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Abstract

We consider finite-dimensional, time-continuous Markov chains satisfying the detailed balance
condition as gradient systems with the relative entropy £ as driving functional. The Riemannian
metric is defined via its inverse matrix called the Onsager matrix . We provide methods for
establishing geodesic A-convexity of the entropy and treat several examples including some more
general nonlinear reaction systems.

1 Introduction

In this work we mainly consider reversible Markov chains with a finite state space and with continuous
time. The starting point is that the reversibility condition, also called detailed balance condition, for
Markov chains or for more general reaction systems provides a gradient structure with the relative en-
tropy as the driving functional. The associated metric gives a discrete counterpart to the Wasserstein
metric used for the Fokker-Planck equation in [JKO98, Ott01].

The present work was motivated by a generalization in [Miella] of the gradient structure for the
Fokker-Planck equation to general reaction-diffusion systems, where the reactions satisfy a reversibil-
ity condition. The point is that the diffusion terms and the reaction terms can be written as a gradient
system with respect to the same relative entropy. It is even possible to keep the gradient structure
when adding the physically proper energy equations for the temperature, see [Miella, Sect. 3.6] and
[Miellb].

The Markov chains discussed in this paper are special cases of reversible reactions, namely “ex-
change reactions” that lead to a linear ODE system instead of the more general polynomial right-hand
side in the mass-action type reactions. Similarly, the linear Fokker-Planck equation can be seen as a
special case of more general diffusion systems. The gradient structure found in [Miella, Sect.3.1]as a
special case of more general reaction-diffusion systems was found independently in [Maall, CH*11].
It was also used in [AM*11] to show convergence from a Fokker-Planck equation to a simple Markov
chain in a certain scaling limit.

To explain this structure, we consider a Markov chain defined on the discrete state space {1, ...,n}
via
= Pu with P = (Py)ij=1..n €R"
Here F;; > 0 is the rate for a particle moving from state j to 7. For j = i we have P;; =
— > iz Pij < 0. Here

J

def

u=(uy,....,up) € X, = {ueR"|u; >0, > 7" u=1}



is the vector of the probabilities on the state space. The Markov chain is called reversible if there exists
a positive steady state w € X,, (i.e. w; > 0) such that

Tij d:ef Pijwj = szwz = Tji for all Z,j - {1, ,n} (1.1

The gradient structure is given in terms of the relative entropy

n
E(u) =) u;log(u;/w;)
i=1
and the Onsager matrix
K(u) =Y my A%, o) (ei—ej) ® (ei—e;) € R,
i<j
We say that the Markov chain & = Pu is given by the gradient system (X, F, K), since
= Pu=—K(u)DE(u),
see Proposition 3.1. Here K is the inverse of the Riemannian tensor G(u) = K (u)~' defined on
Rl ={veR"|v-e=0}.

The function A : [0, 00> — [0, oo[ used above plays a central role in the present theory. It is the
logarithmic mean of a and b and is given by

a—>b

Aa,b) = ——————
(a,) loga — logb

fora #b and A(a,a) = a, 1.2)
and hence is analytic. All its relevant properties are discussed in Appendix A. Some specific properties
are encoded in the function ¢ : 0, co[ — ]0, oo given by

0€) € max{A(1,r)—&r|r>0Y) (1.3)

As r +— A(1,7) is increasing and concave, ¢ is decreasing and convex. Moreover, it satisfies the
surprising relation
((8.A(a,b)) = OpA(a,b) foralla,b> 0.

The focus of this work is to provide conditions on the matrix P such that the relative entropy £
is geodesically A\-convex with respect to the Riemannian tensor G(u) = K (u)~'. This means that
s — E(v(s)) is A-convex for all geodesic curves 7 : [s,, sp] — X, i.e.

0(1-0)

E(v(s9)) < (1=0)E7(s0)) + 0E(7(s1)) + A=

(51—50)2

forall @ € [0,1] and sg,$1 € [Sa,sp), Where sy = (1—0)so + Os1. We simply say that E is
geodesically convey, if it is geodesically 0-convex. Of course, geodesic A-convexity implies geodesic
p-convexity for all 1 < A. Throughout this work the statement about geodesic A-convexity never
means that the corresponding A is optimal, i.e. as large as possible.

The important point for our analysis is that the question of geodesic convexity can be analyzed in
terms of the triple (X, £, K') without ever calculating the Riemannian tensor GG or the Riemannian



distance function dg. This is discussed in Section 2, where we display two approaches. First, we use
the implicit form of the geodesics  and calculate the second derivative of £ o . Second, we follow
the approach in [OtWO05, DaS08] where the length change of general curves during transport with the
flow is characterized. The criterion for geodesic A-convexity for a Markov chains & = Pu = —Au
reduces to the estimate

Vue X: M(u)>AK(u), where M(u) =1(K(u)A" + AK(u) — DK (u)[Au]).

1
2

Starting in Section 3.2 we provide simple results on geodesic A\-convexity. In Section 4.1 we provide
our first structural result stating that for all Markov chains there exists some A such that £ is geodesi-
cally A\-convex. However, the construction is rather implicit and does not provide useful bounds. In
Theorem 4.6 we consider the special case of reversible Markov chain with sz > (forallz < j.Using
a different proof we are able to provide an explicit bound for \ in terms of alll Pij and w;.

In Corollary 4.4 we provide a quantitative result for special reversible Markov chains arising from a
finite connected graph as follows. Denote the vertices by {1, e n} and set sz = 1 whenever 7 and
J are connected by an edge and P;; = 0 otherwise. Then, w = %é withe = (1,..., 1)T is the steady
state. Define m = max{ —P;; | ¢ = 1,...,n }, which is the maximum possible number of neighbors
of all vertices, then the relative entropy is geodesically \,,-convex where \,, depends only on m but
not on n.

Section 5 is devoted to simple ordered Markov chains with nearest-neighbor transitions, as they
occur in discretizations of a one-dimensional Fokker-Planck equation @ = (uz + u‘A/x)x We are
motivated by the geodesic A-convexity of E(u) = fol ulog(u/w)dz, where w(z) = e V@ and \ =
inf{ V"(z) | = € [0,1] }, see [AGSO05]. For the case X > 0 we are able to construct discretizations
in the form of linear Markov chains with gradient structure (X,,, £, K,) in such a way that E,, is
geodesically \,-convex with A, = 2n2(1 — e=>@"*)) — Xfor n — oo.

In Section 6 we show that the techniques for estimating geodesic A-convexity developed for Markov
chains can also be applied to nonlinear reaction systems with the gradient structure established in
[Miella, Sect. 3.1].

2 Geodesic convexity

We consider for u € X C R" the gradient flow
Gu)u = —DE(u) <= 4=—-K(u)DE(u)=—f(u).

Here £ : X — Riis an energy functional and G(u) = G(u)* > 0 denotes the metric tensor at
the point u. We consistently use the inverse K (u) = G(u)™!. We call the symmetric and positive
semidefinite matrix /& (u) the Onsager matrix, as it is used in thermodynamics to relate the rate 1 with
the thermodynamic driving force —D E/(u), which encodes the Onsager symmetry relations and the
Onsager principle, see e.g. [Ons31, OnM53, Ott05, Miel1b].

We are interested in geodesic \-convexity of the functional £ with respect to the metric G. Since
in our case (G and the induced distance dy are only defined implicitly, it is desirable to characterize
the geodesic convexity via K only. We do this in two different, but equivalent ways. First, we derive the



defining equation for the geodesic curves in terms of K and then study the convexity of £ along the
curves. Second, we use the ideas from Otto-Westdickenberg [OtW05] and Daneri-Savaré [DaS08] on
the evolution of length elements along the gradient flow in our simplified ODE case, where everything
is smooth.

2.1 Geodesic curves and geodesic  A-convexity

Here we show how to characterize the geodesic curves in terms of the Onsager matrix K rather
than of the Riemannian tensor (. Throughout we assume that the space X is an open subset of
w + Xo, where X is a finite-dimensional linear space. We assume that for all © € X the matrix
K(u) : Xo — Xj is invertible, defining the metric tensor G (u) : Xy — Xo. Thus, geodesic curves
u=y(s)in X C w+ X satisfy the classical Lagrange equation

d/o 0 1
—— (=L ,’>+—L .Y) =0, where L(v,v) = =" G(v)Y.
3 (20 + 5 1007 (1) = 57 G
Since in our case G is only known implicit, it is more convenient to use the Hamiltonian version of the
Lagrange equation. Introducing the dual variable p = B%,L(v, 7') = G(v)7" and the Hamiltonian

H(v,p) = ip - K(v)p we obtain the equivalent system

, 0
v =5 Hvp) = KO)p
p
/ p . 2.1)
p = —%H(v,p) =3P DK (v)[d]p,

where b = p - DK (y)[O]p denotes the vector defined viab - 3 = p - DK (y)[5]p. The elimination of
~' via p is in fact the finite-dimensional counterpart to the famous approach by Benamou and Brenier
[BeBO0OQ] for characterizing the Wasserstein distance via geodesics.

