ > 0. The pressures p, p^s and p^{inc} are solutions of the Helmholtz equation in R^d \ cl(Ω). However, for the numerical treatment, we truncate R^d \ cl(Ω). We suppose the origin is in Ω and, for a large R greater than the radius of Ω, we introduce the annular domain Ω_R := {x ∈ R^d \ cl(Ω) : |x| < R} (cf. Figure 1). The Helmholtz equation for p^s, e.g., takes the form

Δp^s(x) + k_w^2p^s(x) = 0, x ∈ Ω_R (2.2)

with k_w^2 = ω^2/c^2 and c the speed of sound in the fluid. The equations (2.1) and (2.2) are coupled by transmission conditions on the boundary values of u and p on the boundary Γ = ∂Ω of Ω, and the truncation of R^d \ cl(Ω) to Ω_R is to be modelled by a non-local boundary condition on the outer boundary Γ_0 := ∂Ω_R \ Γ of Ω_R (cf. (2.3)). To define the non-local boundary condition, we denote the exterior normals at the curves/surfaces Γ and Γ_R by n (cf. Figure 1) and we introduce the boundary traces

u^− := u|_Γ, p^+ := p^s|_Γ, p^− := p^s|_{Γ0} ,

∂p^+

∂n := n · [∇ p^s]|_Γ, σ :=^{∂p−}_{∂n} := n · [∇ p^s]|_{Γ0} ,

t^− := t^−(u) := 2μ^{∂u}_{∂n} � �_Γ + λ[∇ · u] n � �_Γ + μ � � � � n_2(∂_{x1} u_2 − ∂_{x2} u_1) n_1(∂_{x2} u_1 − ∂_{x1} u_2) � � � �_Γ if d = 2

n × [∇ × u] � �_Γ if d = 3 .

Using boundary integral operators to describe the Dirichlet-to-Neumann mapping for the continuations to infinity, the truncation condition on Γ_0 takes the form (cf. e.g. [12])

V_{Γ0} σ + � 1 2 I − K_{Γ0} � p^− = 0, on Γ_0, (2.3)

K_{Γ0} p^−(x) := � Γ_0

∂E(x, y) ∂n(y) p^−(y)d_{Γ0} y,

V_{Γ0} σ(x) := � Γ_0

E(x, y)σ(y)d_{Γ0} y,

E(x, y) := E_{kw} (x, y) := � � � i 4 H^{(1)}_0 (k_w|x − y|) if d = 2 1 4π e^{ikw |x−y|} |x − y| if d = 3

with H^{(1)}_0 the Hankel function of the first kind and of order 0. If ϱ_f stands for the fluid density, then the boundary conditions on the boundary Γ can be described as

t^−(x) = − � p^+(x) + p^{inc}(x) � n(x), x ∈ Γ, (2.4)

u^−(x) · n(x) = 1 ϱ_f ω^2 � ∂p^+(x) ∂n + ∂p^{inc}(x) ∂n � , x ∈ Γ. (2.5)

Altogether, the incited displacement u and the scattered scalar pressure field p^s are the solutions of the elliptic partial differential equations (2.1) and (2.2) with the boundary condition (2.3) and the transmission conditions (2.5) and (2.4).

Of course, the scattered field p^s extends to the exterior domain Ω_e := R^d \ cl(Ω ∪ Ω_R) as the solution of the exterior boundary value problem including the Sommerfeld radiation condition (note that σ and p^− are interrelated by (2.3))

Δp^s(x) + k_w^2p^s(x) = 0, x ∈ Ω_e, p^s(x) = p^−(x), x ∈ Γ_0, ∂p^s(x) ∂n = σ(x), x ∈ Γ_0, x |x| · ∇p^s(x) − ik_wp^s(x) = o (|x|^{−(d−1)/2}), |x| −→ ∞.

It is well known that this exterior solution has a so-called far field pattern p^∞, i.e. asymptotically the relation

p^s(x) = e^{ikw |x|} |x|^{(d−1)/2} p^∞ � x |x| � + O � 1 |x|^{(d+1)/2} � , |x| −→ ∞, (2.6)

p^∞(x̂) =

� � � � � � �

− e^{iπ/4} √ 8πk_w � Γ_0 � p^−(y)[ik_w x̂ · n(y)] + σ(y) � e^{−ikwx̂·y}d_{Γ0} y if d = 2

− 1 4π � Γ_0 � p^−(y)[ik_w x̂ · n(y)] + σ(y) � e^{−ikwx̂·y}d_{Γ0} y if d = 3,

(2.7)

x̂ ∈ S^{d−1} := {x ∈ R^d : |x| = 1}

holds (cf. e.g. [3]). We shortly write p^∞ = H(p^−, σ) for the representation of the far field pattern in formula (2.7).

The transmission and boundary value problem (2.1)-(2.5) can be reformulated in a weak form. This standard variational equation for the unknown solution vector (u, p, σ) with u ∈ [H^1(Ω)]^d, p ∈ H^1(Ω_R), and σ ∈ H^{−1/2}(Γ_0) takes the form

B � (u, p, σ)^⊤, (v, q, χ)^⊤ � = R � p^{inc}, (v, q, χ)^⊤ � := � � � � � − � Γ p^{inc}n · v − � Γ ∂p^{inc} ∂n q 0

� � � � � (2.8)

valid for any v ∈ [H^1(Ω)]^d, q ∈ H^1(Ω_R), and χ ∈ H^{−1/2}(Γ_0). The sesqui-linear form B is given by

B � (u, p, σ)^⊤, (v, q, χ)^⊤ � := � � � a � (u, p, σ)^⊤, (v, q, χ)^⊤ � b � (u, p, σ)^⊤, (v, q, χ)^⊤ � c � (u, p, σ)^⊤, (v, q, χ)^⊤ � � � � ,

a � (u, p, σ)^⊤, (v, q, χ)^⊤ � := � Ω � λ ∇ · u ∇ · v + μ 2 d� i,j=1 � ∂_iu_j ∂_j v_i + ∂_iu_j ∂_iv_j � − ϱω^2u · v �

+ � Γ p^+ n · v ,

b � (u, p, σ)^⊤, (v, q, χ)^⊤ � := � Ω_R � ∇ p · ∇ q − k_w^2pq � + ϱ_f ω^2 � Γ u^− · n q − � Γ_0

σ q ,

c � (u, p, σ)^⊤, (v, q, χ)^⊤ � := � Γ_0 � V_{Γ0} σ + �1 2 I − K_{Γ0} � p^− � χ

Following [10], the basic results for the direct problems can be summarized as follows.

Theorem 2.1. The sesqui-linear form B((u, p, σ)^⊤, (v, q, χ)^⊤) defined in (2.8) satisfies a Gårding’s inequality in the form

ℜe B(v, q, χ; v, q, χ) ≥ α � ||v||^2_{[H}1_{(Ω)]}d + ||q||^2_{H( ΩR )} + ||χ||^2_{H−1/2 (Γ0 )} �

−c_0 � ||v||^2_{[H}1−ε_{(Ω)]}d + ||q||^2_H1−ε_{(ΩR )} + ||χ||^2_{H−1/2−ε (Γ0 )} �

for all (v, q, χ) ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0), where ε > 0 is a small number, α > 0 and c_0 = c_0(ε) ≥ 0 are constants, and

B(v, q, χ; v, q, χ) := a � (v, q, χ)^⊤, (v, q, χ)^⊤ � + b � (v, q, χ)^⊤, (v, q, χ)^⊤ � + 2 c � (v, q, χ)^⊤, (v, q, χ)^⊤ � . Theorem 2.1 implies that the Fredholm alternative is applicable to (2.8). In order to ensure the existence of the solution, we need the

Theorem 2.2. If (a) the boundary Γ and the material constants (μ, λ, ρ) are such that there are no nontrivial solutions of

Δ^∗u_0(x) + ρω^2u_0(x) = 0, x ∈ Ω, t^−(u_0)(x) = 0, x ∈ Γ, u^−_0 (x) · n = 0, x ∈ Γ, (2.9)

and (b) −k_w^2 is not an eigenvalue of the interior Dirichlet problem for the Helmholtz equation inside Γ_0, then the corresponding homogeneous problem of (2.8) has only the trivial solution (u, p, χ) = (0, 0, 0) ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) and (2.8) is uniquely solvable. If condition (b) holds but the solution of the homogeneous equation (2.9) is not unique, then the special form of the right-hand side in (2.8) guarantees the existence of a solution (u, p, χ). In this case, the components p and χ are unique.

Theorem 2.3. Suppose ω = ω_0 is a frequency such that the homogeneous problem (2.9) has a nontrivial solution. Then there is a small ε > 0 such that (2.8) has a unique solution for any frequency ω ≠ ω_0 with |ω − ω_0| < ε. If condition (b) holds for all frequencies ω with |ω − ω_0| < ε and if the solution of (2.8) is denoted by (u^ω, p^ω, σ^ω), then the unique solution components p^ω and σ^ω depend continuously on ω for ω satisfying |ω − ω_0| < ε. In particular, lim_{ω→ω0} p^ω = p^{ω0} and lim_{ω→ω0} σ^ω = σ^{ω0} .

Nontrivial solutions of (2.9) are often referred to as Jones modes, and the associated frequencies are called Jones frequencies (cf. [15, 11, 6] resp. [17] for divergence free Jones modes and formulas for spherical modes). It is known that Jones frequencies exist for spheres and other axisymmetric bodies (cf. [15, 11] and the references therein), whereas Jones modes are not supported by “almost every” elastic body of “arbitrary” shape (cf. [8]). If ω = ω_0 is a Jones frequency, then the solutions p and σ can be approximated by a regularization scheme based on Theorem 2.3. Solving (2.8) for a slightly perturbed frequency ω^′, provides us with an approximate solution (p, σ) close to the solution of (2.8) for the exact frequency ω.

The simple-layer operator V_{Γ0} defines an isomorphism

V_{Γ0} : H^{−1/2}(Γ_0) → H^{1/2}(Γ_0),

if −k_w^2 is not an eigenvalue (cf. e.g. [13] and [9] for explicit formulas of the eigenvalues of V_{Γ0} ). If condition (a) holds but (b) is violated, then (2.8) with vanishing right-hand side has a non-trivial solution. In this case the sesqui-linear form B should be modified by replacing the integral equation (2.3) with an indirect approach based on the linear combination of simple- and double-layer potential (cf. e.g. [1]) or with an equation including the Dirichlet-to-Neumann mapping, which can easily be evaluated using the series expansions into spherical harmonics. For ease of reading, the proofs of the Theorems 2.1, 2.2 and 2.3 will be presented in the Appendix. The proofs of the Theorems 2.1 and 2.2 are essentially contained in [10].

We denote the solution operator corresponding to the equation with sesqui-linear form (2.8) by

S_Γ : H^1_{loc}(R^d \ Ω) ∋ p^{inc} → (u, p, σ)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) ,

S_Γ(p^{inc}) = � � S^u_Γ (p^{inc}) S^p_Γ(p^{inc}) S^σ_Γ (p^{inc})

� � = � � u p σ

� � .

Using this, we introduce the restricted solution operators A^σ_Γ : H^1_{loc}(R^d \ Ω) → H^{−1/2}(Γ_0) and A^p_Γ : H^1_{loc}(R^d \ Ω) → H^{1/2}(Γ_0) by setting

A^σ_Γ(p^{inc}) := S^σ_Γ (p^{inc}), A^p_Γ(p^{inc}) := S^p_Γ(p^{inc}) � �_{Γ0} . (2.10)

3 Inverse Problem

The inverse problem is the following. Given a finite number of incident fields p^{inc}_k , k = 1, 2, . . . , K and the corresponding far field patterns p^∞_k (cf. (2.6)) measured for the scattered fields incited by the incident acoustic waves, we seek the unknown curve/surface Γ located in the interior of Γ_0 such that the p^∞_k coincide with the far field patterns corresponding to the fields scattered by the elastic body bounded by Γ. In other words we seek Γ such that

p^∞_k = H � A^p_Γ(p^{inc}_k ), A^σ_Γ(p^{inc}_k ) � , k = 1, . . . , K. (3.1)

The inverse problem can be reformulated in various ways as an optimization problem. We shall introduce three different objective functionals, the optimizations of which provide us with approximate solutions of the inverse problem.

