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0 Introduction

Even relatively simple dynamical systems generated by ordinary differential equations (ODEs)
can generate rather complicated chaotic dynamics, see e.g. [KaHa95] and references therein.
This dynamics becomes much more complicated in the case of dynamical systems extended
in space, e.g., generated by dissipative partial differential equations (PDEs) in large and
unbounded domains, due to the formation of spatially-chaotic patterns. More generally, such
systems may display interactions between spatially and temporally chaotic modes which leads
to the so-called spatio-temporal chaos. One of the most challenging problems in this field is
the one of turbulence which displays statistical behavior in temporal and spatial directions,
whose correlations decay with distance in space and time, see e.g., [Tem88, Man90, Man95,
GEP98, Bun99].

However, despite the fact, that there are many statistical approaches to turbulence and
spatio-temporal chaos, there seem to be very few mathematically rigorous results concerning
the nature of spatio-temporal chaos in deterministic systems. Indeed, one of the few known
mathematical descriptions of that phenomenon was suggested in [BuSi88], see also [PeSi88,
AfFe00] and references therein. There, a spatially discrete system is constructed such that it
admits an infinite-dimensional hyperbolic, invariant subset I'" of its phase space. This set is
homeomorphic to the multidimensional Bernoulli scheme {0, l}ZnJr1 and the Bernoulli shifts
are conjugated to the spatio-temporal shifts on the hyperbolic set I'. The existence of such
hyperbolic sets was rigorously verified only for some very special classes of lattice dynamical
systems and its existence for dynamical systems in continuous media was a long-standing
open question.

In the present paper, we give a positive answer on this question. To be more precise, we re-
strict ourselves to consider extended dynamical systems generated by the systems of reaction-
diffusion equations, or shortly reaction-diffusion systems (RDSs) in the full unbounded, phys-
ical space (2 = R™:

Ou = Agu— f(u) inR", and u‘t:O = ug. (0.1)
Here u(t,x) = (u'(t,z),--- ,u¥(t,x)) is an unknown vector-valued function, A, is a Laplacian
with respect to z = (21, - ,2,) € © and f : R¥ — R is a smooth, nonlinear interaction

function.

It is well-known that, under natural assumptions on the nonlinearity f eqn. (0.1) has a
unique global solution in an appropriate phase space ® (usually, ® = L>°(R") or the so-called
uniformly local spaces & = L%(R"), see Section 1 for the definitions) and, consequently, it
generates a (dissipative) semigroup {S; |t >0} in ® via

Siug = u(t), u solves (0.1) with «(0) = uyg. (0.2)

It is also well-known that, in many cases, the asymptotic behavior of the trajectories of that
semigroup as t — oo can be described in terms of the so-called global attractor A C &
which is, by definition, a compact (in the appropriate local topology) invariant set which
attracts as ¢t — oo the images of all bounded subsets of ®. Thus, on the one hand the
attractor A (if it exists) captures all of the nontrivial dynamics of the system considered
and, on the other hand, it is usually essentially smaller than the initial phase space ® (see
[BaVi89, BaVig0, EfZe01, Mie02, Tem88, Zel03b, Zel04], and the references therein).

In particular, in the case of bounded domains €2, the above attractor A is usually finite-
dimensional (in the sense of Hausdorff and fractal dimension). Therefore, in spite of the



infinite-dimensionality of the initial phase space, the reduced limit dynamics on the attractor
is finite-dimensional and can be effectively studied using the methods of the classical theory
of dynamical systems. Thus, the infinite-dimensionality of the initial phase space plays here
the role of (maybe essential) technical difficulty which, however cannot produce new types of
dynamical complexity which are not observed in the finite-dimensional theory.