Thus, we may characterize geodesic A-convexity of a function £ : X — R easily by asking
that the composition s — FE(v(s)) is A-convex for all geodesics © = ~y(s). This property can be
characterized by local expressions using the second derivative in the form

CLB(G() 2 W(5) - ) (9)
Using (2.1) and the relation
d2 d ! / 2 / d
2 F0) = - (DE(V(5) -/ (5) =7 - D*E()Y + DE() - —(K(7)p)

we find the condition

7' -D*E(y)y' +DE®) - (DKM Ip+ KM)p) =M -Gy

Substituting 7' = K(y)p and p’ according to (2.1) we obtain a formula in terms of ~ and p only,

namely
p-M(y(s))p > Ap- K(y(s))p forallsand p € X, where

p-M(up < p- K(uD*E(u)K (u)p+ DE(u) - DK (u)[K (u)plp (2.2)
— 5p - DK (u)[K (u)DE(u)]p.

4



Because the latter condition is quadratic in p, geodesic A-convexity of the functional £ : X — R
with respect to the metric G = K='is equivalent to

Vue X: M(u) > MK (u) (2.3)

in the ordering sense of symmetric matrices, meaning that M (u) — AK (u) is positive semidefi-
nite. In fact, the form of M can be simplified when using the (negative) vector field u +— f(u) =
K(u)DE(u), namely

M(u) = L(K(u)Df ()" + D (w)K (u) — DK (u) (). (2.0

The formula is especially simple for linear vector fields f : u — Au, namely

M(u) = %(K(U)AT + AK (1) ~ DK (u)[Au]). 2.5)

In the general case, M can be obtained as the derivative of K along the vector field u — f(u) =
K (u)DE(u) in the following sense. Define ®; : X — X to be the (local) flow of & = — f(u). Then,
the transport of (1, K (u)£) along the flow is given by (D®;(u)~Tn, K(®;(u))D®;(u)~T) and we
find d
200, M(w)€) = = {DPi(u) T, K (@,(u))DP,(w) )| . 26
If G and K are constant, the previous form (2.2) is more appropriate, and we recover the standard
conditions

(KD*E(u)K @, ¢) > M(K¢,¢) <= (D*E(u)v,v) > NGv,v).

Remark 2.1 (Bakry-Emery conditions)  Our definition has some similarities to the conditions of Bakry
and Emery [BaE85, Bak94]. There, two symmetric bilinear mappings I'; and I'; are defined via

(Lrl(fa g)_rl(Lf7 g)_rl(fa Lg))7

N —

Li(f,0) = 3 (E(7g)~ fLg—gLf) and Tu(f,g) =

where L is the generator of a diffusion semigroup. The analogy of the pair (Fl, F2) with the pair
(K , M ) is seen in (2.5) and (2.6). Moreover, the condition of A-hypercontractivity reads

209(f, f) = AL'1(f, f) for all sufficiently smooth f, (2.7)

which matches (2.3). However, there is a major difference because in the Bakry-Emery theory the
state space is assumed to be an ordered algebra with a product I'o(f,g) = fg. Moreover, the
hypercontractivity condition (2.7) has to be fulfilled in the sense of this ordering =, rather than in
the sense of quadratic forms as in (2.3). Thus, our condition seems to be weaker but still sufficient
for geodesic A-convexity. We refer to the formal calculation in Section 5.1 where the Fokker-Planck
equation is treated with the counterpart of our condition (2.3).



2.2 The Otto-Westdickenberg characterization

The idea of Otto-Westdickenberg [OtWO05] (see also Daneri-Savaré [DaS08]) uses the rate of change
of infinitesimal line elements. For this one needs the first variation along the flow in the form

v = —Df(u)v = —DK(u)v|DE(u) — K(u)D*E(u)v.

By n = (G(u)v, v) we denote the square of an infinitesimal line element. The statement of [OtWO05]
is that geodesic \-convexity of F is equivalent to the fact that the solutions v satisfy

N < —2An. (2.8)

Inserting the evolution law for  and v into 1) = (DG (u)[@]v, v) +2(G(u)v, ©) we find the necessary
and sufficient condition

(DG (u)[~ K (u)DE(u)]v, v)4+2(G(u)v, —DK (u) [v]DE(u) — K (u)D*E(u)v) < —2XMG(u)v,v)

for all ©w and v.

As the Onsager matrix K is given explicitly (in contrast to the Riemannian tensor (), the Benamou-
Brenier substitution p = G(u)v (cf. [BeB00]) is convenient.
Employing DG (u)[¢] = — K (u) "'DK (u)[¢] K (u)~* we find the condition p- M (u)p > Ap- K (u)p,
which is exactly (2.3).

2.3 Benefits from geodesic convexity

So far we have concentrated on the triple (X, £, K) as a gradient system. However, the metric tensor
G = K~! generates a distance d; : X x X — [0, oo[ in the usual way:

dr (ug, uy) = inf{ f01<u,G(u)u>1/2 |u e C([0,1], X), u(0) = ug, u(l) =uy }.

Thus, we may consider also the metric gradient system (X, E, d) in the sense of [AGS05]. The
theory there clearly shows that systems with geodesic A-convexity have a series of good properties.

First, we have a Lipschitz continuous dependence of the solutions w; on the initial data, namely
dic(uy (1), us(t)) < e Mdg(u1(0),uz(0)) forallt > 0.

In particular, for A > 0 we have a contraction semigroup. If A > (0 we obtain exponential decay
towards the unique equilibrium state w, which minimizes F, i.e.

di(u(t), w) < e Mdg (u(0), w).

Second, the time-continuous solutions u : [0, oo[ — X can be well approximated by interpolants
obtained by incremental minimizations. Fixing a time step 7 > 0 we define iteratively

Upyy = Arger)r(lin <E(U) + g dic (s, u)2>



For geodesically A-convex E the minimizers are unique for 7 € ]O, 7'0[ if 1/7'0 + A > 0. Moreover, if
u is the time-continuous solution with u(0) = ug and if @ is the left-continuous piecewise constant
interpolant of (u],)xen, then

di (u(t), @ (1)) < C(ug)v/T e ™ fort >0,

see [AGS05, Thms. 4.0.9+4.0.10], where A, = Afor A < Oand \, = %log(l%—)ﬁ) for A\ > 0.

Another important reason for studying geodesic A-convexity is the recently established connections
between the Ricci curvature, optimal transport, Wasserstein diffusion, and geodesic A-convexity of the
relative entropy, see [VRS05, LoV09, BoS09, Maall].

3 Reversible Markov chains

3.1 An entropic gradient structure for Markov chains

We consider general Markov chains on 7 states and set

X € {u=(ur,...,un) ER" |4; >0, u;=1} C e +Ry

av’
J=1

wheree = (1,...,1)Tand R?, = {v € R" | v - @ = 0 }. The system is given by
U= Pu=—Au, where P;; > 0fori# jand P; = — Z Pj;. (3.1)
jiji
Here P;; > 0 is the transition rate from j to 1.

We assume that there exists a unique positive steady state w € X, and define the relative entropy

E(u) =) u;log(u;/w;). (3.2)
=1

The crucial assumption is the reversibility, also called the condition of detailed balance, namely
Pjw; = Pjw,; fort,j =1,...,n. (3.3)
with W = diag(w) this means PW = (PW)T = W PT.
Obviously, the Markov chain (3.1) has two different linear gradient structures, namely
Gi1iu = —DEy(u), Gyu=—DEs(u), oru=—KDFEi(u) =—Ky;DFEs(u)
with

Ei(u) = 2(-W™'Pu,u), K1 =W = G7', E>(u) = 3(W ™ 'u,u), and K, = —PW.

For these systems we obviously have geodesic convexity, as £ and F, are convex and G; and Go
are constant.



However, we are interested in the Wasserstein-type gradient structure where the Onsager matrix
K(u) is homogeneous of degree 1 in u and the driving functional is the relative entropy. This gradient
structure was introduced in [Miella, Sect. 3.1] in a more general nonlinear context of reaction systems
and independently in [Maall, CH*11].

Proposition 3.1  The Markov chain (3.1) has the gradient structure (X,,, E, K') with the relative en-
tropy £ from (3.2) and the Onsager matrix

n j—1
K(w) =73 Pju A(%’ %) (ei—e;) @ (ei—ej), (34)
=2 i=1 v

where e; € R"™ denotes the i-th unit vector, and A is defined in (1.2) and discussed in Appendix A.