Firstly, we fix the class of curves/surfaces Γ in which the solution is sought. We suppose that Γ is starlike, i.e. Γ can be represented as Γ = {r(x̂)x̂ : x̂ ∈ S^{d−1}} with a continuously differentiable function r : S^{d−1} → R. For a curve/surface inside of Γ_R, we have to require 0 < r(x̂) < R for all x̂ ∈ S^{d−1}. To get rid of these constraints, we change the representation to

Γ = Γ^r := � r_R(x̂)x̂ : x̂ ∈ S^{d−1} � , r_R(x̂) := R 2 + R π arctan � r(x̂) � (3.2)

with an arbitrary continuously differentiable function r. In the subsequent numerical schemes we shall look for an approximation of r as a truncated series expansion into spherical harmonics. Therefore, we restrict the class of functions to the Sobolev space H^δ(S^{d−1}), the norm of which can be easily expressed in terms of the coefficients of the spherical harmonics. Moreover, to avoid slow approximation of corners, vertices, and edges, we suppose r ∈ H^δ(S^{d−1}) with a fixed δ > (d + 1)/2. The embedding of H^δ(S^{d−1}) in C^1(S^{d−1}) will later be crucial in the proof of a continuous dependence of the objective functional with respect to the curve/surface (cf. Lemma 3.1).

Next, we fix a constant α > 0 and a small regularization parameter γ ≥ 0. Depending on α and γ, the first objective functional is defined by

J_1(r, p_1, p_2, . . . , p_K , σ_1, σ_2, . . . , σ_K ; γ) := K� k=1 � ‖H(p_k, σ_k) − p^∞_k ‖^2_L2_{(S}d−1_) + α � �p_k − A^p_{Γr} (p^{inc}_k ) � �^2_{H1/2 (Γ0 )} +α � �σ_k − A^σ_{Γr} (p^{inc}_k ) � �^2_{H−1/2 (Γ0)} + γ ‖p_k‖^2_{H1/2 (Γ0)}

+γ ‖σ_k‖^2_H−1/2_{(Γ0)} � + γ ‖r‖^2_Hδ_{(S}d−1_) (3.3)

with r ∈ H^δ(S^{d−1}) and with p_k ∈ H^{1/2}(Γ_0) resp. σ_k ∈ H^{−1/2}(Γ_0) for k = 1, . . . K. Since the number α is fixed in the subsequent considerations the dependence on α is suppressed in the argument list of the functional. For the objective functional in (3.3), we consider the optimization problem of finding a solution (r^γ , p^γ_1 , p^γ_2 , . . . , p^γ_K , σ^γ_1 , σ^γ_2 , . . . , σ^γ_K ) such that

J_1(r^γ , p^γ_1 , p^γ_2 , . . . , p^γ_K , σ^γ_1 , σ^γ_2 , . . . , σ^γ_K ; γ) = inf r∈H^δ (S^{d−1} )

p_k ∈H^{1/2} (Γ_0),k=1, ... ,K

σ_k ∈H^{−1/2}(Γ_0 ),k=1, ... ,K

J_1(r, p_1, p_2, . . . , p_K , σ_1, σ_2, . . . , σ_K ; γ). (3.4)

Obviously, the inverse problem (3.1) has a solution Γ generated by a H^δ(S^{d−1}) function through (3.2) if and only if the optimization problem (3.4) with γ = 0 has a solution and the minimal value of the objective functional J_1( . . . ; 0) is zero. Indeed, the solution of the inverse problem is Γ = Γ^{r0} and the functions p^0_k and σ^0_k are the traces on Γ_0 of the scattered pressure and its normal derivative, respectively, incited by the incoming wave p^{inc}_k . For the numerical solution of the optimization problem (3.4) with γ = 0, we have to take into account that the mapping defined by the right-hand side of (3.1) is severely ill-posed (cf. the representation of H in (2.7) as an integral operator with smooth kernel function). Therefore, we have introduced the regularization terms with coefficient γ in (3.3). Choosing a suitably small γ > 0, the numerical solution of (3.4) yields a regularized approximation which is much closer to the exact solution of (3.4) with γ = 0 than the direct numerical solution of (3.4) with γ = 0.

Unfortunately, the optimization problem (3.4) has a large number of unknowns to be optimized. Indeed, for each measured far field pattern p^∞_k , there appear two extra unknowns p_k and σ_k. In order to reduce this to only one extra unknown, we represent the pressure p in the domain Ω_e exterior to Γ_0 by a simple-layer potential with a density φ_k and get (cf. [12, 3])

p_k(x) = � Γ_0

E(x, y)φ_k (y)d_{Γ0} y, x ∈ Ω_e,

p_k(x) = V_{Γ0} φ_k(x), x ∈ Γ_0, p^∞_k (x̂) = Hφ_k(x̂) := H(0, −φ_k)(x̂), x̂ ∈ S^{d−1} .

Using this notation, the second objective functional can be defined as

J_2(r, φ_1, φ_2, . . . , φ_K ; γ) := K� k=1 � ‖Hφ_k − p^∞_k ‖^2_L2_{(S}d−1_) + α � �A^p_{Γr} (p^{inc}_k ) − V_{Γ0} φ_k � �^2_{L2(Γ0 )}

+γ ‖φ_k‖^2_L2_{(Γ0 )} � + γ ‖r‖^2_Hδ_{(S}d−1_) (3.5) and the corresponding optimization problem is to find a solution vector (r^γ , φ^γ_1 , φ^γ , . . . , φ^γ_K ) such that

J_2(r^γ , φ^γ_1 , φ^γ_2 , . . . , φ^γ_K ; γ) = inf

r∈H^δ (S^{d−1} )

φ_k ∈H^{−1/2}(Γ_0 ),k=1, ... ,K

J_2(r, φ_1, φ_2, . . . , φ_K ; γ). (3.6)

Similarly to the first optimization problem (3.4), the inverse problem (3.1) has a solution Γ generated by a H^δ(S^{d−1}) function through (3.2) if and only if the optimization problem (3.6) with γ = 0 has a solution and if the minimal value of the objective functional J_2( . . . ; 0) is zero. Again, for the numerical solution of the optimization problem (3.4) with γ = 0, we have introduced the regularization terms with coefficient γ in (3.5).

A drastic reduction in the number of unknown functions for the optimization can be reached, if we eliminate the boundary traces completely. This leads us to the third objective functional

J (r; γ) := J_3(r; γ) := K� k=1 � �H�A^p_{Γr} (p^{inc}_k ), A^σ_{Γr} (p^{inc}_k )� − p^∞_k � �^2_{L2(Sd−1)} + γ ‖r‖^2_{Hδ (Sd−1 )} , (3.7)

and the corresponding optimization problem is to find a solution r^γ such that

J (r^γ ; γ) = inf

r∈H^δ (S^{d−1})

J (r; γ). (3.8)

The equivalence of (3.8) with γ = 0 and the inverse problem (3.1) is obvious. Again, the parameter γ is introduced to regularize the numerical solution of (3.8) with γ = 0. In the following, we restrict our considerations to the optimization of this third objective functional. Note, however, that the first two functionals are based on a splitting of the operator into a linear ill-posed far field operator and an almost well-posed non-linear operator, which can be a starting point to design and analyse fast numerical two-step algorithms (cf. e.g. [7, 2, 3]).

For an analysis of the optimization problem (3.8) with γ > 0 and of its relation to (3.8) with γ = 0, the essential point is the continuity of the objective functional in (3.7). We get

Lemma 3.1. Suppose condition (b) of Theorem 2.2 is satisfied for fixed ω. In accordance with Theorem 2.2, there is a unique solution of the weak transmission-boundary value problem (2.8) for any curve/surface Γ^r with r ∈ H^δ (S^{d−1}). Then, for any fixed right-hand side function p^{inc} ∈ H^1_{loc}(R^d \ {0}), the following mappings are continuous:

H^δ (S^{d−1}) ∋ r → A^p_Γr (p^{inc}) ∈ H^{1/2}(Γ_0)

H^δ (S^{d−1}) ∋ r → A^σ_Γr (p^{inc}) ∈ H^{−1/2}(Γ_0)

Consequently, the mapping H^δ (S^{d−1}) ∋ r → J (r, γ) ∈ L^2(S^d) is continuous for all γ ≥ 0, too. The assumption with condition (b) of Theorem 2.2 is only technical and can be circumvented as mentioned after Theorem 2.2. For ease of reading, the proof of the lemma will be presented in the Appendix.

Corollary 3.2. Suppose condition (b) of Theorem 2.2 is satisfied for fixed ω. Then, for any fixed γ > 0, there exists a minimizer r^γ for the optimization problem (3.8).

Proof. We conclude that ‖r‖ > {J (0, γ)/γ}^{1/2} implies J (r, γ) ≥ γ‖r‖^2 > J (0, γ) ≥ inf_r J (r, γ). Consequently, we get inf r∈H^δ (S^{d−1})

J (r, γ) = inf

r∈H^δ (S^{d−1}):

‖r‖≤{J (0,γ)/γ}^{1/2}

J (r, γ).

However, the set of all r ∈ H^δ(S^{d−1}) with ‖r‖_Hδ_{(S}d−1_) ≤ {J (0, γ)/γ}^{1/2} is compact with respect to the weak topology. From any sequence r_n, n = 1, 2, . . . with ‖r_n‖ ≤ {J (0, γ)/γ}^{1/2} and J (r_n; γ) ≤ inf_{r∈H}δ J (r; γ) + 1/n, we can choose a weakly convergent subsequence. For ε > 0 with δ − ε > (d + 1)/2, the last subsequence has a subsequence r^′_n converging in the space H^{δ−ε}(S^{d−1}). Indeed, H^δ(S^{d−1}) is compactly embedded in H^{δ−ε}(S^{d−1}). By Lemma 3.1 the mapping J (r; γ) is continuous with respect to r ∈ H^{δ−ε}(S^{d−1}). In other words, the limit r^′ of the subsequence in r^′_n ∈ H^{δ−ε}(S^{d−1}) satisfies J (r^′; γ) ≤ inf_{r∈H}δ J (r; γ). On the other hand, r^′ coincides with the weak limit which proves r^′ ∈ H^δ (S^{d−1}).

Now the question arises whether the minimizers r^γ converge to a minimizer of the optimization problem (3.8) for γ = 0, i.e., to a solution of the inverse problem (3.1). However, before we formulate the corresponding theorem, we modify the optimization problem slightly. Suppose we do not have the exact far field patterns p^∞_k . Instead, we have noisy measurement data p^{∞,γ,no}_k for the optimization with regularization parameter γ. For the asymptotic analysis, we suppose that the noisy data converges to zero for γ tending to zero. More precisely, we suppose there is a constant c > 0 with K� k=1 ‖p^∞_k − p^{∞,γ,no} k ‖^2_{L2(Sd−1 )} ≤ c γ. (3.9)

If we replace the exact data by the measurement data in the objective functional (3.7), we arrive at the following functional and the corresponding modified optimization problem.

J_{no}(r; γ) := K� k=1 � �H�A^p_{Γr} (p^{inc}_k ), A^σ_{Γr} (p^{inc}_k )� − p^{∞,γ,no}_k � �^2_{L2(Sd−1 )} + γ ‖r‖^2_{Hδ (Sd−1 )} , (3.10)

J_{no}(r^{γ,no}; γ) = inf

r∈H^δ (S^{d−1} )

J_{no}(r; γ). (3.11)

Clearly, problem (3.8) is a special case of (3.11). The existence of minimizers r^{γ,no} for (3.11) is guaranteed by Corollary 3.2.

Theorem 3.3. Suppose condition (b) of Theorem 2.2 is satisfied for fixed ω. Then we have:

i) Suppose r^{γ,no} is a set of minimizers for (3.11). Then the minimal functional values J_{no}(r^{γ,no}; γ) tend to inf_{r∈H}δ_{(S}d−1_) J (r; 0) for γ → 0.

ii) Suppose the far field patterns p^∞_k are the exact patterns for a fixed solution r^∗ of the inverse problem (3.1), i.e., J (r^∗, 0) = 0. Then, for δ > δ − ε > (d + 1)/2 and for any set of minimizers r^{γ,no}, there exists a subsequence r^{γn,no} converging weakly in H^δ(S^{d−1}) and strongly in H^{δ−ε}(S^{d−1}) to a solution r^{∗∗} of (3.8) with γ = 0 and, therewith, to a solution of the inverse problem (3.1).

iii) If, additionally to the assumptions of ii), the solution r^∗ of the inverse problem (3.1) is unique, then we even get that r^{γ,no} tends to r^∗ weakly in H^δ(S^{d−1}) and strongly in H^{δ−ε}(S^{d−1}).

Remark 3.4. To our knowledge, there are no uniqueness results available for measurements corresponding to a finite set of incident directions. However, uniqueness is proved if the far fields coincide for all incident directions (cf. [16]).

Proof. Take an arbitrary r. From the definition of the functionals and the minimizers as well as from (3.9), we conclude that J_{no}(r^{γ,no}; γ) ≤ J_{no}(r; γ) ≤ J (r; 0) + c · γ + γ‖r‖^2. This implies the relation lim sup_{γ→0} J_{no}(r^{γ,no}; γ) ≤ J (r; 0). In other words, lim sup_{γ→0} J_{no}(r^{γ,no}; γ) ≤ inf_r J (r; 0). On the other hand, J_{no}(r^{γ,no}; γ) ≥ J (r^{γ,no}; 0) − c · γ ≥ inf_r J (r; 0) − c · γ implies lim inf_{γ→0} J_{no}(r^{γ,no}; γ) ≥ inf_r J (r; 0) and assertion i) follows.