The situation changes drastically when the domain 2 becomes unbounded (e.g. 2 = R"™).
In this case, the attractor is usually infinite-dimensional, see [BaVid0, MiSc95, CoEc99b,
Bab00, EfZe01]. Thus, we do not have any finite-dimensional reduction and truely infinite-
dimensional dynamics of a much “higher level of complexity” can appear. Another principal
difference to the case of bounded domains is that system (0.1) has now not only the temporal
“unbounded direction” but also the spatial ones which may lead to complicated spatial struc-
tures, namely to so-called spatial chaos, see [Kir85, Mie86, Ang87, MiHo88, Rab93, AfMi01,
MiZe02]. However, only nontrivial interaction of temporal chaos and spatial chaos will be
called spatio-temporal chaos, and this is the topic of the present work.

To make this phenomena more precise, we introduce the group of spatial shifts { T} | h €
R™ } acting on the phase space ® via (Thug)(z) := ug(x + h). Then, since the model equation
(0.1) is spatially-homogeneous this group acts on the attractor A4 as well and its action
obviously commutes with the semigroup S; associated with temporal evolution. Therefore,
an extended (n + 1)-parametrical semigroup {S ) [t € Ry, h € R" } acts on the attractor
A:

S(t,h) A — A, S(t,h) = St o Th (03)

Following [Zel00, Zel04], the extended spatio-temporal semigroup (0.3) can be considered as
a dynamical system with multidimensional “time” (¢, h) on the attractor which is responsible
for all spatio-temporal dynamical effects arising in system (0.1). Consequently, the study of
the spatio-temporal chaos in (0.1) is equivalent to the study of the dynamical properties of
that semigroup restricted to A.

However we note that the study of the dynamics of (0.3) is a highly nontrivial problem; and
at present its complete description is not available even for the simplest examples of (0.1) (such
as e.g. Chafee-Infante equation in R': u; = ug, +u — u3). Nevertheless, a number of rather
essential results concerning the general properties of that system has been recently obtained.
In particular, a natural generalization of the finite-dimensionality of global attractors to
the case of unbounded domains were formulated in terms of Kolmogorov’s e-entropy which
allows us to measure the “size” of infinite-dimensional sets in functional spaces, see [ViCh98,
CoEc99b, CoEc99a, Zel99, Zel03a] and Appendix B below. The obtained estimates of the
e-entropy of the global attractor A allowed, for instance, to verify (see [Zel04]) that the
topological entropy of the action of S(; ) on the attractor A is finite:

htop(S(t,h)aA) < 00, (04)

see Appendix B. On the other hand, for the particular case of a gradient nonlinearity f, i.e.,
f =DyF(u) for some F : R*¥ — R, this topological entropy is known to equal 0, see [Zel04].
We recall that, in contrast to the case of bounded domains, the gradient structure does not
give a global Lyapunov function for equation (0.1), s0 htop(S(,n),-A) = 0 is not immediate.
It is also worth to note that the extended dynamical system (0.3) possesses a natural
family of subsemigroups Szlfh) generated by restrictions of the argument (t,h) of (0.3) to

various k-dimensional hyperplanes Vj, of the space-time R"*! whose dynamical investigation
can be essentially simpler than for the initial “whole” semigroup (0.3). The most studied is



the case V,, := R? associated with the spatial dynamical system {7}, | h € R"™ } and spatial
chaos, see [Kir82, Kir85, Mie86, AfMi01, MiZe02] for the case n = 1 and [Ang87, Rab93,
ABC96, Zel03b, Bab00] for n > 2 and also the references therein. This means that even the
restriction of spatial dynamical system to the set £ of all (bounded) equilibria of problem
(0.1) which obviously solve the elliptic equation in R™

Agup — f(ug) = 0 (0.5)

possesses a very reach and nontrivial chaotic dynamics. So, a family of multibump solutions
of has been constructed in [Rab93| by variational methods starting from a single hyperbolic
bump solution of (0.5) and using small space-periodic perturbation in order to kill the neutral
foliation. In a fact this family gives a homeomorphic embedding of the multidimensional
Bernoulli scheme M"™ := {0,1}*" to the (discrete) spatial dynamical system of the perturbed
spatially periodic equation. An analogous embeddings for the attractor of spatially periodic
RDSs were obtained in [Bab00] under weaker assumptions on the nonlinearity.