Proof: Equation (3.1) is easily obtained by using DE(u) = (log(u;/w;)+1)i=1,. ». Multiplying this
vector by e;—e; we obtain the denominator of A(ﬂ “—J) Hence,

w;? wy
n J7d U U
K(u)DE(u) = ; ;Pijwj <EZZ - w—i) (e;—ej) = —Pu,
where we used the detailed balance condition (3.3) in the last equality. ]

Note that £ and K5 can be obtained via linearization of (£, K'), namely

Es(u) = iD*E(w)[u, u] and K, = K (w). (3.5)

We also want to mention that there are many more possible gradient structures. Taking E(u) =
>y &i(u; /w;)w; for some strictly convex ¢ and

n j—1
~ , a—>b
K(u) = E E Piw;® (%, Y (e;—e;) ® (e;—e;) with®(a,b) = —————< > 0,
( ) — = i (wZ w])( ]) ( ]) ( ) éb/(@) _ (b/(b)
it is easy to generalize Proposition 3.1. It follows that the gradient system % = —I?(u)DE(u) equals

the original reversible Markov chain . = Pu.

The choices ¢(p) = %,02 (giving & = 1) and ¢(p) = plogp (giving & = A) lead to the above
gradient system (X, F, K3) and (X,,, E, K), respectively. The case ¢(p) = plog p is singled out
by the fact that it is the only one giving the 1-homogeneity

K(yu) = yK(u) forally >0andu € X,,.

Our main concern is the geodesic convexity of the relative entropy in Markov chains with respect
to the metric defined via K, which depends on all the transition rates and the equilibrium state w. We
first discuss a simple criterion for geodesic convexity.



3.2 A few Markov-chain examples

By definition we have K (u)e = 0, and for the matrix M (u) defined in (2.4) this also holds as ATe =
0, i.e. we have

K(u)e = M(u)e =0 forallu € X,, wheree=(1,..,1)". (3.6)

Thus, a simple criterion for positive semidefiniteness of M (1) — AK (u) is the following.

Lemma 3.2 Assume that K and M are symmetric and satisfy (3.6) as well as
then (2.3) holds, i.e. F is geodesically A\-convex.

Proof: The result follows simply by the fact, that all off-diagonal elements of N (u) := M (u)—AK (u)
are nonpositive. Condition (3.6) implies that the diagonal elements satisfy

Nu(u) = — ZNij(“) = Z |Nw(“)‘
j#i JFi

Hence N is weakly diagonal dominant and hence positive semidefinite. In fact, we can write

N(u) = Y [Ny(u)|(ei—ej) @ (ei—e;) > 0.

2,J:1<J
This proves the result. ]

Before developing a more general theory we show that this criterion can be applied in a few easy
cases, where it supplies geodesic A-convexity.

Example 3.3 A special case occurs if for the Markov chain all transition rates are the same, e.g.

P;; = 1for ¢ # j. The steady state is w = %E, and we claim that £ is geodesically "T*Q-convex.
In this case we have A = —P =nl —€eé®e. Usingu - € = 1 and K (u)e = 0 we easily obtain
M(u) = n K(u) — ;DK (u)[nu—e].
In particular, for ¢ # j we have K;;(u) = —A;j(u) and, with @ = 1—u;—u; > 0, we find

2nM;;(u) = —2nA;(u) + 9Aij(u) (n—1)w;—u;—u) 4 0; Ay (uw) ((n—1)u;—u;—)
< =20l (u) + 0 Ay (u) (n—1)ui—u;) + 0;A;(w) (n—1)u;—u;)

UitU; A2

where the last identity follows by inserting the explicit relations (A.3) for the derivatives. With (A.1) we
obtain 2M;;(u) < —(n+2)A;; = (n+2)K;;(u), and Lemma 3.2 yields that E is indeed geodesi-
cally "T”—convex. We expect that the result is not optimal for n > 3. However, for u = w = %E we

can use (3.5) to obtain the upper bound n for the maximal A. Hence, we have A% ¢ ["T*Z, nJ.



The next example shows that in general we cannot expect A > 0, in general.

Example 3.4 (Geodesic A-convexity with A < 0) We consider a reversible Markov chain for n = 3
with equilibrium w = (1,¢,1) and

2 —1/e -1 Ao+ Az —Ayp SASE!
A=-P=| -1 2/ -1 and K(u) = —Nip A+ Ags —Ao3
-1 -1/ 2 — A3 —Aoz A3+ Agg

where A;; = A(p;, p;) with p; = u;/w;. We calculate M (u) = 3 (K (u)AT+AK (u)—DK (u)[Au])
explicitly and find, for u, = (1,1,1) and e = 1/100,

1+A, —A, -1 778 —2854 2076
Ku)=| -A 20, —A, |, M)~ —2854 5708 —2854
—1  —A, 1+A, 2076 —2854 778

where A, = A(1,100) ~ 21.498. From this we see that the geodesic \-convexity to be proved in
Theorems 4.1 and 4.6 can only hold for A < A\, ~ —55.23, as M (u,) — MK (u.) is not positive
semidefinite for A > A,.

Example 3.5 (Markov chains for n = 2) For n = 2 every nontrivial Markov chain is reversible with

w=(#,1-0)and A = —P = ,u(le__el _09) for 1+ > 0. We obtain

1 -1 1 -1
K(u) = KA12<_1 1) and M(u) = m(u)(_1 1)
where & = uf(1-0), A1z = A(p1, p2) with p = (p1, p2) = (u1/6, u2/(1-0)) and
K
m(u) = prdss = 5 (1=0)9, Alpr. p2) = 00 A p1, 92)) (1 = p2).
Geodesic A-convexity is equivalent to m > AxA for all p. Using (A.3) we find
=2 (1=0)0, A1, p2) — 005, M(p1, p2)) = 1= (52 + L) A(py, pa) < c(6),

where we denote by ¢(#) the maximum over all p; > 0. Using (A.1) we easily obtain 1 > ¢(§) >
1-24/6(1—60) > 0 = ¢(1/2). Thus, the two-dimensional Markov chain is geodesically A-convex for
A= u(l—c(f)/2) > p/2. Taking . = 2 and § = 1/2 we obtain A = 2 as in the case n = 2 of
Example 3.3.

3.3 The complete metric space (X, dx)
Above we have seen that any reversible Markov chain & = Pwu can be understood as a gradient
system (X,,, E/, ), where the Onsager structure K is the inverse of the Riemannian metric G. As

explained in Section 2.3 we can introduce the distance dg : X,, x X,, — [0, oo[. We rewrite the
formula explicitly in terms of K (i.e. in the Benamou-Brenier form [BeB00]):

dK(uO,ul)Zinf{ /0 (€(s), K (u(s))€(s) 2 ds | @ € WH([0, 1]; X,),

u(0) = o, u(1) = ur, i(s) = K(u(s))&(s) }-

10



So far, X, is the open set with u; > 0 for all 2. We want to show that d can be uniquely extended
to the closure X ,, = Prob({1,...,n}), i.e. there is a unigue continuous extension of dx to X ,, X X ,.
Moreover, this extension turns (Ym dk ) into a complete metric space, whose topology is the same
as the standard Euclidean topology on X, C R™.

We need to estimate the metric G from above near the boundary of X,,. Hence, K has to be
estimated from below, and we set

def def

m = min{ Pw; | P; >0} >0 and A(u) = min{ A(u;/w;, u;/w;) | P;j >0}
Because the cotangent space to X, is given by & € R™ with £ - € = 0, we have

|§|2 2n2 ZZ 123 1( 5j)2~ (3.8)

Recall that the Markov chain (X, F, K) is assumed to be irreducible. Hence, for every pair (i, j)
there exists a chain i = ko, k1, ..., kz = j withmw < n—1suchthat Py, %, > mform =1, .., m.
We now estimate

(&— Z Sk =)’

< (n—1) Z Proyo ik Eﬁ(/;km 17pkm>(§km71—§km) < nA—( 1) (€ K(u)e).

Inserting this into (3.8) gives (&, K (u)€) > 2n*m A(u)|£|?/(n—1). Using the lower estimate A(a, b) >
v/ab from (A.1) and the abbreviations u = min{ u;|j = 1,...,n }and @ = max{ w;|j = 1,...,n }
we have A\(u) > u/w. As a consequence, for a given Markov generator P there exists a constant
C > 0 such that the Riemannian metric G = K ~! satisfies

1=

m=1

(v, G(u)v) < Clv|*/u forallvwithv-e=0andallu € X,. (3.9)

Consider any sequences (U, )men and (U, )men With
Uy, — u and Uy, — u inX,,

where convergence is meant in the Euclidean sense. We will show that (d k (%, U, ) )men is @ Cauchy
sequence such that d (u, u) will be defined as lim,, oo dg (U, Uy,). Then, dg © X, x X,, — R
is continuous.

To show convergence of (dx (U, Um))men We use the triangle inequality
|d i (Ui s Unn)) —d e (g, W) | < dc (g, )+ d i (U, 1)

Thus, it remains to show that d  (u,,, u;) converges to 0. For u € X, this is trivial, as d g (U, u;) <
A (U, u) + d (u,u;) — 0 as the Euclidean metric is equivalent to d . on compact subsets of X,.
For u € 0X,, choose ¢ > 0 and take m, ! € N so big, that |u,,—u|, |u;—u| < . Using the point
u® = (1—¢e)u + £€ € X,, we can estimate

A (U, ) < di (U, u®) + dg(ug, u).
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Defining the linear path U(s) = (1 — s)u,, + su® we have U = u®—u,, giving |U| < 2¢. Moreover,
for all j we have U;(s) > se/n, and using (3.9) we obtain
@4 2

dﬂwmw)glkaaummUW%ngf( gfﬂ®:4mcaﬂ?