If J (r^∗; 0) = 0, then the minimizer r^{γ,no} of the optimization problem in (3.11) satisfies the estimate γ‖r^{γ,no}‖^2 ≤ J_{no}(r^{γ,no}; γ) ≤ J_{no}(r^∗; γ) ≤ J (r^∗; 0) + γ‖r^∗‖^2 + c · γ = γ‖r^∗‖^2 + c · γ. Hence, there is a constant c_0 such that ‖r^{γ,no}‖ ≤ c_0. Similarly to the proof of Corollary 3.2, there exists a subsequence r^{γn,no} which converges weakly in H^δ (S^{d−1}) and strongly in H^{δ−ε}(S^{d−1}) to a limit r^{∗∗} ∈ H^δ(S^{d−1}). From the lower bound δ−ε > (d+1)/2 and from Lemma 3.1 applied to the H^{δ−ε}(S^{d−1}) convergent subsequence, we get J (r^{∗∗}; 0) ≤ lim J (r^{γn ,no}; 0) ≤ lim sup J_{no}(r^{γn ,no}; γ_n). Together with assertion i) we obtain ii).

Finally, if the optimal solution is unique, then all the limits r^{∗∗} from assertion ii) coincide with r^∗. However, any sequence such that each subsequence contains a subsequence convergent to the same limit is convergent. This implies iii).

4 Gradient Computation

In this section we derive formulas for the gradients of the solution operator S_Γ with respect to Γ in order to enable the application of gradient based optimization methods for (3.8). More precisely, we suppose the curve/surface Γ = Γ^{r00} , r_{00} ∈ H^δ(S^{d−1}) is fixed such that the frequency ω is not a Jones mode for Ω^{r00} . We denote the corresponding solutions of (2.8) by u_0, p_0, and σ_0. If a second function r_D ∈ H^δ(S^{d−1}) is fixed, then we define r_h := r_{00} + hr_D and denote the corresponding solutions of (2.8) by u_h, p_h, and σ_h. The derivatives of u_0, p_0, and σ_0 with respect to Γ^{r00} in the direction of r_D are the limits

ũ_{der} := lim_{h→0} u_h − u_0 h , p̃_{der} := lim_{h→0} p_h − p_0 h , σ̃_{der} := lim_{h→0} σ_h − σ_0 h . (4.1)

If the space of all r is restricted to the span of a finite number of basis functions including r_D, then the derivatives (4.1) are just the components of the gradient of the solution operator S_Γ computed at Γ = Γ^{r00} .

In view of the definition of the radial function r_R by formula (3.2), we get

r_{h,R}(x̂) := R 2 + R π arctan � r_{00}(x̂) + hr_D (x̂) �

= R 2 + R π arctan � r_{00}(x̂) � + R π 1 1 + [r_{00}(x̂)]^2 h r_D(x̂) + O � h^2 �

= r_0(x̂) + hr_d(x̂) + O � h^2 � , r_0(x̂) := R 2 + R π arctan � r_{00}(x̂) � , r_d(x̂) := R π 1 1 + [r_{00}(x̂)]^2 r_D (x̂).

Consequently, the derivative of u_0, p_0, and σ_0 with respect to r taken at r = r_{00} in the direction of r_D is equal to the derivative of u_0, p_0, and σ_0 with respect to r_R taken at r_R = r_0 in the direction of r_d. We only have to compute the last. To simplify the notation in the forthcoming formulas, we write Γ^{rR} for Γ^r and Ω^{rR} for Ω^r . Fortunately, the objective functional (3.7) contains only the traces on Γ_0. Thus we only have to compute the restricted derivatives p̃_{der}|_{Γ0} and σ̃_{der}. This enables us to employ the material derivative which allows us to work on the fixed domains Ω and Ω_R defined with Γ = Γ^{r0} . We shall show that the derivatives are the solutions of the variational equation (2.8) with a new right-hand side.

To define the material derivatives, we choose a Lipschitz continuous function ψ defined on the closure of Ω ∪ Ω_R. This ψ is to vanish over the outer boundary Γ_0 of Ω_R. More precisely, setting x̂ := x/|x| we choose

ψ(x) :=

|x|^3 � R − |x| � [r_0(x̂)]^3 � R − r_0(x̂)

� r_d(x̂) x̂ . (4.2)

Now, for any small h > 0, define the automorphism Φ_h of the closure of Ω ∪ Ω_R by Φ_h(x) := x + hψ(x). Of course, the transformed boundary Γ_h := Φ_h(Γ) is nothing else than Γ^{rh} and tends to Γ for h → 0. Suppose Ω_h is the interior of Γ_h and Ω_{Rh} is the domain enclosed by Γ_h and Γ_0. We denote by B_h, a_h, b_h, and c_h the sesqui-linear forms of (2.8) with Γ replaced by Γ_h, Ω by Ω_h, and Ω_R by Ω_{Rh}, respectively.

Suppose (u_h, p_h, σ_h) is the solution for Γ_h, i.e. of

B_h � (u_h, p_h, σ_h)^⊤, (v, q, χ)^⊤ � = R_h � p^{inc}, (v, q, χ)^⊤ � := � � � � � − � Γ_h p

inc n · v − � Γ_h

∂p^{inc} ∂n q 0

� � � � � (4.3)

∀(v, q, χ) ∈ [H^1(Ω_h)]^d × H^1(Ω_{Rh}) × H^{−1/2}(Γ_0).

With these functions (u_h, p_h, σ_h) we look for the derivatives (4.1). However, on the boundary Γ_0 we have Φ_h(x) = x. Hence, if we look for the derivative p̃_{der} close to Γ_0 and for σ̃_{der} on Γ_0, it is enough to look for the limits

u_{der} := lim_{h→0} u_h ∘ ϕ_h − u_0 ∘ ϕ_0 h , p_{der} := lim_{h→0} p_h ∘ ϕ_h − p_0 ∘ ϕ_0 h , (4.4)

σ_{der} := lim_{h→0} σ_h ∘ ϕ_h − σ_0 ∘ ϕ_0 h = σ̃_{der} . (4.5)

Note that u_h ∘ ϕ_h lives on Ω and p_h ∘ ϕ_h on Ω_R, which makes the computation easier.

To get a series expansion of p_h ∘ϕ_h into powers of h, we first have to find the corresponding expansions of the sesqui-linear form B_h((u ∘ ϕ^{−1}_h , p ∘ ϕ^{−1}_h , σ_h ∘ ϕ^{−1}_h )^⊤, (v ∘ ϕ^{−1}_h , q ∘ ϕ^{−1}_h , χ ∘ ϕ^{−1}_h )^⊤) and of the right-hand side R_h(p^{inc} ∘ ϕ^{−1}_h , (v ∘ ϕ^{−1}_h , q ∘ ϕ^{−1}_h , χ ∘ ϕ^{−1}_h )^⊤). This is based on the substitution y = Φ_h(x) and the following formulas. For dimension d = 3 we get

Φ^′_h(x) = � � 1 + h ∂_1ψ_1(x) h ∂_2ψ_1(x) h ∂_3ψ_1(x) h ∂_1ψ_2(x) 1 + h ∂_2ψ_2(x) h ∂_3ψ_2(x) h ∂_1ψ_3(x) h ∂_2ψ_3(x) 1 + h ∂_3ψ_3(x)

� � (4.6)

J(x) := det (Φ^′_h(x)) = 1 + hJ_1(x) + h^2J_2(x) + O � h^3 � (4.7)

J_1(x) := ∂_1ψ_1(x) + ∂_2ψ_2(x) + ∂_3ψ_3(x) J_2(x) := ∂_1ψ_1(x)∂_2ψ_2(x) − ∂_1ψ_2(x)∂_2ψ_1(x) + ∂_1ψ_1(x)∂_3ψ_3(x) − ∂_1ψ_3(x)∂_3ψ_1(x) +∂_2ψ_2(x)∂_3ψ_3(x) − ∂_2ψ_3(x)∂_3ψ_2(x) ∂ ∂y_1 = 1 + h[∂_2ψ_2(x) + ∂_3ψ_3(x)] + h^2[∂_2ψ_2(x)∂_3ψ_3(x) − ∂_2ψ_3(x)∂_3ψ_2(x)] J(x) ∂ ∂x_1

(4.8) − h ∂_1ψ_2(x) + h^2[∂_1ψ_2(x)∂_3ψ_3(x) − ∂_3ψ_2(x)∂_1ψ_3(x)] J(x) ∂ ∂x_2 − h ∂_1ψ_3(x) − h^2[∂_1ψ_2(x)∂_2ψ_3(x) − ∂_1ψ_3(x)∂_2ψ_2(x)] J(x) ∂ ∂x_3 ∂ ∂y_2 = − h ∂_2ψ_1(x) + h^2[∂_2ψ_1(x)∂_3ψ_3(x) − ∂_3ψ_1(x)∂_2ψ_3(x)] J(x) ∂ ∂x_1 1 + h[∂_1ψ_1(x) + ∂_3ψ_3(x)] + h^2[∂_1ψ_1(x)∂_3ψ_3(x) − ∂_1ψ_3(x)∂_3ψ_1(x)] J(x) ∂ ∂x_2

(4.9) − h ∂_2ψ_3(x) − h^2[∂_2ψ_1(x)∂_1ψ_3(x) − ∂_2ψ_3(x)∂_1ψ_1(x)] J(x) ∂ ∂x_3 ∂ ∂y_3 = − h ∂_3ψ_1(x) − h^2[∂_3ψ_2(x)∂_2ψ_1(x) − ∂_3ψ_1(x)∂_2ψ_2(x)] J(x) ∂ ∂x_1

(4.10) − h ∂_3ψ_2(x) − h^2[∂_3ψ_2(x)∂_1ψ_1(x) − ∂_1ψ_2(x)∂_3ψ_1(x)] J(x) ∂ ∂x_2 1 + h[∂_2ψ_2(x) + ∂_1ψ_1(x)] + h^2[∂_2ψ_2(x)∂_1ψ_1(x) − ∂_2ψ_1(x)∂_1ψ_2(x)] J(x) ∂ ∂x_3

Using (4.7), we write (4.8)-(4.10) in the form ∂ ∂y_i = ∂ ∂x_i + h d� j=1 c_{i,j} ∂ ∂x_j + O � h^2 � , i = 1, . . . , d . (4.11)

Similarly, for dimension d = 2, we have

Φ^′_h(x) = � 1 + h ∂_1ψ_1(x) h ∂_2ψ_1(x) h ∂_1ψ_2(x) 1 + h ∂_2ψ_2(x) � (4.12)

J(x) := det (Φ^′_h(x)) = 1 + hJ_1(x) + h^2J_2(x) (4.13)

J_1(x) := ∂_1ψ_1(x) + ∂_2ψ_2(x) J_2(x) := ∂_1ψ_1(x)∂_2ψ_2(x) − ∂_1ψ_2(x)∂_2ψ_1(x) ∂ ∂y_1 = 1 + h ∂_2ψ_2(x)

J(x) ∂ ∂x_1 − h ∂_1ψ_2(x) J(x) ∂ ∂x_2

(4.14) ∂ ∂y_2 = − h ∂_2ψ_1(x)

J(x) ∂ ∂x_1 + 1 + h ∂_1ψ_1(x)

J(x) ∂ ∂x_2

(4.15)

Again, using (4.13), we write (4.14)-(4.15) in the form (4.11). For the integrals over the domains, we have � Ω_{Rh}

F (Φ^{−1}_h (y))dy = � Ω_R

F (x)J(x)dx , � Ω_h

F (Φ^{−1}_h (y))dy = � Ω F (x)J(x)dx . (4.16)

If d = 3 and if γ : D → Γ is a parametrization of the two-dimensional boundary surface Γ, then � Γ_h ∂ ∂n [F ∘ Φ^{−1}_h ](y)G(Φ^{−1}_h (y))d_{Γh} y

= � D ∂_{t1} Φ_h(γ(t)) × ∂_{t2} Φ_h(γ(t)) � � �∂t_1 Φh(γ(t)) × ∂t_2 Φh(γ(t)) � � � · � [Φ^{−1}_h ]^{′⊤}(Φ_h(γ(t))) ∇F (γ(t)) � G(γ(t)) � � �∂t_1 Φh(γ(t)) × ∂t_2 Φh(γ(t)) � � �dt

= � D [Φ^′_h(γ(t))∂_{t1} γ(t) × Φ^′_h(γ(t))∂_{t2} γ(t)] · � [Φ^′_h(γ(t))^⊤]^{−1}∇F (γ(t)) � G(γ(t))dt

= � D [∂_{t1} γ(t) × ∂_{t2} γ(t)] · [∇F (γ(t))] G(γ(t))dt

+ h � D [ψ^′(γ(t))∂_{t1} γ(t) × ∂_{t2} γ(t)] · ∇F (γ(t)) G(γ(t))dt

+ h � D [∂_{t1} γ(t) × ψ^′(γ(t))∂_{t2} γ(t)] · ∇F (γ(t)) G(γ(t))dt

− h � D [∂_{t1} γ(t) × ∂_{t2} γ(t)] · � ψ^′(γ(t))^⊤∇F (γ(t)) � G(γ(t))dt + O(h^2)

= � Γ ∂F (x) ∂n G(x)d_Γx + h � Γ ψ^′(γ(t))∂_{t1} γ(t) × ∂_{t2} γ(t) + ∂_{t1} γ(t) × ψ^′(γ(t))∂_{t2} γ(t) |∂_{t1} γ(t) × ∂_{t2} γ(t)|

· ∇F (x) G(x)d_Γx

− h � Γ n · � ψ^′(x)^⊤∇F (x) � G(x)d_Γx + O(h^2) .