We now recall that, in contrast to the classical dynamical systems generated by ODEs, the
action of the spatial dynamical system { T} | h € R™ } on the attractor A usually has infinite
topological entropy (this fact has been established in [Zel03b] under very weak assumption
that (0.1) possesses at least one spatially homogeneous exponentially unstable equilibrium)
although the topological entropy of Bernoulli scheme M™ is finite. So, Bernoulli schemes
with finite number of symbols are not sufficient for modeling of spatial chaos. Therefore, a
Bernoulli scheme M™ := [0,1]%" with infinite number of symbols (here [0, 1] is a segment of
R! in contrast to the two-point set {0, 1} involved into the definition of the standard Bernoulli
scheme M"™) of symbols were used in [Zel03b] in order to clarify the nature of chaos in spatial
dynamical systems. Moreover, it is shown there that there exists a topological invariant (the
so-called mean topological dimension) which is always finite for spatial dynamics and strictly
positive for the Bernoulli scheme M7, . This description has been extended in [Zel04] from
spatial dynamical system { T}, | h € R™ } to all n-parametrical semigroups ngjh) generated by
n-dimensional hyperplanes V,, of the space-time. This result shows, in particular, that the
topological entropy of the purely temporal evolution semigroup { S¢ |t € Ry } is usually also
infinite, i.e.,

htop(St7 A) = Q.

It is however worth to emphasize that the embeddings of the Bernoulli schemes M7, men-
tioned above are based on the infinite-dimensional unstable manifolds technique (in fact, the
image of M’ in the attractor A belongs to the unstable manifold of a spatially homogeneous
equilibrium where the direction orthogonal to the hyperplane V;, is interpreted as “time”).
Thus, that approach gives an adequate model only for the “n-directional” space-time chaos
(for all directions belonging to the fixed hyperplane V,, in the space-time) in n-parametrical
subsemigroup SE?,Lh) and do not applicable for clarifying the nature of the ”complete” (n+ 1)-
directional space-time chaos arising in (0.3). Moreover, to the best of our knowledge, there
were no reasonable models for that (n+ 1)-directional space-time chaos for the case of dynam-
ical systems in continuous media generated by PDEs. In particular, it was not known whether
or not the topological entropy of the extended semigroup S ) can be strictly positive.

In contrast to that, for the case of discrete media, more or less adequate model for the
“complete” space-time chaos has been suggested by Sinai and Bunimovich. Roughly speaking,
this model consists of infinitely many chaotic oscillators situated at every node of a grid Z"
coupled by a sufficiently weak interaction. If every chaotic oscillator contains a hyperbolic



set Ty, then without interaction the whole system has a hyperbolic set I' := (I'g)Z" and,
according to the structural-stability theorem, this set is preserved under sufficiently small
coupling. In particular, if the initial hyperbolic set I'g is a one-dimensional Bernoulli scheme
MY = {0,1}%, then the obtained hyperbolic set is (n + 1)-dimensional Bernoulli scheme
I = Mt = {0,1}ZnJr1 and Bernoulli shifts on it are naturally conjugated with spatio-
temporal dynamics. Thus, according to this model, the spatio-temporal chaos is illustrated by
Bernoulli shifts on the (n+ 1)-dimensional Bernoulli scheme with a finite number of symbols.
Associated invariant measures may also be introduced, see [BuSi88, PeSi9l, AfFe00].

The main goal of the present paper is to extend the Sinai-Bunimovich construction to the
case of continuous media and obtain an analogous description of space-time chaos in the RDS
(0.1) and associated extended semigroup (0.3) acting on its attractor A. In order to do so,
we start from the special space-time periodic RDS:

Ou = Agu— fr(t,z,u) in €R", (0.6)

where the nonlinearity fy has the following structure: there exists a smooth bounded domain
Qo € (0,1)™ such that, for every = € [0,1]™ we have

f(t,u) for z € Q,

0.7
AU for z € [0,1]™\Qo, 0.7

Otz u) = {

where f(¢,u) is a given function (which is assumed 1-periodic with respect to ¢) and A > 1 is
a large parameter. Then we extend function (0.7) space-periodically from [0, 1]" to all z € R™.
Thus, we have a periodic grid of “islands” €; := [ + g, | € Z"™, where our nonlinearity fy
coincides with f(¢,u) and can generate nontrivial dynamics. These islands are separated from
each other by the “ocean” Q_ := R”\(UleZan) where we have strong absorption provided
by the nonlinearity fy(¢,z,u) = Au.