ES

As ¢ > 0 was arbitrary we obtain the desired result dK(um, ul) — 0 and conclude that dx has
a well-defined continuous extension to X,, X X,,. We note that points on the boundary 0.X,, may be
connected with geodesics that lie inside X, except for their endpoints.

4 Geodesic A-convexity for Markov chains

4.1 A general result on geodesic  \-convexity

In this section we show that every finite-dimensional reversible Markov chain is geodesically A-convex.
Enven though our theory is finite dimensional, this result is nontrivial: On the one hand the Onsager
matrix /', which is formed with the entries A(p;, p;) with p; = u; /w;, is not uniformly positive definite
on the state space X,,. On the other hand, the matrix M(u) depends in a complicated manner on
p = (uy/wn, ..., u,/w,), in particular through the derivatives of A(p;, p;). The proof uses several
special properties of the function A that are discussed in Appendix A. In particular, the derivatives
0,,A(ps, p;j) cannot be simply estimated by A(p;, p;), but rather correct signs need to be used.

Theorem 4.1 Let & = Pu be a reversible Markov chain with P € R™*", i.e. it is reversible with
respect to the strictly positive steady state w € ]0, 1[". Then, there exists a A € R such that the
entropy E(u) = Zf\il u; log(u;/w;) is geodesically A-convex with respect to the metric defined by
K givenin (3.4).

The remainder of this subsection forms the proof of the above theorem. As the case n = 2 is trivial
(see Example 3.5), we assume n > 3 for the rest of this section. While there is a much shorter proof
for the case when all transition coefficients R-j, 1 # j, are strictly positive (see Section 4.2) we have to
introduce some notation for the general result discussed here. We define the set & of transition edges
via

¢={ijli<yj, P; >0} and ne=#€C.

Moreover, we define a connection matrix .S € RNexn yig

1 ifi=k,
0 else.
Thus, we can rewrite the matrices A = —P, K (u) and M (u) in the form
A=SPSW™ K(u)=SL(u)S, M(u)=SM(u)S, (4.1)

12



where we use the abbreviations
W:diagw, Wij:PZ’jwj:ﬂ'jiZOfOI’i%j,
P = diag(Il;j);5ce, L(u) = diag(mjA(ui/ws, uj/wj))iee

Reversibility of the Markov chain & = Pu means that W~! = diag(1/w;);=1, . exists and that
AW = (AW)T =W AT,

For the future analysis it is more convenient to express the matrices KK, I, and M in terms of the
relative densities p; from u = Wp via

which gives the final formulas

L(p) = diag(m;;A(pi, p;)) Feer M(p) = = (LSP+PSL — DL(p)[W AW p]),

N —

where S = STWW~15* € RNexNe Note that in the last term we have Au = AW p (for the formula
(2.4)) and that there is an extra W' because of DIL(u)[v] = DL(p)[W 0]

From the special form of M = S* M S and K = S*LS itis obvious that it is sufficient (but by far
not necessary) for geodesic A-convexity that

IAVp €]0,00[": N(p) E 2M(p) — 20L(p) > 0. 4.2)

The main point of these representations is that £ and IP are diagonal matrices. All non-diagonal
terms are induced by the matrix S only. In particular, changing A only changes the diagonal entries of
N in a monotone way. The structure S € RNexNe g comparably simple, namely

L4 L i) =k,
L ifij#kland (i=k=morj=1=m),

ST_: Wm 7 J—
ikl —L ifij #kland (i=l=morj=k=m),

0 if {i,5} N {k,1} =0.

Thus, all nontrivial off-diagonal terms are associated with a pair of two edges having one common
endpoint. The signs of Sfj 77 Will not matter in our estimates.

Using the shorthand notations
Nij = Mpi,pj) and  Ayjp = 9y, Apis pj)

the entries \/7 7; take the form

Nigiz = 2t )mig + g (Mg T2 4 Ay 22 — 200y5),
Ni—j B = Tij TS5 71 (Ag+Aw).

The following lemma will be used to establish positive definiteness of N

13



Lemma 4.2 Consider a symmetric matrix I' € R#*#_ |f

Vae{l,...,u} v5 with v5 >0, (4.3a)

I
HMt

Va ;é 6 : Faﬁ — fyaarylﬁﬁ7 (43b)

then, I' is positive semidefinite.

Proof: For all ¢ € R* we have

£T¢ = Z Taols + Y Taplals = D voabe = Y (10a155)*1€atsl

a#f3 a,B a#B
2\1/2 o\ 1/2
>3 08— (D) T s T =0
a#B a#B a#B
This proves the desired result. ]
To apply the above lemma, we need to find a proper splitting of NUU into nonnegative parts as in

(4.3a) such that the off-diagonal terms can be controlled as in (4.3b). For this we have to analyze the
occurring terms in more detail. We first split them into three groups via

_ 1 11 111
N = Ng + N + N5,
where N% = 271'”(— —)A” + 7T2'j (A” ZPMpZ + AU ]P ]pj) — 27TZ])\AZJ , (4 4)
Ny 3 (g ) amt (A )
lg{i,g}

Note that the terms involving the derivatives AW and Aij,j are distributed to the three parts according
to their properties. All terms in N%. have upper and lower bounds in terms of Az-j by using (A.4a).

In NZ% we have collected the interaction with vertices [ & {7, 7}, while NZ%I features an important
interaction term. The crucial estimate

w2 w2

NI S ij A2 1+L “AY>S——— Y A>O 4.5

1y — max{w“w]}( (Pz Pj ) Z]) - maX{’LUz,w]} Y= ( )
follows via (A.4b). It will be important to use the first estimate from (4.5), which is much sharper for
pi 7 pj than the lower bound by A;; given in the second estimate.

We now define the splitting (4.3a) of the diagonal elements /\/'ij,-j Ekle@ m. If {i,7} N

{k,1} = 0 we simply let N =0 = N"_ since the corresponding non-diagonal entry Ni—jm

J Zj klkl
equals 0 as well.

Now consider ¢j € € fixed and define ny; € {1,...,2n — 2} as the number of edges k1 such
that {4, j} N{k, 1} # (. These edges have elther the common vertex ¢ or j. Without loss of generality
we may assume j = k as the ordering of the vertices does not matter here. We further define the set
of all neighbors of j, namely 0, L {ke{l,..,n}|jk €Corkj € €} andlet n; = #MN,.
Since j € N, and i, k € N, we have n; € {2,...,n — 1}.

14



Thus, we have k1 = jI forl € M; \ {i} and can set

N (4.6)

ﬁ 7T,LJ7TJl
N 7TZ] ijlAlj_l— AZJJpl+n'—l ij)

1j1]
where we followed the same splitting strategy as in (4.4) and used n > 3. The constants Vil =
v5775 € Rwill be chosen later and we set v754; = 0 for {4, j} N {k, [} = 0.

Finally, we set N7 = N

i Zkl?ﬁw _l and obtain the lower bound
Zjlj

NLJ > 71'” (27‘(‘”( 1 —|—ij) —+ mln{P“,P]j} — 2)\ — Z VEH)AU

ijig
kl#ij

After having chosen all Viiki We find a desired A via

\ = %min{ 27Tij(wii—|—wij) — max{|Pyl, | Pj;|} — Z ViiE } ij €C } 4.7)
kl#ij
Thus, (4.3a) is satisfied, if all N __are nonnegative as well, and it remains to establish the estimate
(4.3b) for the non-diagonal entrles. Then, Lemma 4.2 can be applied and Theorem 4.1 follows.

To estimate the nontrivial non-diagonal entries NJH as assumed in (4.3b), it again suffices to
consider the case kl = J 71, as the other cases are analogous. The conditions in (4.3) are equivalent

to -
Nt e [ Non Naz )
N N

155l 1751

in the sense of positive semidefiniteness of the matrices. Multiplying from left and right by the diagonal
matrix diag(m;;As;, mjA;1) /2 this is equivalent to

_ __ il il
VijTi < - ) + B (p) >0, where B! = ( B~ By )

0 1 Bzggl Bzygl
75l Tij mit A
Blfj > (ﬁj—l)ma;({wi,wj} (Aw(i—i_%) - 1) wjjl AJJp b
| r)L/2
with B39 = %((Aw/!\jz)m + (A /Aij)'?),
j
ijgl T j 1 1 Tig
325] 2 (ﬁj—l)m;;{wj,wl} (Aﬂ(p_f’_ﬁ) N 1) +ta J“p“

where we already used the lower bound (4.5) for NI,

Thus, the validity of (4.3b) is shown if we are able to show that the eigenvalues of the symmetric
matrices B! (p) are uniformly bounded from below for all p € ]0, co[". The difficulty lies in the fact
that the entries are unbounded (while being 0-homogeneous), and the task is to control the negative
part of the eigenvalues.