Here the matrix ψ^′(x) is the Jacobian matrix (∂ψ_m(x)/∂x_n)^d_{m,n=1}. Obviously, the value of the numerator ψ^′(γ(t))∂_{t1} γ(t) × ∂_{t2} γ(t) + ∂_{t1} γ(t) × ψ^′(γ(t))∂_{t2} γ(t) remains unchanged if ∂_{t2} γ(t) is replaced by the vector

∂_{t2} γ(t)+λ∂_{t1} γ(t). Hence, without loss of generality we may assume that ∂_{t2} γ(t) and ∂_{t1} γ(t) are orthogonal in the second integral of the last right-hand side. Similarly, a scaling of ∂_{t1} γ(t) and ∂_{t2} γ(t) does not change the value of ψ^′(γ(t))∂_{t1} γ(t) × ∂_{t2} γ(t) + ∂_{t1} γ(t) × ψ^′(γ(t))∂_{t2} γ(t) divided by |∂_{t1} γ(t) × ∂_{t2} γ(t)|. So we may suppose that ∂_{t1} γ(t) is a tangential vector τ of unit length and ∂_{t2} γ(t) = n × τ with the normal vector n. We get that ψ^′(γ(t))∂_{t1} γ(t) × ∂_{t2} γ(t) + ∂_{t1} γ(t) × ψ^′(γ(t))∂_{t2} γ(t) divided by |∂_{t1} γ(t) × ∂_{t2} γ(t)| is equal to ψ^′(γ(t))τ × [n × τ] + τ × ψ^′(γ(t))[n × τ], which is equal

ψ^′(γ(t))τ × [n × τ] + τ × ψ^′(γ(t))[n × τ] = � τ · ψ^′(γ(t))τ τ + n · ψ^′(γ(t))τ n � × [n × τ] + τ × � [n × τ] · ψ^′(γ(t))[n × τ] [n × τ] + n · ψ^′(γ(t))[n × τ] n �

= � τ · ψ^′(γ(t))τ + [n × τ] · ψ^′(γ(t))[n × τ] � n −τ · ψ^′(γ(t))^⊤n τ − [n × τ] · ψ^′(γ(t))^⊤n [n × τ] = � trace(ψ^′(γ(t))) − n · ψ^′(γ(t))n � n − � ψ^′(γ(t))^⊤n − n · ψ^′(γ(t))^⊤n n � = trace(ψ^′(γ(t)))n − ·ψ^′(γ(t))^⊤n .

In other words, � Γ_h ∂ ∂n [F ∘ Φ^{−1}_h ](y)G(Φ^{−1}_h (y))d_{Γh} y = � Γ ∂F (x) ∂n G(x)d_Γx + h � Γ trace(ψ^′(x))

∂F (x) ∂n G(x)d_Γx

− h � Γ n · � ψ^′(x)^⊤ + ψ^′(x) � ∇F (x) � G(x)d_Γx + O(h^2).

Similarly, we obtain � Γ_h

n · w ∘ Φ^{−1}_h (y)d_{Γh} y = � Γ n · w(x)d_Γx + h � Γ � trace(ψ^′(x))n − ψ^′(x)^⊤n � · w(x)d_Γx .

If d = 2 and if γ : D → Γ is a parametrization of the one-dimensional boundary curve Γ, then we introduce the rotation matrix

R := � 0 1 −1 0 �

and conclude � Γ_h ∂ ∂n [F ∘ Φ^{−1}_h ](y)G(Φ^{−1}_h (y))d_{Γh} y

= � D RΦ^′_h(γ(t))∂_tγ(t) � � �Φ^′_h(γ(t))∂tγ(t) � � � · � Φ^{−1}_h

�_{′⊤}�

Φ_h(γ(t)) � ∇F (γ(t)) � G(γ(t)) � �Φ_{′h}(γ(t))∂_tγ(t) � �dt

= � D [RΦ^′_h(γ(t))∂_tγ(t)] · � Φ^′_h(γ(t))^⊤

�_{−1}

∇F (γ(t)) � G(γ(t))dt

= � D [R∂_tγ(t)] · [∇F (γ(t))] G(γ(t))dt

− h � D [R∂_tγ(t)] · � ψ^′(γ(t))^⊤∇F (γ(t)) � G(γ(t))dt

+ h � D [Rψ^′(γ(t))∂_tγ(t)] · [∇F (γ(t))] G(γ(t))dt + O(h^2)

= � Γ ∂F (x) ∂n G(x)d_Γx − h � Γ n · � ψ^′(x)^⊤∇F (x) � G(x)d_Γx

+ h � Γ � Rψ^′(x)R^⊤n � · ∇F (x) G(x)d_Γx + O(h^2) .

= � Γ ∂F (x) ∂n G(x)d_Γx + h � Γ trace(ψ^′(x))

∂F (x) ∂n G(x)d_Γx

− h � Γ n · � ψ^′(x)^⊤ + ψ^′(x) � ∇F (x) � G(x)d_Γx + O(h^2).

Similarly, we obtain

� Γ_h

n · w ∘ Φ^{−1}_h (y)d_{Γh} y = � Γ n · w(x)d_Γx + h � Γ � trace(ψ^′(x))n − ψ^′(x)^⊤n � · w(x)d_Γx .

To get the series expansions of B_h((u ∘ ϕ^{−1}_h , p ∘ ϕ^{−1}_h , σ ∘ ϕ^{−1}_h )^⊤, (v ∘ ϕ^{−1}_h , q ∘ ϕ^{−1}_h , χ ∘ ϕ^{−1}_h )^⊤) into powers of h, we substitute the variable of integration y = Φ_h(x) and apply the previous formulas.

a_h � � � � u ∘ ϕ^{−1}_h p ∘ ϕ^{−1}_h σ ∘ ϕ^{−1}_h

� � , � � v ∘ ϕ^{−1}_h q ∘ ϕ^{−1}_h χ ∘ ϕ^{−1}_h

� � � � = � Ω_h

� λ ∇_y · [u ∘ ϕ^{−1}_h ] ∇_y · [v ∘ ϕ^{−1}_h ]

+ μ 2 d� i,j=1 � ∂_{yi} [u_j ∘ ϕ^{−1}_h ]∂_{yj} [v_i ∘ ϕ^{−1}_h ] + ∂_{yi} [u_j ∘ ϕ^{−1}_h ]∂_{yi} [v_j ∘ ϕ^{−1}_h ] �

−ϱω^2[u ∘ ϕ^{−1}_h ] · [v ∘ ϕ^{−1}_h ] � + � Γ_h

[p ∘ ϕ^{−1}_h ] n · [v ∘ ϕ^{−1}_h ]

= � Ω

� λ ∇_x · u ∇_x · v + λhJ_1 ∇_x · u ∇_x · v + hλ

�^d�

i,j=1

c_{i,j} ∂_{xj} u_i � ∇_x · v + ∇_x · u

�^d�

i,j=1

c_{i,j} ∂_{xj} v_i �

+ μ 2 d� i,j=1 � ∂_{xi} u_j ∂_{xj} v_i + ∂_{xi} u_j ∂_{xi} v_j � + μhJ_1 2 d� i,j=1 � ∂_{xi} u_j ∂_{xj} v_i + ∂_{xi} u_j ∂_{xi} v_j �

+ μh 2 d� i,j,k=1 � c_{ik}∂_{xk} u_j ∂_{xj} v_i + ∂_{xi} u_j c_{jk} ∂_{xk} v_i + c_{ik}∂_{xk} u_j ∂_{xi} v_j + ∂_{xi} u_j c_{i,k}∂_{xk} v_j �

−ϱω^2u · v − hJ_1ϱω^2u · v + O � h^2 � � + � Γ � p n · v + h p � trace(ψ^′)n − [ψ^′]^⊤n � · v + o(h) � , b_h � � � � u ∘ ϕ^{−1}_h p ∘ ϕ^{−1}_h σ ∘ ϕ^{−1}_h

� � , � � v ∘ ϕ^{−1}_h q ∘ ϕ^{−1}_h χ ∘ ϕ^{−1}_h

� � � � = � Ω_{Rh}

� ∇_y [p ∘ ϕ^{−1}_h ] · ∇_y [q ∘ ϕ^{−1}_h ] − k_w^2[p ∘ ϕ^{−1}_h ][q ∘ ϕ^{−1}_h ] �

+ϱ_f ω^2 � Γ_h

[u ∘ ϕ^{−1}_h ] · n [q ∘ ϕ^{−1}_h ] − � Γ_0 σ q

= � Ω_R

� ∇_x p · ∇_x q + hJ_1 ∇_x p · ∇_x q +

h � i,j � ∂_{xi} p c_{i,j} ∂_{xj} q + c_{i,j} ∂_{xj} p ∂_{xi} q � − k_w^2pq − hJ_1k_w^2pq + O � h^2 � �

+ϱ_f ω^2 � Γ � u · n q + h � trace(ψ^′)n − [ψ^′]^⊤n � · u q + o(h) � − � Γ_0

σ q.

In other words, we conclude

B_h � � � � u ∘ ϕ^{−1}_h p ∘ ϕ^{−1}_h σ ∘ ϕ^{−1}_h

� � , � � v ∘ ϕ^{−1}_h q ∘ ϕ^{−1}_h χ ∘ ϕ^{−1}_h

� � � � = B � � � � u p σ

� � , � � v q χ

� � � � + h B_1 � � � � u p σ

� � , � � v q χ

� � � �

+ B^h_2 � � � � u p σ

� � , � � v q χ

� � � � , (4.17)

where we have set

B_1 � � � � u p σ � � , � � v q χ � � � � := � � � a_1 � (u, p)^⊤, (v, q)^⊤ � b_1 � (u, p)^⊤, (v, q)^⊤ � 0

� � � , (4.18)

a_1 � (u, p)^⊤, (v, q)^⊤ � := � Ω

� J_1λ ∇_x · u ∇_x · v + λ

�^d�

i,j=1

c_{i,j} ∂_{xj} u_i � ∇_x · v + ∇_x · u

�^d�

i,j=1

c_{i,j} ∂_{xj} v_i �

+ μJ_1 2 d� i,j=1 � ∂_{xi} u_j ∂_{xj} v_i + ∂_{xi} u_j ∂_{xi} v_j �

+ μ 2 d� i,j,k=1 � c_{ik}∂_{xk} u_j ∂_{xj} v_i + ∂_{xi} u_j c_{i,k}∂_{xk} v_j + c_{ik}∂_{xk} u_j ∂_{xi} v_j (4.19)

+∂_{xi} u_j c_{j,k}∂_{xk} v_i � − J_1ϱω^2u · v �

+ � Γ � p � trace(ψ^′)n − [ψ^′]^⊤n � · v � ,

b_1 � (u, p)^⊤, (v, q)^⊤ � := � Ω_R

� J_1 ∇_x p · ∇_x q + � i,j � ∂_{xi} p c_{i,j} ∂_{xj} q + c_{i,j} ∂_{xj} p ∂_{xi} q � − J_1 k_w^2pq �

+ϱ_f ω^2 � Γ � trace(ψ^′)n − [ψ^′]^⊤n � · u q � , with the remainder sesqui-linear forms B_1 and B^h_2 such that the estimates � �B^h_2 �(u, p, σ)^⊤, (v, q, χ)^⊤� � � ≤ o(h) � ‖u‖^2_{[H1(Ω)]d} + ‖p‖^2_{H1(ΩR )} � ‖v‖^2_{[H1(Ω)]d} + ‖q‖^2_{H1 (ΩR)}, (4.20) � �B_1 �(u, p, σ)^⊤, (v, q, χ)^⊤� � � ≤ c � ‖u‖^2_{[H1(Ω)]d} + ‖p‖^2_{H1(ΩR)} � ‖v‖^2_{[H1(Ω)]d} + ‖q‖^2_{H1(ΩR)} (4.21)

hold for a positive constant c independent of h and for any u, v ∈ [H^1(Ω)]^d and p, q ∈ H^1(Ω_R).