It is intuitively clear that, for sufficiently large absorption coefficient A, the solutions u of
equation (0.6) should be small in the absorption domain 2 _ and, consequently, the interaction
between the islands is also expected to be small and the dynamics inside of the islands will
be “almost-independent”. Thus, if the RDS in

0w = Azv — f(t,v) in Q, v=0 on d, (0.8)

which describes the limit independent dynamics inside of one “island” as A = oo, possesses
a hyperbolic set I'g, then, according to the structural-stability principle, the whole system
(0.6) should have a hyperbolic set homeomorphic to (I'g)%" if the absorption parameter A
is large enough. Moreover, if, in addition, the initial hyperbolic set I'g is homeomorphic to
the Bernoulli scheme {0, 1}%, then system (0.6) will contain an (n + 1)-dimensional Bernoulli
scheme {0, 1}Z""" ~ ({0,1}%)%" in a complete analog with the Sinai-Bunimovich lattice model.

The following theorem, which gives a mathematical justification of the above heuristic
scheme, is the main result of the paper.

Theorem 0.1 Let the time-periodic function f (f(t+1,v) = f(t,v)) satisfies some regularity
and dissipativity assumptions which guarantees the existence of of a global attractor Ag for
equation (0.8). Assume also that there exists a hyperbolic set Ty of that equation which is
homeomorphic to the Bernoulli scheme {0,1}%. Then, there exists a Ao > 1 such that, for



every \ > )\, there exists a homeomorphic embedding k) of the (n+1)-dimensional Bernoulli
scheme M™1 = {0,1}2""" to the attractor Aper of problem (0.6) such that

Sty ©ix =kroTyyy, lo €N, I'eZ” (0.9)

where T, 11y is the (n + 1)-parametrical group of Bernoulli shifts on M1 and {Suoury 1o €
N, € Z"} is a discrete analog of the extended spatio-temporal DS (0.3) acting on the
attractor Ape,. In particular, the topological entropy of that system is strictly positive, viz.,

htop(S(lml/)wA) > hg > 0. (0.10)

It is worth to emphasize that, although the nonlinearity f) in the initial equation (0.6)
is discontinuous with respect to x, approximating this nonlinearity by trigonometrical poly-
nomials with respect to (f,z) and using again the structural-stability principle, we obtain
the analog of Theorem 0.1 with the nonlinearity f analytic with respect to all variables, see
Proposition 5.4. Moreover, using some trick based on the embedding of the attractor A, of
the space-time periodic RDS to the attractor A of larger RDS of the form (0.1), we construct
the embedding of the Bernoulli scheme {0, I}Z"+1 to the spatio-temporal DS acting on the
attractor of an autonomous and spatially homogeneous RDS of the form (0.1).

Corollary 0.2 There exists a RDS of the form (0.1) with polynomial nonlinearity f such
that its attractor possesses a homeomorphic embedding i of the Bernoulli scheme {0, 1}Z"+1
satisfying the conjugacy relations (0.9).

To conclude we note that, passing from a periodic to an autonomous system, we lose
the hyperbolicity (in contrast to Theorem 0.1, now the image K({0, 1}Zn+1) is no longer
a hyperbolic subset of the attractor A). Nevertheless, Corollary 0.2 shows that (n + 1)-
dimensional Bernoulli schemes with a finite number of symbols can be used in order to clarify
the nature of “true spatio-temporal chaos” arising in spatially homogeneous media as well. In
particular, Corollary 0.2 provides an example of a RDS of the form (0.1) with strictly positive
spatio-temporal topological entropy.