Clearly, the lowest eigenvalue decreases if we decrease the diagonal entries or increase the off-
diagonal entry of B!, Using Azy( o Ly -1 > 1AU( pi) (cf. (A.4b)), it suffices to find an
J
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estimate from below for the eigenvalues of oz”]ngml (pi, pj, p1) Where

Aijj
Colpi pir 1) def Aij(i‘i‘p%) + —A:]’.Jpl B(Aij/Ajl)l/z + B(A jl/Aij)l/z
1 Mg — A ’
’ ! 6(Aij/Ajl)1/2 + 6(Ajl/Aij)1/2 Aﬂ( 1 —0—;) + /{l/ i
agz = min{gE—a o ™ T}, and f = (rum 2

max{w;,w;}’ w;’ 2(7;—1) max{w;,w;}’ ijjl — Q5577 Wi

We now employ the following result, which is proved in Appendix B.

Proposition 4.3  There exists a continuous, decreasing function g : [0,00[ — R such that for all
B >0andallr,s,t > 0we have Gg(r,s,t) > g(B)I.

Thus, we are able to conclude that the eigenvalues of B3l are bounded uniformly from below by
a75779(B7;71)- Hence, N1 il s positive semidefinite for all p if we choose vl = —a5719(B571)-
Thus, we have established condition (4.3b) and Theorem 4.1 is proved.

In principle, the above proof for the existence of a A for geodesic A-convexity is constructive. How-
ever, we do not have an explicit bound for g, and the above estimate is not optimized for obtaining
good lower bounds values for \ in the geodesic A-convexity of the relative entropy F£. At this stage we

are content to establish the existence of one A € R. Note that in the definition of N we did not

iJ ZJ
457051

o~ Aij,ipl, which may indeed vanish if m; = 0. Note that w , jl € ¢ does not imply

use the term
il € €. However, if all m;; are strictly positive, this can be used to find a shorter proof for geodesic
A-convexity with an explicit bound. This is the content of the next subsection.

Nevertheless, we are able to derive a nontrivial quantitative result for special reversible Markov
chains associated with a finite and connected graph with vertices {1, ..., n}. Assume that P;; = 1 if
the vertices ¢ and j are connected by an edge and P;; = 0 else. Then, w = %E is the unique steady
state, and ﬁj = —-P; = Zi:i?ﬂ P;; gives the number of neighboring vertices for the vertex j. Our
result gives a bound on the geodesic A-convexity in terms of m = max{n; | j = 1,...,n }, which is
otherwise independent of 7.

Corollary 4.4 There exists a non-increasing function f : N — IR such that the following holds.
Consider a finite graph with n vertices and the special reversible Markov chain @« = Pu € R™ with
P;; = 1if7and j are connected and 0 else. Let w = %ET and

m=max{—-P;;|j=1,..,n},

then the relative entropy F is geodesically A-convex for some A = f(m).

Proof: We just go through the above proof and simplify all expressions using w; = 1/n and T €
{0,1/n}. We obtain o557 = 1/(n; — 1), 857 = 7;—1, and note that at most for 2m—2 edges
k[ we have Vil = (. With Proposition 4.3 the lower estimate (4.7) yields

of 1 N
A=fm) 2 5 (1=m+25m-1)),
which is the desired result. [
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As an example consider the infinite d-dimensional lattice of vertices z € Z with edges between z
and z if and only if |z—§| = 1 such that , = 2d for all z. Now take any finite subgraph with n vertices
and construct the special Markov chains as described above, then the Onsager system (X,,, E, K)
is geodesically A-convex with A = f(2d), independently of n.

4.2 Geodesic A-convexity ifall P > 0

Here we give a shorter proof of a weakened version of Theorem 4.1. The point is to establish a
more explicit bound and to provide a potential method for deriving sharper bounds for Markov chains
with suitable additional structures. We use Lemma 3.2 for showing positive definiteness of N (u) =
M (u) — MK (u), which cannot be strictly positive definite because of N (u)e = 0. Thus, we have to
establish M;;(u) < AKj;(u) fori < jand u € X,,. Good estimates on M;; will be obtained via
the following Proposition 4.5, which replaces the more technical Proposition 4.3. In the latter the two
partial derivatives 0, A(r,t) and 0;A(r, t) have to be collected from two different diagonal elements,
while here they occur directly as sum. The result is formulated in terms of the function ¢ defined in
(1.3).

Proposition 4.5 Define g(3) = 283 for 5 € [0,1/2] and g(3) = 48¢(1/(403)) for 5 > 1/2. Then,
for all 3 > 0 we have the estimate

Vr, st >0 B(A(r,s)+A(s, 1) — (0,A(r, ) +0:A(r, 1)) s < G(B)A(r, ).

Proof: We abbreviate A, = A(r, s) and A, = 0,A(r, s).

Defining v3(r, s,t) = 6“%”1“ — x5 we have to show v4(r, s,¢) < G(8), where we used

(A.4c). By the symmetry r < t and the 1-homogeneity we may assume 0 < r < t = 1 giving
A,s < Agi. Hence, it suffices to estimate

Ars _ A o) — 28 p( AL, U(Arr,/(28))
sup (20522 — S s) = sup 5L(55) < 26 sup SIS
0<r<1, s>0 0<r<1 0<r<1

where the last estimate follows from Ay,.,. > A% /r (cf. (A.4c)) and A1, > Ayrala=1 = €(Ay,), cf.
(A.4a) and (A.7c).

Since £ = Ay, ranges through [1/2, oco[ for r € ]0, 1], it suffices to establish

9(8) = sup{ 75(6) | £ > 1/2} = { 2(1)25)) g o1, here Tal€) = 52
Then, g(3) = 23 g(203) gives the desired result.

To calculate g(/3) we first consider 3 < 1. Because / is decreasing we easily find £5(¢) < 1.
Moreover, {3(£) — 1 for £ — oo implies g(3) = 1.

For 3 > 1 there exists a unique {3 € |1/2, 5/2[ such that {5 = (3{({s). According to (A.7a) for
each £ > 1/2 there exist , 0 € R such that

Ur)=¢€/B, lo)=¢& —k)=LUE/B), [(—0a)=L(E).
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Since / is increasing and 3 > 1, we have 0 > 0 and 0 > k. For { > {3 we have Z(/{) =&/ >
0(&) = {(—o) yielding Kk > —o. Hence, we have

Us(6) = "3’ = 4o = B ey < . where m(x) U (k)0(—r).

For the last estimate we used that |k| < o implies m(x) < m(c). This follows from the fact that m
is even and m/ (k) > 0 for k > 0.

For £ € [0,&3] we define o3 > 0 such that {g = ((03) (or £({z) = {(—op)) and kg :

0,05] — Rvia ((6) = B0(ks(c)). Hence, kg is increasing and has range [ks(0), —os], be-
cause of {(kg(og)) = U(0s)/ 0 = &3/ = U(&p) = ((—op). Using m/(kz) < 0and m/(c) > 0t
follows that o — m(kg(o))/m(c) is decreasing on [0, 05| and the maximum is attained at 0 = 0,

which corresponds to £ = 1/2:

U5(€) = BmUata) < gl — 2.0(1/(28)) = 5(3).

From £0(€) = m(o) > 1/4 we find § < g((3) for § > 1. Hence, § is calculated, and the desired
estimate is established. n

To establish geodesic A-convexity we use a similar notation as in Section 4.1, namely
mij = Pywy =1, A=—=P, Nj=MNpi,p;), Nijr = 0pNpi, ps),

where pp, = uk/wk. Using the definition of M and the identities

TT 41
Kij = —mylNij, Ky = —ZKiu Ay =—PFyj, Auy= ZPH >0, pig= Zw] )
1£i 1£i !
where i # 7, we find the explicit representation
2M; = Y (KuAj + Aukiy) + 7 (o Aiga(Aw)i + Mgy (Au);)
!
= ) pip(NatAg) — mAy (As + Ayy)
1{ig}
=7 (o Y i+ = Y ) 4 7 (e A (Aw)i + Ay (Au); ).
I#i I#5
For applying condition (3.7) for positive semidefiniteness, we observe that Kij = —Wiinj only

depends on p; and p;, whereas M;;(u) may depend on all py, ..., p,. Thus, we rewrite M;;(u) in the
form that highlights the dependencies on (p;, pj) and on all the others p;, namely

My (u) = M i(pi p) + 5 > Mii(pi. pj. pr), where (4.8)
I1¢{i.5}
Mij(pi, pj) = —mij (Aii + Ajj + Pij + Pii) Ai
+ 5 (piAij,iAii + pilij A5 — pilijiPi — piAij,jPij)a
Miji(pi, pj, pr) = mia( P—Pji) A + mjn( Pa—Pig) At = mi (Pilhizi + Pyizg) pr.
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Using (A.4) and Proposition 4.5 both terms can be estimated in terms of Aij via
Mij <fiymighy;  with fi;; = —min{ Ay, Aj;} — Py — Py — min{ P, P;;},
M < puijmij Ny with [, = m; min{ Py;, P; } 9(Bij1) (4.9)
and B = max{0, m; (Pj—Pj;), m;(Pu—Fij) /(3 min{ Py, Py }).