To get the series expansions of R_h(p^{inc} ∘ϕ^{−1}_h , (v∘ϕ^{−1}_h , q∘ϕ^{−1}_h , χ∘ϕ^{−1}_h )^⊤) into powers of h, we substitute

the variable of integration y = Φ_h(x) and obtain − � Γ_h � p^{inc} ∘ ϕ^{−1}_h � n · v ∘ ϕ^{−1}_h = − � Γ � p^{inc} n · v + h p^{inc}[trace(ψ^′)n − [ψ^′]^⊤n] · v + o(h) � ,

− � Γ_h ∂ � p^{inc} ∘ ϕ^{−1}_h � ∂n q ∘ ϕ^{−1}_h = − � Γ � ∂p^{inc} ∂n q + h � trace(ψ^′)n − ψ^′n − [ψ^′]^⊤n � · ∇p^{inc} q + o(h) � .

In other words, we conclude

R_h � p^{inc} ∘ ϕ^{−1}_h , (v ∘ ϕ^{−1}_h , q ∘ ϕ^{−1}_h , χ ∘ ϕ^{−1}_h )^⊤ � = R � p^{inc}, (v, q, χ)^⊤ � + h R_1 � p^{inc}, (v, q, χ)^⊤ � +R^h_2 � p^{inc}, (v, q, χ)^⊤ � ,

R_1 � p^{inc}, (v, q, χ)^⊤ � := � � � � − � Γ p^{inc}[trace(ψ^′)n − [ψ^′]^⊤n] · v − � Γ � trace(ψ^′)n − ψ^′n − [ψ^′]^⊤n � · ∇p^{inc} q 0

� � � �, (4.22)

where the remainder form R^h_2 satisfies the estimate � �R^h_2 �p^{inc}, (v, q, χ)^⊤� � � ≤ o(h) ‖p^{inc}‖_{H1(ΩR )} � ‖v‖^2_{[H1(Ω)]d} + ‖q‖^2_{H1(ΩR)}. (4.23)

Now we are ready to derive the formulas for the derivatives. To simplify the notation, we write

w_0 := (u_0, p_0, σ_0) for the solution of (2.8), w_h := (u_h, p_h, σ_h) for the solution of (4.3), t := (v, q, χ) for the

vector of test functions, and w_{der} := (u_{der}, p_{der}, σ_{der}) for the derivatives of (4.4) and (4.5). From (4.3),

i.e., from

B_h � [w_h ∘ Φ_h] ∘ Φ^{−1}_h , [t ∘ Φ_h] ∘ Φ^{−1}_h � = R_h � [p^{inc} ∘ Φ_h] ∘ Φ^{−1}_h , [t ∘ Φ_h] ∘ Φ^{−1}_h � and from (4.17), and (4.22), we conclude that, for any t, B � [w_h ∘ Φ_h], [t ∘ Φ_h] � + h B_1 � [w_h ∘ Φ_h], [t ∘ Φ_h] � + B^h_2 � [w_h ∘ Φ_h], [t ∘ Φ_h] � = R � [p^{inc} ∘ Φ_h], [t ∘ Φ_h] � + h R_1 � [p^{inc} ∘ Φ_h], [t ∘ Φ_h] � + R^h_2 � [p^{inc} ∘ Φ_h], [t ∘ Φ_h] � . On the other hand, if p^{inc} is a locally smooth function, then Φ_h(x) = x + hψ(x) implies the asymptotic

expansion [p^{inc} ∘ Φ_h] = p^{inc} + hψ · ∇p^{inc} + O(h^2). Substituting this and using (2.8) with u = u_0, p = p_0,

and χ = χ_0, we continue B � [w_h ∘ Φ_h], [t ∘ Φ_h] � + h B_1 � [w_h ∘ Φ_h], [t ∘ Φ_h] � + o(h) = R � p^{inc}, [t ∘ Φ_h] � + h R � ψ · ∇p^{inc}, [t ∘ Φ_h] � + h R_1 � [p^{inc} ∘ Φ_h], [t ∘ Φ_h] � + o(h) = B � w_0, [t ∘ Φ_h] � + h R � ψ · ∇p^{inc}, [t ∘ Φ_h] � + h R_1 � [p^{inc} ∘ Φ_h], [t ∘ Φ_h] � + o(h).

From the proof of Lemma 3.1, we know that w_h is continuous and bounded with respect to h. Comparing

the left-hand and the right-hand side in the last chain of equalities, we obtain [w_h ∘ Φ_h] → w_0 for h → 0.

Substituting the test function t ∘ Φ_h by t, the last equation yields B �[w_h ∘ Φ_h] − w_0 h , t � = R � ψ · ∇p^{inc}, t � + R_1 � [p^{inc} ∘ Φ_h], t � − B_1 � [w_h ∘ Φ_h], t � + o(1).

5 Numerical Solution 17

Passing to the limit for h → 0, we get B � w_{der} , t � = R � ψ · ∇p^{inc}, t � + R_1 � p^{inc}, t � − B_1 � w_0, t � (4.24)

for any test function vector t = (v, q, χ). In other words, the derivatives w_{der} := (u_{der}, p_{der}, σ_{der}) are the solution functions of a system with the same sesqui-linear form B as in the direct problem but with a different right-hand side defined by (4.18) and (4.22).

5 Numerical Solution of the Inverse Problem

For a numerical computation, the infinite dimensional space H^δ(S^{d−1}) must be replaced by a finite dimensional subspace. We use the orthonormal set of trigonometric resp. spherical harmonic basis functions φ_n, n = 1, . . . , N spanning this subspace. If d = 2, then N should be an odd number and

φ_n � e^{i2πt} � := � (1 + k^2)^{−δ/2} cos � 2πkt � if k = � �n −^{N+1}_2 � � and n = 1, . . . ,^{N+1}_2 ,

(1 + k^2)^{−δ/2} sin � 2πkt � if k = n −^{N+1}_2 and n = 1 +^{N+1}_2 , . . . , N.

If d = 3, then N should be of the form N = J(J +2)+1. For any n with (j−1)(j+1)+1 < n ≤ j(j+2)+1, we choose m = n − j(j + 1) − 1 and set

φ_n (cos φ sin θ, sin φ sin θ, cos θ) := (1 + |j|^2)^{−δ/2} � 2j + 1 4π (j − |m|)! (j + |m|)!

P^{|m|}_j (cos θ) � sin � mφ � if m > 0 cos � |m|φ � else,

P^{|m|}_j (t) := (1 − t^2)^{|m|/2} d^{|m|}P_j (t) dt^{|m|}

, P_j (cos θ) := sin^j (θ).

We introduce the finite vector s = (s_n)^N_{n=1} of unknown coefficients and represent the unknown function r as the linear combination

r = r(s) := N� n=1 s_nφ_n. (5.1)

The solution r^γ of (3.8) is sought in the form (5.1) and the optimization (3.8) reduces to the problem of finding s^γ ∈ R^N such that (cf. (3.7))

J (r(s^γ ); γ) = inf

s∈R^N

J (r(s); γ). (5.2)

The right choice of the regularization parameter γ is a difficult problem. An accurate determination of the degree of ill-posedness seems to be impossible. However, a general method like the L-curve method could be applied (cf. e.g. [5]). On the other hand, if an obstacle of a certain class is to be determined, then a typical example of this class can be chosen, and the corresponding far field pattern can be simulated with a very accurate computation by the finite-element method for the direct problem. Using these data, the regularization parameter can be fitted to guarantee the best reconstruction of the typical example. Heuristically, this regularization parameter should be a good choice for the class of obstacles.

If γ is fixed, then (5.2) is a finite dimensional non-linear optimization problem for a differentiable objective function and without constraints. Methods like the conjugate gradient algorithm (cf. e.g. [18]) can be employed. However, the function evaluation is time consuming, and in each iteration step a line search is to be performed with several function evaluations. Moreover, the gradient based optimization schemes are local in nature, i.e., the limits of these iterative procedures may be local minima instead of the global minimum. Restarts from different initial solutions or a good initial guess obtained by stochastic optimization algorithms may improve the reliability of the outcome.

To avoid the expensive line search in the gradient based methods, we recommend to apply the Gauß- Newton method or the Levenberg-Marquardt scheme without line search (cf. e.g. [18]). Indeed, the least squares form of the objective functional suggests the application of the Gauß-Newton method. More precisely, if we introduce the vector G^{meas} := (p^∞_1 , p^∞_2 , . . . , p^∞_K , 0) and the operator mapping

G : R^N −→ [L^2(S^{d−1})]^K × H^δ (S^{d−1}), G(s) :=

� � � � �

H � A^p_{Γr(s)}(p^{inc}_1 ), A^σ_{Γr(s)}(p^{inc}_1 ) � H � A^p_{Γr(s)}(p^{inc}_2 ), A^σ_{Γr(s)}(p^{inc}_2 ) � . . . H � A^p_{Γr(s)}(p^{inc}_K ), A^σ_{Γr(s)}(p^{inc}_K ) � √ γr(s)

� � � � � ,

then the functional J (r(s), γ) is equal to ‖G(s) − G^{meas}‖^2_∗ where

‖(p^∞_1 , p^∞_2 , . . . , p^∞_K , r)^⊤‖_∗ := � �^K� k=1 ‖p^∞_k ‖^2_{L2(Sd−1 )} + ‖r‖^2_{Hδ (Sd−1)} .

The optimization according to (5.2) amounts in solving the operator equation G(s) = G^{meas}. The Gauß- Newton iteration starts with an initial vector s^0, and, for each s^j , the next iterate s^{j+1} is obtained by G(s^{j+1}) = G � s^j + [s^{j+1} − s^j ] � ∼ G(s^j ) + ∇G(s^j )[s^{j+1} − s^j ] = G^{meas},

∇G(s^j )[s^{j+1} − s^j ] = G^{meas} − G(s^j ),

s^{j+1} = s^j + � ∇G(s^j )^∗∇G(s^j )

�_{−1} ∇G(s^j )^∗ � G^{meas} − G(s^j ) � . Roughly speaking (cf. [18]), this method converges quadratically if G(s) = G^{meas} has a solution. It converges at least linearly if the minimal value ‖G(s) − G^{meas}‖ is not too large. Unfortunately, due to the regularization and discretization, G(s) = G^{meas} may have no solution.

Finally, we present a formula for the Jacobian ∇G(s) which is needed for the Gauß-Newton method or for other gradient based optimization routines. We get

∇G(s) = � ∂_{sn} G(s)

�_N n=1,

∂_{sn} G(s) =

� � � � �

H � ∂_{sn} [A^p_{Γr(s)}(p^{inc}_1 )], ∂_{sn} [A^σ_{Γr (s)}(p^{inc}_1 )] � H � ∂_{sn} [A^p_{Γr(s)}(p^{inc}_2 )], ∂_{sn} [A^σ_{Γr (s)}(p^{inc}_2 )] � . . . H � ∂_{sn} [A^p_{Γr(s)}(p^{inc}_K )], ∂_{sn} [A^σ_{Γr (s)}(p^{inc}_K )] � √ γφ_n(s)

� � � � � .

The derivatives ∂_{sn} [A^p_{Γr(s)}(p^{inc}_k )] and ∂_{sn} [A^σ_{Γr (s)}(p^{inc}_k )] are nothing else than the derivatives p_{der}|_Γ and σ_{der} (cf. (4.1), (4.4), and (4.5)) with r_0 = r(s) and r_d = φ_n. These derivatives can be computed from the variational equation (4.24).

6 Appendix

6.1 Proof of Theorem 2.1

By the definition of B in (2.8), we have

B(v, q, χ; v, q, χ) = a � (v, q, χ)^⊤, (v, q, χ)^⊤ � + b � (v, q, χ)^⊤, (v, q, χ)^⊤ � + 2 c � (v, q, χ)^⊤, (v, q, χ)^⊤ � = I_Ω + II_{ΩR} + III_{Γ0} + R_Γ + R_{Γ0} ,

6.1 Proof of Theorem 2.1 19

where

I_Ω = � Ω � λ|∇ · v|^2 + μ 2 d� i,j=1 � |∂_iv_j |^2 + ∂_iv_j ∂_j v_i � − ρω^2|v|^2 � dx,

II_{ΩR} = � Ω_R � |∇q|^2 − k_w^2|q|^2 � dx,

III_{Γ0} = 2 � Γ_0

(V_{Γ0} χ)χ̄ds,

R_Γ = � Γ � q^+n · v^− + ρ_f ω^2(v^− · n)q^+ � ds,

R_{Γ0} = � Γ_0 � q^−χ̄ − χq^− � ds − 2 � Γ_0

K_{Γ0} q^− χ̄ ds.

By using Korn’s inequality (cf. e.g. [4]), we obtain

ℜe I_Ω ≥ α_Ω||v||^2_{[H}1_{(Ω)]}d − c_Ω||v||^2_{[H}0_{(Ω)]}2 .