The structure of the paper is as follows. In Section 1 we introduce some classes of weighted
functional spaces and formulate several regularity results for the boundary value problems for
the heat equations in those spaces which are needed for the subsequent structural-stability
analysis. In Section 2 we recall the definitions of hyperbolic sets adopted to the infinite-
dimensional case and obtain some preliminary results for the system (0.6) with A = co. In
Section 3 we establish several auxiliary results which allow us to verify that system (0.6)
for A > 1 is indeed close in the appropriate functional space to the uncoupled Z™-array
of equations (0.8). Based on these results we establish, in Section 4, Theorem 0.1 using a
suitable modification of the structural-stability theory for hyperbolic sets. The example of
an autonomous and spatially homogeneous RDS announced in Corollary 0.2 is constructed
in Section 5. Finally, for the convenience of the reader, we explain in Appendix A how to
construct a RDS (0.8) in a bounded domain € with Dirichlet boundary conditions which
contains a hyperbolic set homeomorphic to {0,1}%*. In Appendix B we recall the definitions
and main results concerning Kolmogorov’s e-entropy and the topological entropy of attractors
of dissipative systems in unbounded domains.



1 Functional spaces and linear parabolic regularity theorems

In this section we introduce some classes of weighted Sobolev spaces and formulate the cor-
responding parabolic regularity theorems which will be used throughout the paper. Our final
goal is to construct examples of RDS in R™ with spatio-temporal chaotic behavior but for
this construction we will essentially use the corresponding equations in unbounded domains
) # R™ That is why we start our consideration from the class of admissible (uniformly
regular) unbounded domains in R (see, e.g., [Bro59, EfZe01]).

Here and below B denotes the open ball in R™ with center = and radius R.

Definition 1.1 A domain Q C R" is called CN-regular, if there exists radii 0 < Ry < Ry <
Ry and a constant K such that the following holds:
For each xq € ) there exists a domain V,, C Q with

(B nQ) c vV, € (BENQ). (1.1)
and a CN-diffeomorphism 0, : BZ — Bé%2 such that xg + 0, (B}) = Vi, and
1624 llcv + 1107, llov < K. (1.2)
The constant K is called the C-regularity constant of the domain €.

For all results formulated below C?-regularity will be sufficient, so, for simplicity, we will
write in the sequel “regular domain” instead of C%-regular domain and “regularity constant”
instead of C%-regularity constant.

For bounded domains € the conditions (1.1) and (1.2) are equivalent to the condition
that the boundary 0 is a smooth manifold. But for unbounded domains smoothness of the
boundary is not sufficient to obtain the regular structure of Q when |z| — oo since uniformity
with respect to xg € ) of the smoothness conditions is required.

Now we introduce the class of admissible weight functions.

Definition 1.2 A function ¢ € Cio.(R™) is called a weight function with the (exponential)
growth rate p > 0, if there exists Cy > 0 such that

d(z+y) < C’¢e“|$|¢(y), ¢(x) >0, forevery z,y € R". (1.3)

Remark 1.3 It is not difficult to deduce from (1.3) that

$la+y) > Cyle g y) (1.4)
is also satisfied for every x,y € R™. The estimates (1.1) and (1.3) imply particularly that
O3 M g(x) < supy,<p Bla-y) < Coc (). (15

The typical examples of that weight functions are the following:
Beao() = 1770l g € R, mp € R™, (1.6)

Evidently these weights have the growth rate |¢| and satisfy (1.3) uniformly with respect to
z9 € R (i.e., the constant Cy_, in (1.3) is independent of ). We will mainly use below
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exponentially decaying weight functions (1.6) with sufficiently smal positive € (or their smooth
analogues (1.20)), although the exponentially growing weights (with negative ¢) will be also
usefull, see e.g. Corollary 1.16.

Now we are in a position to introduce several classes of weighted Sobolev spaces in un-
bounded domains 2.