Thus, together with criterion (3.7) we can summarize and obtain the following result.

Theorem 4.6 Assume that . = Pu is a reversible Markov chain where all transition rates are positive,
i.e. P;; > 0forall i < j. Consider the gradient structure (X,,, E/, K) given in Proposition 3.1, then
FE is geodesically A-convex for

1 _ _ .
A= _§maX{Nij+lg:-}/~‘iﬂ\1 <i<j<nj,
2%

where 7i,; and /1,5, are given in (4.9).

We observe that the above arguments do not apply if 7;; = 0 and 7; > 0 for some ¢ # j and
l ¢ {i, j}. For that case, we need the more complicated and less explicit approach of Theorem 4.1.

Example 4.7 The above result allows for another simple example, where the convexity can be esti-
mated. Take any vector w € X,, withw - € = 1 and let

P=krw®e—kl, then P'e =0 = Pwand Pjw; = kw;w;.

Hence, w is the steady state of the reversible Markov chain. Applying the above theorem we see that
;i = 0 as P;; = Py by construction. Since Hij = —K — 2k min{w;, wj} we conclude geodesic
A-convexity for Ein (X, E, K)with A = k/2 + kmin{w; | i =1,...,n }.

Taking w = %E and k = n we recover the result of Example 3.3.

5 Discretization of a 1D Fokker-Planck equation

In this section we discuss a special Markov chain, which occurs as a discretization of a one-dimensional
Fokker-Planck equation. The points 1, ..., n are aligned and transitions only occur to the nearest neigh-
bor, i.e. P is a tridiagonal matrix. Before investigating this situation we show how for the associated
diffusion equation the geodesic convexity can be established. The proof involves several integrations
by part that are a guideline for the discrete setting.

5.1 Geodesic convexity for the Fokker-Planck equation

We consider the Fokker-Planck equation @ = div(Vu + uV\A/) on ) = R%. Here we only give a

formal argument motivating the geodesic A-convexity of the relative entropy under the assumption that
the potential V' is A\-convex, i.e. in the smooth case we have

¢ - D>V (x)¢ > N¢[ forall 2 € Qand & € RY.
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First, we apply the approach of Section 2 in a formal way by assuming that all functions are sufficiently
smooth and decay fast enough at infinity. The gradient structure of the Fokker-Planck equation is given
via

= —K(u)DE(u) with E(u) = / wlogu + Vudz and K(u)¢ = — div (uVe), (5.1)
Q

see [JKO98, Ott01]. To calculate the corresponding quadratic form M we use that the vector field
F(u) is linear with

F(u) = Au= —Au —div(uVV) and DF(u)*¢ = A'¢ = —A¢+Ve-VV.
Hence, using (2.4) and A(3|V¢|?) = |D?¢|? + V¢ - V(A¢) we obtain
(M(u)¢, ¢) = (DF (u)*¢, K(u)¢) — 5(¢, DK(u)[F (u)]¢)
= /Q (~Ap+VH-VV) (= div(uVe)) — 1 (~Au—div(uVV))|Ve|*dx

= [4(V(-20+76V7)-V6 + AGIVSP) - TV-VEITOP)) do
Q

_ / u<\D2¢\2 + v¢-D2x7v¢) dz > / WAV dr = Mo, K(u)d).
Q Q

Second, we emphasize that the above calculation can be turned into a full proof of geodesic X
convexity foIIAowing the analysis developed in [DaS08]. However, there are several other approaches
to geodesic \-convexity, also called displacement convexity in this context, see [McC97, AGS05]. We
also refer to Remark 2.1 to compare with the stronger pointwise Bakry-Emery condition (2.7).

In the next section we will use the above formal calculation as a guide line for arranging terms. In
particular, the fact that (M (u)¢, ¢) and (IC(u)¢, ¢) depend on V¢ only, will be mirrored in the fact
that in the discrete Markov chain the corresponding forms depend on the differences ;1 —wu; only.

5.2 Uniform geodesic \-convexity for the discretization
We now return to the one-dimensional case with constant mobility. Our aim is to find a spatial dis-
cretization of the corresponding Fokker-Planck equation that keeps the geodAesic coAnvexity-properties.

In particular, the discretization will be geodesically \,,-convex with A,, — A, and A is the best value
for geodesic A-convexity of the Fokker-Planck equation

1
U= (ug + uVp(2))s, us(t,0) =uy(t,1) =0, / u(t,z)de = 1. (5.2)
0
This equation is given by the gradient system (X, £, K) with

£(u) = /0 ' wlog(u/D)dr and K(u) = — div(uVD), 5.3)

where w(x) = e~V @) with 1/c= fol e~V dz. Itis geodesically \-convex where
A=mf{V"(z) |z €]0,1[}.
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Our discretization should be again a gradient system with a discrete relative entropy and an On-
sager matrix K such the gradient system is again a Markov process. On the state space X,, C R"
we define the energy functional £ and the Onsager matrix K as

E(u) =Y u;log(u;/w;) and K(u)=S"L(u)S,

(5.4a)
i=1
1 -1 0 - 0
where S = 01—l e R~Dxn (5.4b)
: . - - 0
o -~ 0 1 -1

and S* € R™*("~1) is the transposed of S. The diagonal matrix L = diag(£) € R(»~Ux(=1) jg
given via

L(u) = (Li(w))izr,..,

where the vector kK = (K;)i=1,...n—1 is still to be chosen and A : |0, 00[2 — 10, oo[ is given in (1.2).
As in Proposition 3.1 the gradient system (X, F, K) leads to

ne1 with £5(u) = kA (X% 2L,

w; ! Wit1

(5.4¢)

i = —=S"L(u)SDE(u) = =5 diag() S (ui/wi)i=1,..n = —Au,

where A € R™ ™ has the form

wr ws 0 0
__ K1 KitkK2 _ K2
w1 wa w3 :
A = S*diag(k)S diag(w) ™ = 0 0 e R™".
. En—2+kn—1 __En-1
' W —1 Wn,
Kn— Kn—
0 0 __ hn-1 n—1
Wn—1 Wn

Clearly, we have the equilibrium condition Aw = 0 and the conservation of total mass ATe" = 0.
We recall that in the continuous case K(u) is independent of the steady state w, which is not the
case for the discrete system. Nevertheless, we want to choose /K (u) such that it converges to C in
the discrete-to-continuous limit. For this, one has to choose k; suitably. The 1-homogeneity (A.5) of
A suggests to choose k; such that it is 1-homogeneous in w. Then, K (u) will be 0-homogenous
in w. Since k; corresponds to the transfer between the nodes ¢ and ¢+1, it is natural to choose the
symmetric variant

Ki = \/W; Wit1. (5.5)
Theorem 5.1 If (5.5) is satisfied and if for some (3 > 0 the concavity condition
W; Zeﬁ\/wi_lwiﬂ fori:2,...,n—1, (56)

holds, then the gradient system (Xn, E, K) given in (5.4) and leading to the Markov chain . = —Au
is geodesically \-convex with A = 2(1—e~%) > 0.
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If the special choice (5.5) holds it is useful to introduce the quotients
G = Vw1 Jw; fori=1,...n—1.

We observe that the concavity condition (5.6) is equivalent to
g >’ Giv1 fori=1,...,n—2. (5.7)

Relating w; to a potential V' via V; = v — log w;, we also see that (5.6) corresponds to a classical
convexity for V', namely

Vi<i(Viei+Vip) = p fori=2,...,n—1. (5.8)

Moreover, /{(u) and A can be expressed in terms of ¢, only. For K (u) simply note that £;(u) =
A(qiug, %uiﬂ). For A we find

O+ —5 0 Ce 0
—q1 q%+CI2 ~
A= 0 : 0 e R™", (5.9)
: 1 1
’ qn—2 +qn_l _anl
0 0 —Qn—1 —|—0

qn—

1

We also see that the case w = %(1, ceey l)T leads to the simple matrix A having +1 and 42 on
the diagonal and —1 on the two secondary diagonals, which is the standard discretization scheme of
the one-dimensional diffusion equation u; = .. In this case our ODE @ = — Aw satisfies (5.6) with

£ = 0, and we conclude geodesic convexity.

In the following proof we do the first part of the calculations for general x; for possible future
generalizations. The proof relies on lengthy but elementary calculations and uses specific properties
of the function A derived in Appendix A. The final proof of M (u) > AK(u) then uses the special
choice (5.5) and the concavity (5.6).