Similarly, we have ℜe II_{ΩR} ≥ α_{ΩR} ||q||^2_H1_{(ΩR)} − c_{ΩR} ||q||^2_H0_{(ΩR )}.

As is well-known, the simple-layer boundary integral operator V_{Γ0} is continuous from H^{−1/2}(Γ_0) into H^{1/2}(Γ_0) (cf. e.g. [13]), and V_{Γ0} is (H^{−1/2}(Γ_0), H^{1/2}(Γ_0))-coercive, i.e.,

ℜe ⟨V_{Γ0} χ, χ⟩_{Γ0} ≥ α_{Γ0} ||χ||^2_{H−1/2 (Γ0 )} − c_{Γ0} ||χ||^2_H−1_{(Γ0 )}.

The double-layer boundary integral operator K_{Γ0} is continuous from H^{1/2}(Γ_0) into H^{3/2}(Γ_0), and hence is compact on H^{1/2}(Γ_0). This implies that

|⟨K_{Γ0} q^−, χ⟩_{Γ0} | ≤ ||K_{Γ0} q^−||_H3/2−ε_{1 (Γ0 )}||χ||_H−3/2+ε_{1 (Γ0 )}

for q ∈ H^1(Ω_R) and χ ∈ H^{−1/2}(Γ_0) and for 0 < ε_1 < 1. Consequently, � � � � � Γ_0

K_{Γ0} q^− χ̄ ds � � � � ≤ α_{Γ0} ||q||_H1/2−ε_{1 (Γ0)}||χ||_H−1/2−(1−ε_1 )_{(Γ0 )}

≤ c_{Γ0} 2 � ||q||^2_H1−ε_{(ΩR)} + ||χ||^2_{H−1/2−ε (Γ0)} �

with ε = min{ε_1, 1 − ε_1}. Thus,

ℜe R_{Γ0} ≥ −c_{Γ0} � ||q||^2_H1−ε_{(ΩR)} + ||χ||^2_{H−1/2−ε (Γ0)} � , since the first term in R_{Γ0} has real part zero.

In the same manner, one can show that R_Γ defines a compact term. More precisely, we see that, for 1/2 − ε > 0, � � � � � Γ q^+n · v^−ds � � � � = |⟨q, n · v̄⟩_Γ| ≤ ||q||_H0_{(Γ)}||v||_{[H}0_{(Γ)]}d ≤ c_Γ||q||_H1/2−ε_{(Γ)}||u||^2_{[H1/2−ε (Γ)]d}

≤ c_Γ||q||^2_H1−ε_{(ΩR)} + ||u||^2_{[H}1−ε_{(Γ)]}d .

Collecting all these terms yields the desired estimates. This completes the proof of Theorem 2.1.

We remark that from the estimates, we may conclude that there exists a compact sesqui-linear form C(·, ·) such that ℜe � B(v, q, χ; v, q, χ) + C(v, q, χ) � ≥ α � ||v||^2_{[H1 (Ω)]d} + ||q||^2_{H1 (ΩR)} + ||χ||^2_{H−1/2 (Γ0)} �

for all (v, q, χ)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0).

6.2 Proof of Theorem 2.2

Let (u_0, p_0, σ_0)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) be a solution of the corresponding homogeneous equation of (2.8), i.e., B � (u_0, p_0, σ_0)^⊤, (v, q, χ)^⊤ � = (0, 0, 0)^⊤

holds for any (v, q, χ)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0). We extend the solution p_0 to the exterior domain Ω_e and consider the exterior Dirichlet problem defined by

Δp_1(x) + k_w^2p_1(x) = 0, x ∈ Ω_e p_1|_{Γ0} = p^−_0 ∈ H^{1/2}(Γ_0)

together with the radiation condition for p_1 at infinity. This exterior Dirichlet problem has a unique solution, which admits the representation

p_1(x) = � Γ_0 � ∂ ∂n_y

E_{kw} (x, y)p^+_1 (y) − E_{kw} (x, y) ∂ ∂n_y p^+_1 (y) � ds_y.

Here p^+_1 and^∂_{∂n} p^+_1 are the Cauchy data of p_1 on Γ_0 satisfying the boundary integral equation

V_{Γ0} � ∂ ∂n p^+_1 � + �1 2 I − K_{Γ0} � p^−_0 = 0

on Γ_0, where we have substituted p^+_1 by p^−_0 on Γ_0. Now, the weak formulation of the boundary integral equation reads �

V_{Γ0} ∂ ∂n p^+_1 , χ � Γ_0 + � 1 2 I − K_{Γ0} � p^−_0 , χ � Γ_0 = 0 for all χ ∈ H^{−1/2}(Γ_0). A comparison with the equation c((u_0, p_0, σ_0)^⊤, (v, q, χ)^⊤) = 0 gives � V_{Γ0} � ∂ ∂n p^+_1 − σ_0 � , χ � Γ_0 = 0 for all χ ∈ H^{−1/2}(Γ_0). Hence if V_{Γ0} is invertible, this implies that^∂_{∂n} p^+_1 ≡ σ_0 in H^{−1/2}(Γ_0). Thus, (u_0, p) ∈ [H^1(Ω)]^d × H^1_{loc}(R^d \ cl (Ω)) with

p(x) := � p_0(x) if x ∈ Ω_R ∪ Γ_0 p_1(x) if x ∈ Ω_e

will be a solution of the homogeneous transmission problem for the Lamé equations in Ω, the Helmholtz equation in R^d \ Ω, and the transmission conditions t^−(u_0) = −n∂_np and n · u_0 = p/(ϱ_f ω^2) on Γ. The latter has only the trivial solution (0, 0), provided ω is not a Jones frequency (cf. [15, 10, 14, 6]).

If ω is a Jones frequency, then the solution is just p ≡ 0 and u is equal to a Jones mode, i.e., u_0 is a solution of the Lamé equations on Ω with both, the traction t^−(u_0) and the normal component n · u_0 of the displacement, vanishing on Γ. Consequently, the solution component p_0 is zero, and the solution of the sesqui-linear system (2.8) is unique if it exits. So it remains to prove that a solution exists. However, due to Theorem 2.1, the Fredholm alternative holds for (2.8), and the existence of a solution follows, if we can prove that the right-hand side of (2.8) vanishes for all solutions (v, q, χ)^⊤ = (v_0, q_0, χ_0)^⊤ of the homogeneous adjoint equation.

6.2 Proof of Theorem 2.2 21

Suppose (v_0, q_0, χ_0)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) solves the homogeneous adjoint equation, i.e.,

B(u, p, σ; v_0, q_0, χ_0) = 0. (6.1)

holds for any (u, p, σ)^⊤ ∈ [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0). Then (6.1) for all (u, p, σ)^⊤ = (u, 0, 0)^⊤ with u vanishing in a neighbourhood of Γ, yields

Δ^∗v_0(x) + ϱ ω^2v_0(x) = 0, x ∈ Ω. (6.2)

Similarly, (6.1) for all (u, p, σ)^⊤ = (0, p, 0)^⊤ with p vanishing in a neighbourhood of Γ and Γ_0 implies

Δq_0(x) + k_w^2q_0(x) = 0, x ∈ Ω_R. (6.3)

The formula V^∗_{Γ0} = V_{−kw ,Γ0} , including V_{−kw ,Γ0} the single layer operator V_{Γ0} with k_w replaced by −k_w, and choosing (u, p, σ)^⊤ = (0, 0, σ)^⊤ in (6.1) provides us with

q_0|_{Γ0} = 2 V_{−kw ,Γ0} χ_0. (6.4)

Choosing (u, p, σ)^⊤ = (0, p, 0)^⊤ in (6.1) with p vanishing close to Γ and applying Green’s formula for the integrals over Ω_R, we arrive at

∂_nq_0|_{Γ0} = � −I + 2 K^∗_{Γ0} � χ_0 = � −I + 2 K^′_{−kw ,Γ0} � χ_0, (6.5)

where K^′_{−kw ,Γ0} is the transposed double layer operator on Γ_0 corresponding to the wave number −k_w. Choosing (u, p, σ)^⊤ = (0, p, 0)^⊤ in (6.1) with p vanishing close to Γ_0 and using Green’s formula, we obtain

n · v_0|_Γ = ∂_nq_0|_Γ. (6.6)

Finally, choosing (u, p, σ)^⊤ = (0, p, 0)^⊤ in (6.1) with p vanishing close to Γ_0 and using Green’s formula for the integrals over Ω, we obtain

t(v_0)|_Γ = −ϱ_f ω^2q_0 n|_Γ. (6.7)

Now we define ũ := v_0 and set

p̃(x) := ϱ_f ω^2 · � q_0(x) if x ∈ Ω_R ∪ Γ_0 � Γ_0 E−k^w (x, y)χ0(y)dy if x ∈ Ω.

(6.8)

Note that p̃ is a continuous extension of q_0 as a solution of the exterior Helmholtz equation with radiation condition since the boundary data of q_0 and � Γ_0 E−k^w (x, y)χ0(y)dy coincide on Γ0 by (6.4) and (6.5).

From (6.2), (6.3), (6.6), and (6.7), we observe that the function pair (ũ, p̃) is a solution of the homogeneous transmission problem

Δ^∗ũ(x) + ϱ ω^2ũ(x) = 0, x ∈ Ω, Δp̃(x) + (−k_w)^2p̃(x) = 0, x ∈ R^d \ Ω, t^−(ũ(x)) = −np̃(x), x ∈ Γ, n · ũ(x) = 1 ϱ_f ω^2

∂_np̃(x), x ∈ Γ,

and the corresponding Sommerfeld radiation condition. As mentioned above, this problem has a nontrivial solution only if ω is a Jones frequency. In this case, the solution satisfies p̃ ≡ 0, and ũ is equal to a solution of the Lamé equations on Ω with both, the traction t^−(ũ) and the normal component n · ũ of the displacement, vanishing on Γ. In other words, we conclude n · v_0|_Γ ≡ 0, q_0 ≡ 0 and V_{Γ0} χ_0 ≡ 0, i.e., χ_0 ≡ 0. Obviously, the right-hand side of (2.8) vanishes for (v, q, χ)^⊤ = (v_0, q_0, χ_0)^⊤. This completes the proof.

6.3 Proof of Theorem 2.3

Suppose M ⊆ R is the open set of all frequencies ω such that condition (b) of Theorem 2.2 is satisfied. Then the solution of (2.8) depending on the frequency parameter ω ∈ M is the solution of an equation with an operator function depending on ω. All the operators are Fredholm with index zero due to Theorem 2.1. The set of parameters ω such that the operator is not invertible is either discrete (i.e., countable with no finite accumulation point) or the whole set M. Due to the proof of Theorem 2.2, each nontrivial solution of the homogeneous equation corresponds to a nontrivial solution of (2.9). According to [14], there exists only a discrete set of frequencies with nontrivial traction free solutions of the Lamé equations. In other words, the set of parameters ω such that the operator is not invertible is discrete, and, for any ω_0, there is a small neighbourhood N_ε := {ω : |ω − ω_0| < ε} ⊆ M such that the operator is invertible for ω ∈ N_ε \ {ω_0}. In particular, the solution is unique for ω ∈ N_ε \ {ω_0}.

We continue the proof with an invariance relation for the Lamé-Helmholtz operator. The solution will be found in this invariant subspace. More precisely, by C_ω and C^∗_ω we denote the operators corresponding to the sesqui-linear form B, i.e.

C_ω, C^∗_ω : [H^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) −→ [H^{−1}(Ω)]^d × H^{−1}(Ω_R) × H^{1/2}(Γ_0), B � (u, p, σ)^⊤, (v, q, χ)^⊤ � = � C_ω (u, p, σ)^⊤, (v, q, χ)^⊤ � = � (u, p, σ)^⊤, C^∗_ω(v, q, χ)^⊤ � . Using the connection between differential operator and sesqui-linear form, we get

C_ω(u, p, σ)^⊤ = � � � Δ^∗u + t(u) δ_Γ + ϱ ω^2 u + p nδ_Γ Δp − ∂_np δ_Γ + ∂_np δ_{Γ0} +^{ω2}_{c2} p + ϱ_f ω^2u · n δ_Γ − σδ_{Γ0} V_{Γ0} σ +

�_1

2 I − K_{Γ0} � p

� � �

= C_{ω0} (u, p, σ)^⊤ + E_{ω0 ,ω}(u, p, σ)^⊤ + [ω^2 − ω^2_0 ] D (u, p, σ)^⊤, (6.9)

D (u, p, σ)^⊤ := � � ϱ u 1 c^2 p + ϱf u · n δΓ 0

� � , (6.10)

E_{ω0,ω}(u, p, σ)^⊤ := � � � 0 0 V^ω_{Γ0} σ +

�_1

2 I − K^ω_{Γ0} � p − V^{ω0}_{Γ0} σ −

�_1

2 I − K^{ω0}_{Γ0} � p

� � � . (6.11)

Here the generalized functions Δ^∗u + t(u)δ_Γ ∈ [H^{−1}(Ω)]^d and Δp − ∂_np δ_Γ + ∂_np δ_{Γ0} ∈ H^{−1}(Ω_R) are defined by the corresponding bilinear forms, i.e. by the formulas � Δ^∗u + t(u)δ_Γ, v � := � Ω � λ∇ · u ∇ · v + μ 2 d� i,j=1

[∂_iu_j ∂_j v_i + ∂_iu_j ∂_iv_j ] � , ∀v ∈ [H^1(Ω)]^d, � Δp − ∂_np δ_Γ + ∂_np δ_{Γ0} , q � := � Ω_R

∇ p ∇ q, ∀q ∈ H^1(Ω_R).