Definition 1.4 Let Q C R™ be a regular (unbounded) domain in R™ and let ¢ be a weight
function with the growth rate p. For p € [1,00) define the space

L6(Q) = {u € Lo | ullp o) = Jo 9(@)u@)Pdz < o0}

Analogously the weighted Sobolev space W Q;p (Q), I € N, is defined as the space of functions

u € Lg(ﬂ) whose distributional derivatives up to order | inclusively belong to LZ(Q).
We define also another class of weighted Sobolev spaces

W) = {1 € WiZ(@) el o = sPages ow)lullwisann,) < o)

Here b stands for “bounded”, and for ¢ = 1 we write W{)’p instead of Wfa’pl

Let us recall shortly several important properties of the introduced spaces, see, e.g.,
[EfZe01] or [Zel03b] for details.

Proposition 1.5 Let ¢ be a weight function with the growth rate pu > 0.

1. Then for every € > 1 there exists a constant C (just depending on €, i and Cy from
(1.3)) such that for every domain @ C R™ every q € [1,00] and every u € Ly(Q2) the following
estimate is valid:

1/q
(Jo9(@0)? (Joye o=l ju(@) P dz)” dag) " < C fo, ¢l ul@)lP e, (1.7)
2. On L () the following analog of the estimate (1.7) is valid:
sz {#(w0) sup,ea{e™lu(@)[}} < Csup,eo{d(@)lu(@)]}. (1.8)

The proof of this proposition can be found in [EfZe01] or [Zel03a).

Proposition 1.6 Let Q) be a regular domain, let ¢ be the weight function with exponential
growth rate, and let R be a positive number. Then, there exist constants 0 < c¢; < C}
(depending on the regularity constant K(§2) and pu and Cy from (1.3)) such that for all
u € LP (Q) the following estimates are valid:

c1 g o( z)[Pdx < [, ¢(zo) meng lu(x)|P dedzy < Cy [o ¢(x)|u(x)|? d. (1.9)
The proof of this Proposition is given in [EfZe01].

Corollary 1.7 Let the assumptions of Proposition 1.6 hold. Then, for R > 0 an equivalent
norm in the weighted Sobolev space ng (Q) is given by the following expression:

1/p
[~ (fﬂ z0)|lu, 2 N BE [P dmo) . (1.10)

Particularly, the norms (1.10) are equivalent for different R > 0.
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In the sequel we need also weighted Sobolev spaces with fractional derivatives s € R (not
only s € Zy). Recall (see [Tri78] for details) that the norm in the space W*P(V), s = [s] + o,
0 <o <1, [s] € Zy can be given by the following expression

D%*u(xz)—D%u
lallfyen vy = Tl nr + Siaimis Joev Jyev P mmrn e dady.  (L.11)

Moreover, the space W™5P(V), 1 < p < oo, is usually defined as a dual space for W4 (V),
where % + % =1, i.e. the norm in this space is given via
where ( = [ u( dz. (1.12)

— u,p)
Hunfs,p(v) = SUPyeCx(V) Tollws.p (v)

It is not difficult to prove that for any regular V' and for any s € R, 1 < p < o0,

dzo < Crllullfyen (1.13)

Cl”“”fzvs,p(v) < fxogv HuH{)IVS’P(VﬂBﬁ ) V)

This justifies the following definition.

Definition 1.8 For s € R define the space W‘;’p(Q) by the norm (1.10) where the integer [
is replaced by s.

It is not difficult to check that these norms are also equivalent for different R > 0 and
consequently the definition makes sense.

The following proposition admits to estimate the Wf)’p -norm via the corresponding weighted
Sobolev norms.

Proposition 1.9 Let s € R, 1 < p < o0, and let ¢ be a weight function with the growth rate
0 < u < e. Then, there exist constants 0 < ¢y < C1 such that

Cleu'H{)]Vf)’I;(Q) < SUDz,e0 {QS(QCO) fmGQ e_e‘x_$°|HUH{)NS,,,(QQB}CO) dx}

(1.14)
< Cillully, for all u € WE’};(Q)

()

For the proof of this corollary see [Zel03a].