To see the relation between the Adiscretization and thAe Fokker—flanck equation (5.2) we consider
the smooth and A-convex potential V' : [0, 1] — R, i.e. V”(x) > X > 0. For the discretization we let
V; = V (i/n), which implies that (5.8) holds with 3, = \/(2n?). Moreover, for a proper discretization
of (5.2) we need to rescale the time or set A,, = n%A with A from (5.9). As the matrix M,, depends
quadratically on A,, whereas K, depends linearly on A,,, we find that the properly scaled systems
(Xn, En, K,,) are geodesically \,,-convex with

A =212 (1 — e_x/@"%).

Obviously, we have \,, — A for n — 00, which shows that the discretization is such that we have an
asymptotically sharp lower bound for the geodesic A-convexity for n — oc.

Remark 5.2 While we have only considered the one-dimensional case, we expect that it is possi-
ble to find suitable generalization for higher dimensions as well. In fact, the numerical finite-volume
discretizations constructed in [Gli08, GIG09] obviously lead to reversible Markov chains, but their
geodesic A-convexity needs to be investigated.
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5.3 Proof of Theorem 5.1

Inserting the specific forms of K = S*L(u)S and A = S* diag kS diag(w) ™" into the definition of
M we arrive at

M(u) = 25"N(u)S  with
N (u) = diag £ S(diagw)~*S* diag k + diag x S(diagw) *S* diag £ — diag(DL(u)[Au]).

By the special structure of M and [, the theorem is established if we show

N (u) > 2A\L(u) forallu € X,,. (5.10)

To shorten the following calculations we introduce the following abbreviations:

pi = Uz’/wu A= A(PuPHl),Ai,l = apiA(PmPHl), and Az’,2 = amHA(Pu Pz‘+1)

Obviously, N (u) € R=D*("=1) s the symmetric tridiagonal matrix given by

a; by 0 e 0
by as by D :
N(u) = 0o . - 0 c R(-Dx(n-1)
: bn—3 Gn-1 bp_o
0 -+ 0 byo an
with
ar = 2k £ (gtg;) — s ALk (pr—p2) — SE Ao (k1 (pa—p1) + Ka(p2—p3)),
a; = 2r;&i (5 + Wi1+1) — 2N 1 (Rica (pimpica) + Ki(pi—pir1))
— w’:jlf\m (M(ﬂiﬂ—pi) + Hi+1(Pz‘+1—Pz‘+2)) fori=2,...,n—2;
Un—1 = 26,1801 (ﬁ + o) - P Ap—1,1(Fn—2(pn—1—pn—2) + Fn-1(pn-1—pn))
K1

- W An—172/€n—1(pn_pn—1)
bi = == (Likip1 + Lipaki) = =205 (A4 Ay ) <0

1
Wi+1 Wi+1

The desired positive semi-definiteness of N(u) — 2ML(u) (cf. (5.10)) will follow from diagonal
dominance, which reads in this case

Al =a1 + bl - 2)\21 2 0, (5.11&)
A =a;+bi_1+b;—2)\&; >0fori=2,....,n— 2, (5.11b)
An—l = Qp_1 + bn_g - 2)\£n—1 Z 0. (511C)

Indeed, using b; < 0 these conditions yield the desired positive semi-definiteness

N(U) — 2)\]14(1,6) = diag(Al, ey An—l) + Z?:_f ‘bl| (ei—ei+1)®(ei—ei+1) > 0.
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To establish the estimates (5.11) we first treat the case © = 2,...,n — 2. Inspecting the formula
for A; we find

A; = Ky (Zi(piu Pit1) — K;:_l

wy Wi41 w; Wi41

(A(pi—lapi>_Ai,lpi—1) — o (A(pi+1,Pi+2)—Ai,2Pi+2)>

Wi41

Aui;l ((“i—1+’<¢z’)0i — fiipz‘+1) —

Ai2

Wi41

(—kipi + (Kithir1)pis1)-

We note that p;_; and p;49 occur only twice, such that minimization with respect to p;_; and p;42 is
easily possible. By employing the crucial estimate (A.6) for p;_; and p;» separately, we find

A, > w) [y with Ty i= Ai(pi, pis1) — R;—;lpiAi,Z — 2Ny

Wi41

Reinserting the definition of ﬁ, and expressing the partial derivatives A; ; in terms of A; via (A.3) we
obtain, after some rearrangements, cancellations, and using (A.4a) the identity

Fi:Ai<ﬁ+ Ki  Ri-1 Kiy1 oA+ W)
Wi Wit Wi Wit
. K Ri+1 1 R Ri—1 1
with Ez = A(pz,p2+1)((—— L — )
Wi Wig1” Pi Wit1 Wi ~ Piy1

To show I'; > 0, we need to find a lower bound on ;. Since A(a,b)/a is not bounded, lower
bound exists if and only if
Ri  Ripl Ki Ki—1

—— >0 and
Wy Wi41 Wit+1 wy

> 0. (5.12)

Under these conditions we can use (A.1) to find

1/2
Ki Ki+1) 1 Ki Ki—1 1 Ki Ki+1 Ki Ki—1
X 2> \/Pz‘PiH((w—i——wm)z + (—wiﬂ—w—i)pi—H) > 2((5——%“) (—wiﬂ—w—i)) :
Putting everything together we see that I'; > 0, and hence A; > 0 follows from

Ri  Ril Ki Ki—1 .
—— , — fori =2,...,n—2,
W;  Wip1 Wi wy

where the function G is defined as

1
= >
G R = [0,00]; (a,b) { g(th) +ab fora.b>0,
00 otherwise.
For the case + = 1 and + = n—1 we proceed analogously with the only difference to the general
case that the left or right neighbor is missing. All the above calculations for A; remain valid for A; and
A, _1, ifwe set ko = 0 and k,, = 0, respectively. Thus, we obtain the additional conditions

w1 w2’ w2 Wn—1 Wn, Wn—1

A<= G(ﬂ—ﬁ ﬂ) and A < 7y, = G(““fl : '{”*1—“”*2).
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All these estimates hold for general coefficients k; and w;. We now reduce to the special choice
(5.5) for k; and use ¢; = \/wiﬂ/wi satisfying (5.7). Since the function G is monotone increasing in
both arguments and 1-homogeneous, we can estimate ~y; from below as follows

Vi = G(g — G,y — o) 2 Glai—e g, - —e77 =) = (1—e")G(gi, ) > 2(1—e7"),

qi—17 —
where we set qio =0=g¢g,tocoverthecasesi=1land?=n — 1.

Since now (5.11) is established with A\ = 2(1—e~?), we have N (u) > 2AL(u) for all u € X,,.
This implies M (u) > MK (u), and our desired result on geodesic A-convexity follows. Thus, Theorem
5.1 is proved.

Remark 5.3 The case k; = %(w, + w;41) can also be handled. Using ¢? = w;.1/w; we have the
relation

A< Il’llIl{ %G(sz+1_qZ27 %_%21—1) ‘ P = 17 RN 1 }7

where qig = 0 = ¢2. We obtain geodesic \-convexity with A = (1 — e_%), which is smaller than
0
2(1—e") obtained above.

6 Nonlinear reaction systems

We give here some preliminary results for geodesic \-convexity for reversible reaction systems of
mass-action type. We refer to [GIG09, Miella, Miellb] and the references therein for more details
and motivation. Consider again a vector u € |0, oo[” of densities and a polynomial reaction system
with R reactions:

o’ U/BT

R
U= — Z k- (u) (Zar — —T> (a" = p"), whereu® = H;‘zlu??. (6.1)
r=1

whB

Here w & ]0, oo[" is a fixed reference density, which is obviously a steady state and satisfies the
detailed balance condition (reversibility), since for u = w all R reactions are balanced simultaneously.
The index r is the reaction number, k,.(u) > 0 is the reaction coefficient (normalized with respect to
w), and the vectors o', " € [0, oo[r are called the stoichiometric vectors for the forward and back-
ward reaction. Usually the entries are assumed to be nonnegative integers, but this is not necessary
here. A typical example is

wWuy iy [ 2
200 + 0, = 2CO, giving u:—k(u)< ! ——2) 1, 6.2)

where u = (uq, ug, u3) = (uco, uo,, Uco,), @ = (2,1,0),and g = (0,0, 2).
It was shown in [Mie11a] that (6.1) is generated by the gradient system (]0, co[" , F, K) with

n R

E(u) =Y u;(log(u/w)~1) and K(u) =Y k(wA(k, ) (a"—5") @ (o —F).

i=1 r=1
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In fact, the result follows as in Proposition 3.1 by using the definition of A in (1.2) and

T'

DE(u) = (log(u;/w;)); and DE(u)- (a" — 3") =log (% ) log( r).

Of course, the above Markov chains are special cases where all the vectors o” and 3" are unit vectors,
which corresponds to simple exchange reactions.

We want to study a few simple cases and discuss the possibility of geodesic A-convexity. The
fundamental difference to the case of the Markov chains is that the vector field f(u) = K (u)DFE(u)
is no longer linear and that the matrices & (u) and M (u) have no homogeneity properties any more.

For R = 1 we drop the reaction number r and write ¥ = . — (3. Moreover, we write p = (u;/w;);.
Then,

flu) = ¢(u)ywith ¢(u) = k(u)(p” = p7),  K(u) = r(u)y @y with 5(u) = k(u)A(p®, p").