We consider the subspaces [H̃^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) and [H̃^{−1}(Ω)]^d × H^{−1}(Ω_R) × H^{1/2}(Γ_0) with [H̃^{±1}(Ω)]^d defined as the set of all u ∈ [H^{±1}(Ω)]^d which are L^2 orthogonal to the solutions u^J of (2.9) for ω = ω_0. Moreover, we introduce the bounded L^2 projections P^± of [H^{±1}(Ω)]^d × H^{±1}(Ω_R) × H^{∓1/2}(Γ_0) onto [H̃^{±1}(Ω)]^d × H^{±1}(Ω_R) × H^{∓1/2}(Γ_0) by

P^±(u, p, σ)^⊤ := � �u −

j_∗�

j=1 � u, u^J_j � L^2(Ω)

u^J_j , p , σ � � ⊤ , (6.12)

where u^J_j ∈ [H^1(Ω)]^d, j = 1, 2, . . . , j_∗ is an L^2 orthonormal basis in the space of homogeneous solutions for (2.9). From the proof of Theorem 2.2 we know that the kernel functions of C_{ω0} and C^∗_{ω0} are of the

6.4 Proof of Lemma 3.1 23

form (u_J , 0, 0) with u_J a solution of (2.9). Consequently, C_{ω0} maps [H̃^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) onto [H̃^{−1}(Ω)]^d × H^{−1}(Ω_R) × H^{1/2}(Γ_0) and is invertible. In other words P^−C_{ω0} |_{im P} + is invertible. Due to (6.9), even C_ω maps [H̃^1(Ω)]^d × H^1(Ω_R) × H^{−1/2}(Γ_0) into [H̃^{−1}(Ω)]^d × H^{−1}(Ω_R) × H^{1/2}(Γ_0), i.e. we get the invariance formula (I − P^−)C_ω P^+ = 0. On the other hand, any function from im (I − P^+) is of the form (u^J , 0, 0)^⊤ with u^J a solution of (2.9), and C_{ω0} (u^J , 0, 0)^⊤ = (0, 0, 0)^⊤. From (6.9), we even get C_ω (u^J , 0, 0)^⊤ = (ϱ[ω^2 − ω^2_0 ]u^J , 0, 0)^⊤. Consequently, the second invariance relation P^−C_ω(I − P^+) = 0 holds.

As mentioned in the proof of Theorem 2.2, the right-hand side of (2.8) is orthogonal to the kernel of the adjoint operator C^∗_{ω0} , i.e. the right-hand side (u^′, p^′, σ^′)^⊤ of the equivalent operator equation C_ω (u^ω, p^ω, σ^ω )^⊤ = (u^′, p^′, σ^′)^⊤ is in the space im P^− = [H̃^{−1}(Ω)]^d × H^{−1}(Ω_R) × H^{1/2}(Γ_0). In other words, the solution of

P^−C_ω |_{im P} + (u^ω, p^ω, σ^ω )^⊤ = P^−(u^′, p^′, σ^′)^⊤ (6.13)

in the space im P^+ is a solution of C_ω (u^ω, p^ω, σ^ω )^⊤ = (u^′, p^′, σ^′)^⊤ due to (I − P^−)C_ω P^+ = 0. However, the operator P^−C_ω|_{im P} + is continuous with respect to ω and invertible for ω = ω_0. By a Neumann series argument, P^−C_ω|_{im P} + is invertible and [P^−C_ω |_{im P} + ]^{−1} is continuous in a small neighbourhood {ω : |ω − ω_0| < ε}. Finally, the solution (u^ω, p^ω, σ^ω )^⊤ of (6.13) and, equivalently of (2.8), is continuous with respect to ω, too.

6.4 Proof of Lemma 3.1

We fix the frequency ω = ω_0, choose a parametrization r = r_0, and prove the continuity with respect to r at r_0. If ω_0 is not a Jones frequency of the domain Ω^{r0} , then the inverse operators C^{−1}_ω are continuous in r near r_0 (cf. the following transformation technique) and the result follows easily. Thus we may suppose that ω_0 is a Jones frequency. For this case, the idea is to adapt the arguments in the proof of Theorem 2.3 to show that, for any fixed r, there is an analytic family of solutions to a modified boundary value problem depending on the frequency ω. Representing the solution at ω = ω_0 by a Cauchy integral over this family, we obtain the lemma in the case of a Jones frequency.

Since the domains Ω and Ω_R in Section 2 depend on Γ = Γ^r, we write Ω = Ω^r and Ω_R = Ω^r_R. We define ~Ω := {x ∈ R^d : |x| < R/2} and ~Ω_R := {x ∈ R^d : R/2 < |x| < R} and introduce the transformation T^r : cl(~Ω ∪ ~Ω_R) → cl(Ω^r ∪ Ω^r_R) and its inverse [T^r]^{−1} by

y = T^r(x) := x̂ · � � � 2r(x̂)|x|

R if 0 ≤ |x| ≤^{R2} r(x̂) + 2(R − r(x̂))(|x| − R/2) R if^{R2} ≤ |x| ≤ R, x̂ := x |x| ,

x = [T^r]^{−1}(y) := ŷ · � � � � � R|y| 2r(ŷ) if 0 ≤ |y| ≤ r(ŷ) R 1 2 (R + |y|) − r(ŷ)

R − r(ŷ) if r(ŷ) ≤ |y| ≤ R, ŷ := y |y| ,

Clearly, these transformations are continuously differentiable on the open sets Ω^r ∪ Ω^r_R and ~Ω ∪ ~Ω_R, respectively. They are only Lipschitz continuous on cl(Ω^r ∪ Ω^r_R) and cl(~Ω ∪ ~Ω_R), respectively. The pull back F (x) = f(T^r(x)) of a function f differentiable on Ω^r ∪ Ω^r_R is differentiable on ~Ω ∪ ~Ω_R and satisfies

[∂_{yi} f](T^r(x)) = d� k=1 ∂[T^r]^{−1}_k � T^r(x) � ∂y_i

∂_{xk} F (x), i = 1, . . . , d. (6.14)

Hence, substituting y = T^r(x) into the sesqui-linear form B of (2.8) over Ω^r ∪ Ω^r_R, we arrive at a sesquilinear form B^r defined on [H^1(~Ω)]^d × H^1(~Ω_R) × H^{−1/2}(Γ_0). The coefficient functions for the functions u, v, p, q, σ, and χ and their partial derivatives in the domain and curve/surface integrals of B^r stem from

(6.14) and the Jacobians of the integral transformations. In other words, all these are simple expressions of the transformation functions of T^r and of their first order derivatives. Consequently, the sesqui-linear form B^r depends continuously on r ∈ H^δ(S^{d−1}) ⊂ C^1(S^{d−1}), and so do the operators C^r_ω, [C^r_ω]^∗, and D^r. In the following, whenever we speak about convergence for r → r_0 of entities defined over Ω^r, Ω^r_R, and Γ^r to those defined over Ω^{r0} , Ω^{r0}_R , and Γ^{r0} , we have in mind the convergence of the corresponding entities defined over the standard domains ~Ω, ~Ω^{r0}_R , and the boundary curve of ~Ω.

Now suppose the curve r_0 is fixed such that the considered frequency ω_0 is a Jones frequency for Ω^{r0} . To analyze the operator C^r_{ω0} , we modify the operator C^r_ω by fixing the frequency in some places. We define the new operator ~C^r_ω : [H^1(Ω^r)]^d × H^1(Ω^r_R) × H^{−1/2}(Γ_0) −→ [H^{−1}(Ω^r)]^d × H^{−1}(Ω^r_R) × H^{1/2}(Γ_0) by

~C^r_ω(u, p, σ)^⊤ := � � � Δ^∗u + t(u) δ_Γr + ϱ ω^2 u + p nδ_Γr Δp − ∂_np δ_Γr + ∂_np δ_{Γ0} +^{ω20}_{c2} p + ϱ_f ω^2_0 u · n δ_Γr − σδ_{Γ0} V^{ω0/c}_{Γ0} σ +

�_1 2 I − K^{ω0/c}_{Γ0} � p

� � � .

Clearly, ~C^r_{ω0} = C^r_{ω0} . We can eliminate the unknowns p and σ introducing the operator G^r_ω : [H^1(Ω^r)]^d −→ [H^{−1}(Ω^r)]^d by

G^r_ωu := Δ^∗u + t(u) δ_Γr + ϱ ω^2 u + ϱ_f ω^2_0 � N_tD^{ω0 /c}(u · n) n � δ_Γr ,

N_tD^{ω0/c}(g) := p|_Γr , Δp(x) + ω^2_0 c^2 p(x) = 0, x ∈ R^d \ cl(Ω), ∂_np(x) = g(x), x ∈ Γ^r, x |x| · ∇p(x) − i ω_0 c p(x) = o (|x|^{−(d−1)/2}), |x| −→ ∞.

If p̃^r_{inc} depending on the right-hand side function p^{inc} is the solution of the exterior problem for the Helmholtz equation

Δp̃^r_{inc}(x) + ω^2_0 c^2 p̃^r_{inc}(x) = 0, x ∈ R^d \ cl(Ω),

∂_np̃^r_{inc}(x) = −∂_np^{inc}(x), x ∈ Γ^r, x |x| · ∇p̃^r_{inc}(x) − i ω_0 c p̃^r_{inc}(x) = o (|x|^{−(d−1)/2}), |x| −→ ∞,

then the equation

G^r_ωu = p^r_{hs}, p^r_{hs} := −[p^{inc} + p̃^r_{inc}]nδ_Γr (6.15)

is equivalent to

~C^r_ω � � u p σ

� � = � � −p^{inc} n δ_Γr −∂_np^{inc}δ_Γr 0

� � . (6.16)

Note that p^r_{hs} is orthogonal to the Jones modes corresponding to Ω^r and ω_0 (if there exist any). In particular, (u, p, σ)^⊤ solves (6.16) if and only if (u, p − p̃^r_{inc}, σ − ∂_np̃^r_{inc}|_{Γ0} )^⊤ solves

~C^r_ω � � u p − p̃^r_{inc} σ − ∂_np̃^r_{inc}|_{Γ0}

� � = � � p^r_{hs} 0 0

� �

7 Numerical Tests 25

or equivalently if u solves (6.15) and p and σ are defined as

Δp(x) + ω^2_0 c^2 p(x) = 0, x ∈ R^d \ cl(Ω),

∂_np(x) = ∂_np̃^r_{inc}(x) + ϱ_f ω^2_0 u(x) · n(x), x ∈ Γ^r x |x| · ∇p(x) − i ω_0 c p(x) = o (|x|^{−(d−1)/2}), |x| −→ ∞, (6.17)

σ := ∂_np|_{Γ0} .

If u is given and p and σ are defined by the above equations, then we write p^r_u := p and σ^r_u := σ.

Clearly, G^{r0}_ω is a compact perturbation of the Lamé wave operator (G^{r0}_ω with ω_0 = 0). Hence it is Fredholm with index zero. Using the last equivalence, we conclude that G^{r0}_ω u = 0 implies ~C^{r0}_ω (u, p^{r0}_u , σ^{r0}_u )^⊤ = 0. For real ω, the proof of Theorem 2.2 implies p^{r0}_u = 0, σ^{r0}_u = 0, and that u is either zero or a Jones mode. On the other hand, the set of Jones frequencies for a fixed domain is countable. Consequently, there is an ω_∗ such that G^{r0}_{ω∗} is invertible, too. For r close to r_0, G^{r0}_{ω∗} is invertible, too. In other words, the equation G^r_ω u = p^r_{hs} is equivalent to � G^r_{ω∗} + ϱ[ω^2 − ω^2_∗]J � u = p^r_{hs}, (6.18) � λI − � G^r_{ω∗}

�_{−1} J � u = λ � G^r_{ω∗}

�_{−1}

p^r_{hs}, λ := λ(ω) := −ϱ^{−1}[ω^2 − ω^2_∗]^{−1}, (6.19)

where J stands for the embedding of [H^1(Ω^r)]^d into [H^{−1}(Ω^r)]^d. If a nonzero solution u exists for the homogeneous equation (6.18), then this is an eigenfunction of the compact operator [G^r_{ω∗} ]^{−1}J. We choose a simple closed curve Θ ⊆ C around λ_0 := λ(ω_0) such that the only eigenvalue of [G^{r0}_{ω∗} ]^{−1}J inside and on Θ is λ_0 and that no eigenvalues of [G^r_{ω∗} ]^{−1}J are located on Θ for r close to r_0. From the proof of Theorem 2.3 applied to the operators G^r_ω, we conclude the existence of a possibly nonunique solution

u^r_λ := � G^r_ω

�_{−1}

p^r_{hs} = � λI − � G^r_{ω∗}

�_{−1} J �_{−1} λ � G^r_{ω∗}

�_{−1} p^r_{hs}

with λ = λ(ω) or equivalently ω^2 := ω(λ)^2 := −ϱ^{−1}λ^{−1} + ω^2_∗. Note that p^r_{hs} is orthogonal to the Jones modes corresponding to Ω^r and ω_0 (if there exist any). This solution u^r_λ exists for any λ close to λ_0 and depends analytically on λ (cf. end of proof of Theorem 2.3). Hence,

u^r_{λ0} = 1 πi � Θ 1 (λ − λ_0) � G^r_{ω(λ)}

�_{−1} p^r_{hs} d_Θλ.

Obviously, the function under the integral is continuous with respect to λ over Θ, uniformly bounded with respect to r, and converges pointwise on Θ for r → r_0, i.e. by our convention, � G^r_{ω(λ)}

�_{−1}

p^r_{hs} � ∘ T^r −→ � G^{r0}_{ω(λ)}

�_{−1} p^{r0}_{rhs} � ∘ T^{r0} .

In other words, the mapping r → u^r_{λ0} is [H^1]^d continuous at r_0. Finally, the functions A^p_Γr (p^{inc}) = p^r_ur_{λ0} and A^σ_Γr (p^{inc}) = σ^r_ur_{λ0} depend continuously on r, too.

7 Numerical Tests

7.1 An Example for the Direct Problem

The first step of the solution for the inverse problem is to implement a solver for the direct problem. For example, we have chosen the constants for the transmission and boundary value problem (2.1)-(2.5) such that k_w = ϱ ω^2 = ϱ_f ω^2 = λ = 1 and μ = 0.5. We have implemented a piecewise linear finite element method (FEM) coupled with boundary elements based on the variational equation (2.8). The FEM

Figure 2: Boundary curve Γ of solid included in circle Γ_0.

grid is generated by Netgen (cf. [19]). The integrals of the boundary integral operators are discretized by Simpson’s rule. In particular, the weakly singular integrals are computed over finer quadrature partitions. Assuming that the restriction of the FEM grid to the circle Γ_0 is uniform, the discretization of the boundary integral operator leads to circulant matrices such that non-optimal quadratures do not affect the overall computation time. Finally, the linear system of the FEM is solved by the direct solver Pardiso which is adapted to sparse matrices (cf. [20]).

In our test example, the radius R of Γ_0 is set to 6 and the boundary curve Γ of the solid is defined by (3.2) and (cf. (5.1) and set δ = 2) r � e^{i2πt} � := − sin(2πt) (1 + 1^2) + 3 cos(4πt) (1 + 2^2)

+ 0.2 sin(6πt) (1 + 3^2)

+ 0.5 cos(8πt) (1 + 4^2) + 3 sin(8πt) (1 + 4^2)

. (7.1)

Figure 3: Scattered pressure field p^s over annular domain Ω_R.

7.1 An Example for the Direct Problem 27

Figure 4: x_1-component of displacement field u over domain Ω.

Figure 5: x_2-component of displacement field u over domain Ω.

Figure 6: Far field pattern p^∞ of scattered field p.

Figure 7: Objective functional J depending on the two parameters s_3 and s_9. The other parameters s_n are fixed to the values of the exact solution.

Figure 8: Objective functional J depending on the two parameters s_5 and s_7. The other parameters s_n are fixed to the values of the exact solution.

The corresponding curves Γ and Γ_0 are shown in Figure 2. Figures 3 to 5 exhibit the scattered pressure field p^s over Ω_R and the components of the displacement field u over Ω resulting from the incident field p^{inc}(x) := e^{ix1} . Finally, the far field pattern p^∞ of p (cf. (2.6)) is shown in Figure 6.

7.2 A Test for the Inverse Problem

In order to check the algorithm for the inverse problem of Section 3, we try to reconstruct the shape of Ω used in the last subsection (cf. formula (7.1) and Figure 2). More precisely, we take the far field data (cf. Figure 6) at the eighty directions e^{i2πk/80}, k = 0, 1, . . . , 79, measured for the incident wave p^{inc}(x) := e^{i2πx1} . Minimizing the functional J (cf. (3.7)) with the L^2 norm replaced by a quadrature approximation over the eighty points, we try to find the geometry determined by the radial function r = r^{exact}. Note that the far field values are generated by FEM on a discretization level (mesh size h = 0.03125) higher than the FEM level used for the inverse algorithm.

In accordance with Section 5, we determine N = 11 Fourier coefficients s_n of the radial function (cf. (5.1)). For our first tests, we set the regularization parameter γ to zero. Clearly, the operators A^p_Γr and A^σ_Γr in (3.7) are approximated by the FEM (mesh size h = 0.5, 0.25, 0.125, 0.0625). Two-dimensional sections of the graphs of the objective functional are shown in Figures 7 - 9. Beside the isolines marking the values of the objective functional, the arrows indicate the numerical gradients which are determined by the method described in Section 4. Figure 9 suggests that the far field pattern is extremely sensitive to s_6, the coefficient of the constant term in the Fourier series expansion (cf. (5.1)). To avoid troubles with algorithms for optimization problems with badly scaled parameters, we have replaced the parameter s_6 by the internal parameter s^′_6 = 5s_6. Indeed, without this scaling the Gauß-Newton algorithm (over FEM level h = 0.0625) does not converge properly. For the scaled version, however, the algorithm converges.

Now the geometry is reconstructed by the Gauß-Newton scheme of Section 5. The initial solution is the circle of radius 3, i.e. all the Fourier coefficients s^0_n vanish. To evaluate the reconstruction quality of our algorithm, we introduce the maximum error of the radial function r^j_R := R/2 + R/π arctan(r^j )

Figure 9: Objective functional J depending on the two parameters s_6 and s_8. The other parameters s_n are fixed to the values of the exact solution.

corresponding to the jth iterate s^j (cf. Section 5) by

me := sup_{0≤t≤2π} � �rj_R �e_{i2πt}� − r_{exactR} �e_{i2πt}� � � , r_{exactR} (x̂) := R 2 + R π arctan � r^{exact}(x̂) � ,

r^{exact}(x̂) := N� n=1 s^{exact}_n φ_n(x̂) .

The values of me and some of the reconstructed Fourier coefficients s_n are presented in Table 1. If the mesh size h of the FEM grid tends to zero, then the reconstructed radial functions tend to the exact solution. The index j = j_{min} in Table 1 is the index of the iteration step corresponding to the minimal value of the objective function. Note that the objective functional decreases during the Gauß-Newton iteration until it reaches a level where it oscillates slightly around an almost minimal value. Figures 10 and 11 exhibit the reconstructed geometry for the levels h = 0.5 and h = 0.25. For smaller h, the difference to the reconstructed geometry in Figure 2 is not visible anymore. The evolution of the geometry for the iteration on level h = 0.125 is shown in Figure 12.

h j = j_{min} s^j_7 s^j_8 s^j_9 J (r^j , 0) me 0.5 12 -0.85149 -0.15550 -0.31742 0.017704 0.6004 0.25 16 -0.99807 0.08073 0.31065 0.007246 0.2112 0.125 15 -0.96986 0.01926 0.17444 0.000457 0.0519 0.0625 22 -0.99213 0.00434 0.19237 0.000018 0.0129 exact -1. 0. 0.2

Table 1: Convergence of the reconstruction for mesh size h of the FEM grid tending to zero.

Figure 10: Reconstructed geometry for level h = 0.5 .

Figure 11: Reconstructed geometry for level h = 0.25.

Figure 12: Evolution of geometry during iteration for level h = 0.125.

REFERENCES 33

So far we have assumed exact measurement data, and the regularization parameter γ has been set to zero. Next, for the discretization level h = 0.125, we have added a stochastic error to each of the eighty measured far field values. These errors have been determined as the product of an error level ε times a random number between minus one and plus one generated by the c-code function drand48. Surprisingly, we have observed good reconstruction results even with regularization parameter γ = 0. For ε = 0.16, we still have an error me of 0.05. Even for ε = 0.49, the error me is 0.07. Probably, because of the huge number of measured far field data, regularization is needed only for degrees of freedom N much larger than eleven.

References

[1] J. Bielak, R.C. MacCamy, and X. Zeng, Stable coupling method for interface scattering problems by combined integral equations and finite elements, J. Comp. Phys. 119, pp. 374–384 (1995).

[2] G. Bruckner and J. Elschner, A two-step algorithm for the reconstruction of perfectly reflecting periodic profiles, Inverse Problems 19, pp. 315–329 (2003).

[3] D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory, Applied Mathematical Sciences, Vol. 93, Springer-Verlag, Berlin, Heidelberg, New York, London, Paris, Tokyo, Hong Kong, Barcelona, Budapest, 1992.

[4] G. Duvaut and J.L. Lions, Les Inéquations en Mécanique et en Physique, Dunod, Paris, 1976.

[5] H.W. Engel, M. Hanke, and A. Neubauer, Regularization of Inverse Problems, Mathematics and Its Applications 375, Kluwer Academic Publishers, Dodrecht, Boston, London 1996.

[6] D.S. Jones, Low frequency scattering by a body in lubricated contact, Quarterly Journal of Mechanics and Applied Mathematics 36, pp. 111–138 (1983).

[7] A. Kirsch and R. Kress, An optimization method in inverse acoustic scattering, In: Boundary elements IX, Vol. 3, (eds.: C.A. Brebbia et al), Springer-Verlag, Berlin, Heidelberg, New York, London, Paris, Tokyo, Hong Kong, Barcelona, Budapest, 1987, pp. 3–18.

[8] T. Hargé, Valeurs propes d’un corps élastique, C.R. Acad. Sci. Paris 311, Série I, pp. 857–859 (1990).

[9] G.C. Hsiao and R.E. Kleinman, Error analysis in numerical solution of acoustic integral equations, International Journal for Numerical methods in Engineering 37, pp. 2921–2933 (1994).

[10] G.C. Hsiao, R.E. Kleinman and G.F. Roach, Weak solution of fluid-solid interaction problem, Math.

Nachr. 218, pp. 139–163 (2000).

[11] G.C. Hsiao and N. Nigam, A transmission problem for fluid-structure interaction in the exterior of a thin domain, Advances in Differential Equations 8, pp. 1281–1318 (2003).

[12] G.C. Hsiao and W.L. Wendland, Boundary integral equations, Mathematics-Monograph, Springer- Verlag, Berlin, Heidelberg, New York, London, Paris, Tokyo, Hong Kong, Barcelona, Budapest, 2007.

[13] G.C. Hsiao and W.L. Wendland, Boundary integral methods in low frequency acoustics, Journal of the Chinese Institute of Engineers, 23, pp. 369–375 (2000).

[14] V.D. Kupradze, T.G. Gegelia, M.O. Bashelishvili, and T.V. Burchuladze, Three-dimensional problems of the mathematical theory of elasticity and thermoelasticity, North-Holland Series in Applied Mathematics and Mechanics, Vol. 25, North-Holland Publishing Company, Amsterdam, New York, Oxford, 1979.

[15] C.J. Luke and P.A. Martin, Fluid-solid interaction: acoustic scattering by a smooth elastic obstacle, SIAM J. Appl. Math. 55, pp. 904–922 (1995).

[16] D. Natroshvili, S. Kharibegashvili, and Z. Tediashvili, Direct and inverse fluid-structure interaction problems, Rend. Mat. Appl., VII Ser., Roma 20, pp. 57-92 (2000).

[17] D. Natroshvili, G. Sadunishvili, and I. Sigua, Some remarks concerning Jones eigenfrequencies and Jones modes, Georgian Mathematical Journal 12, pp. 337–348 (2005).

[18] J. Nocedal and S.J. Wright, Numerical optimization, Springer-Verlag, New-York Berlin Heidelberg, Springer Series in Operation Research, 2000.

[19] J. Schöberl, NETGEN: An advancing front 2D/3D-mesh generator based on abstract rules, Comput. Vis. Sci. 1, pp. 41-52 (1997).

[20] O. Schenk, K. Gärtner, and W. Fichtner, Efficient sparse LU factorization with left-right looking strategy on shared memory multiprocessors, BIT 40, pp. 158–176 (2000).