Hence we find

M(u) = m(u)y ® ¥ with m(u) = £(u)D(u) - 7 — 1p(u)Dr(u) - 7.

The general case seems too difficult to be analyzed, hence we reduce to the case k(u) = 1. Intro-
ducing the matrix V' = diag(1/u;); we have D, (u*)[y] = u*a - V', and after some elementary
calculations involving (A.3) we find

m(u) = A%, p7) (p%a = p7B + A(p®, p*) (@=B)) - V(a=p).

For geodesic \-convexity we have to show m(u) > AA(p®, p°), which leads to the formula
= Jinf{ 37, @B [poa; — p?8; + A, o) (i—=3)] | p €10, 00" }.

To analyze the formula for A we consider the case «;/3; = 0 for all 7, which holds for (6.2). Then,

A= ginf{ 3} - (afp*+ 620"+ A (0%, p7)(ai+57)) | p €10,00[" } > 0.

Thus, in the case of a single reaction with o;3; = 0 for all 7 we always have geodesic convexity.
If additionally min{|al;, |31} > 1 (as for the reaction in (6.2)), we always have A = 0 by taking
p — 0.Inthe case |a|; = 1 = |3]; (as for Markov chains) we have homogeneity of degree 0 and
may even obtain A > 0.

We finally discuss the annihilation-creation reaction, which is used to model the generation and
recombination of electron-hole pairs in semiconductors, cf. [Gli08, GIG09, Miella]. We have

- UUz 1 (! _ (Y
U= K<w1w2 1)(1), where a—<1> andﬂ-(o).

Using k = w; = 1 for simplicity we obtain

A = 1inf{ ( )(uluQ+A(u1u2, 1)) | wi,us > 0} = cosh(1) = 1.53408...
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A Properties of the function A

In this section we collect the essential properties of the function A defined in (1.2). The value A(a, b)
can also be seen as the logarithmic average of a and b defined via

1
A(a,b):/ a’ b'=0de.
6=0

Other useful representations of A are for the inverse, namely

1 B /1 do B /°° dt
A(a,b) 9—o (1—0)a + 6b 1o (a+t) (b+t)
We have the obvious estimates
2ab < Jab < A(a,b) < % (a+b). (A.1)
The lower estimate for A can be generalized to
VO [0,1]Va,b>0: Aa,b) > 2min{0, 1-0} a’b' . (A.2)

This estimate follows from the convexity of f : s — a®b'~* via integration of f(s) > f(0) +
1'(0)(s—8) over [0, 26] or [2—26, 1], respectively. Elementary calculations give

Oa\(a,b) = logallogb(l - A(ab ) >0, OA(a,b) = logblloga(l - A(Z’b)) >0, (A-3)
which implies

ad,\(a, b) + bdpA(a,b) = A(a,b), (A.4a)

b, A(a,b) + adpA(a,b) = A(a,b)*(2+1) — A(a,b) > A(a,b), (A.4b)

BuA(a,b) + DpA(a, b) = 2D > q (A.4c)

(8aA(a,b) — BpA(a,b))(a —b) = A(a,b)(2 — “2A(a, b)) < 0. (A.4d)

Note that (A.4a) is also a consequence of the following 1-homogeneity:
A(ya,vb) =~y A(a,b) foralla, b, v > 0. (A.5)
A nontrivial estimate and identity is the following:
max{ A(r,a) — 9, A(a,b)r | r >0} = adyA(a,b). (A.6)

The result uses somehow hidden properties of A and is crucial for our analysis of geodesic A-convexity
of (X,, E, K). Using the homogeneity (A.5), this identity follows from (A.7c), which is established
below using the auxiliary function ¢ defined in (1.3).

Proposition A.1  We define the function £(k) = (e"—1—x)/k2 > 0. The function ¢ satisfies the
following properties:

[=0¢) <= (3IreR:I=((x)andf=1{(-r)), (A7a)
VE>0: L(L(E)) =€, (A.7b)
Va,b>0: {((0,A(a,b)) = 0A(a,b). (A.7¢c)
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Proof: We first observe that A(-, 1) is strictly concave and that it has sublinear growth as A(r, 1) ~
r/ log r for > 1. Hence, the maximum in the definition (1.3) of / is attained a unique value 7. We

find £(£) = £(k), where k = K(£) is the unique solution of £ = (k — 1 +e7%)/k? and r = e” is the
maximizer of r +— A(r, 1) — £r. Thus, (A.7a) is established.

Identity (A.7b) follows directly from (A.7a), because [ and & can be interchanged, when x is multi-
plied by —1.

Finally, the partial derivatives 8aA~(a, b) and J,A(a,b) are 0-homogeneous and depend only on
o = log(a/b), namely d,A(a,b) = {(—o) and O,A(a,b) = ¢(c). Using k = —o this gives (A.7c).
| ]

The important identity (A.7b) follows also directly for any ¢ defined via £(¢) = sup{ A(r)—&r|r > 0}
if \(r) = rA(1/r), which in our case follows from A(1,r) = rA(1/r,1) = rA(1,1/r).

B Proof of Proposition 4.3

Here we provide the lower bound for the eigenvalues of the matrix

G@(T’ S t) aef AT’S(%_I_%) + AAT—j;St ﬁ(ATS/Ast)l/z + ﬁ({i\st/Am)lp
o ﬁ(Ars/Ast)l/z + B(Ast/Ars)l/z Ast(%‘i_%) + ﬁ T ’

where again A, = A(a,b) and Ay, = 0,A(a,b). By homogeneity of degree 0 it is sufficient to
consider
(rost) €A E {(r,5t) €01 |r+s+t=1}.

Since G 3 is continuous on A its lowest eigenvalue depends continuously on (r,s,t) € Aaswell To
prove boundedness from below it hence suffices to show a lower bound near the boundary of A. In
fact, we prove that Gﬁ is positive semidefinite near the boundary of A. For this, it is sufficient to show
that the determinant of Gg is nonnegative, as the diagonal entries are bigger than 1.

The sign of the determinant of Gg is controlled by the auxiliary function 7 via
det Gs(r,s,t) >0 <= A(r,s,t) <1/8%

ATS AS

AT 2+ A_f

(Ars(24+3) + f\— 1) (A (2+1) + AAS;S =

where 3(r, s,t) £

Using (A.1) itis not difficult to show J(r, s, t) < 1 which implies that G5(r, s, t) is positive semidefinite
for |G| < landall (1, s,1).

To prove our statement for all 5 > 0, we have to show that Y(r, s,t) — 0 if (r, s,t) approaches
the boundary of the two-dimensional triangle A. We do this by discussing the three corners and the

three sides of A separately. For proving convergence of 7 to 0, it is obviously sufficient to omit the “2”
in the nominator, so that we estimate the function v with ¥ < 2+ and

(r,s,t) = A A
TS A (D) £ A ) (A2, (54D + At
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Case 1l: s — l and r,t — 0. We have

7 < et 7= (s + 52) < rt(am + gm) = 400 (PP2P) — 0,

(a2,/r) (a2t
where we used (A.2) in the form A, > §r1/3s2/3 > 13 /2 for s = 1.

Case2:t — land r,s — 0. Using r < t we have A,, < A, and obtain

< 202, B 2s
T D AL ) (A2)5) AL At

To proceed we need a good lower bound for A, 5, namely

Apss = NpgBrmt > N\ Arats > A /(3r435).

TS’s(r—s) = ‘1 TS3s(r+s)

We continue via

2 2

< 6rs < 6rs
= A2, (r+s) + Apors/(r+s) = A2, max{r, s} + A, min{r, s}

Hence, for 0 < r < s < 1 we obtain

6rs?

S st A < 611’1111{A2 - “ 1 < 14min{r/3s73 p1263/2) < 14570,
where we used (A.2) with @ = 1/3. For 0 < s < r < 1 we use (A.1) to obtain

615> 6lS

Vs A%ST+A,,SS A < 6v/rs < 6r.

Thus, (r, s,t) — 0 follows for r, s — 0.

Case 3:  — 1 and t, s — 0. This case is the same as Case 2 via interchanging r and t.

Case4: s —0,r —>r.,>0,andt — t, = 1—r, > 0. We have

Y Y U R
V(T,S,t)gm—s (A—%_‘_A—gt) SS (’T’_S_I—St) <2S(1/T*+1/t)

Case5: r — 0,5 — s, > 0,and t — t, = 1—s, > 0. Since the nominator of y converges to
A(ss,t.)? > 0 it suffices to show that the denominator tens to +oco. Indeed,

(AZCE+D) + Agsr) = ne > 0and (A2, (242) + Ao t) > A2, /1 — 4o0.
Thus, y(r, s,t) — 0 follows also for r — 0.

Case6:t—0,s — s, >0,and r — r, = 1—s, > 0. This case is the same as Case 5 via inter-
changing r and t.

This finishes the proof of Proposition 4.3.
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