In order to handle elliptic and parabolic boundary problems with nonhomogeneous bound-
ary conditions we need also weighted Sobolev spaces on the boundary 92 of regular unbounded
domain €.

Definition 1.10 Analogously to the Definition 1.4, we define weighted Sobolev spaces of
functions defined on the boundary 0X). For instance the weighted space W;’;’p (09), s € R,
1 < p < 00, is defined by the following norm:

||UOH€V;»P(39) = faQ QS(’Y)”UOH{)NS,I?(QQQB}ﬂdry
and the spaces Wy (0Q2) are defined analogously.

It is known (see, e.g., [Zel00]) that the assertions of Propositions 1.5-1.9 remain valid for
the spaces of distributions on the boundary 92 as well.

12



For parabolic systems we now introduce anisotropic Sobolev spaces of functions defined
on R x Q or R x Q. Denote by W(-2):4([T, T+1] x V) the classical Sobolev-Slobodetskij
space of functions which have the t-derivatives up to the order /1 and x-derivatives up to the
order ls belonging to L? (see, e.g., [LSU67]). Recall that for the case of integer [; > 0 the
norm in this space is defined by

o [ !
Hu”g}v(ll’l2)v‘1([T,T+1]><V) T HatluH%q([T7T+1]><v) + HDmQUH%q([T,T+1]XV) + HuH%q([qu_l]Xv)

where D2 means a collection of all z-derivatives of the order I3, and for the case of noninteger I;
can be defined by the interpolation analogously to (1.11) and (1.12) (see [LSU67] or [Tri78]).
Of course, interpolation shows that mixed derivatives exist in the corresponding Sobolev
spaces, i.e., u € WL2D([T T + 1] x V) implies u € WI=Da([T, T 4 1], W:4(V)) for all
0 € [0,1].

Definition 1.11 Define the anisotropic spaces ng’b)’q(R x Q) and ng’b)’q(R x 0R) in

analogy to Definition 1.4 (with ¢ = 1). For instance, in the space ng’h)’q(R x 0Q) the norm

is defined by the following expression:

||u||w](3l1712)7q(R><89) = SupTeR, 10€EON HUHW(ll’12)»Q([T7T+1]><(69m39160))
Moreover, let ¢ : R x R" — (0,00) be a weight function in the variables (t,x) with the
exponential growth rate u (see Definition 1.2). Then one may define the spaces ng ’l2)’q(R>< Q)
and ng’b)’q(RxaQ) in a standard way. For instance,

q _ q
HuHWfbll,lg),q(RXaQ) T f(t,’y)ERX@Q ¢(t7 /y)||UHW(11’12)"1([t,t+1]X(@QF‘IB}/)) d’ydt

It is not difficult to show that the analogues of the assertions of Propositions 1.5, 1.6 and
1.9 remain valid for these anisotropic spaces as well.

Now we are in a position to recall the weighted L2-regularity theory for the following
parabolic equation in the regular unbounded domain 2 C R™:

Ou — Agu +u = h, (t,x) e R x Q. (1.15)

U‘Rxafl = Yo,

The following result is formulated for general s € (1/2,2], but we will mainly use below the
case s = 1 which corresponds to the classical “energy formulation” of the boundary value
problem for heat equations.

Proposition 1.12 Let Q) be a regular unbounded domain and let % < s<2ands# 3/2.
Then, for each

h e L2(R,W*22(Q)) and ug € W/271/4571/2).2(Rx 9Q)) (1.16)

problem (1.15) has a unique solution u, which satisfies the estimate

1Beulliz @, we-22()) + [ullwierzo 2 @xay) < (1.17)
1.17
<C (”hHL%R,WS*?v?(Q)) HUOHW(S/2‘1/4’s‘1/2)’2(RX89)>

where the constant C depends on the regularity constant K of the domain ().
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The assertion of the proposition is more or less known, and can be derived using the analogous
result for bounded domains and the standard localization technique (see, e.g., [LSU67, Tri78,
Ama95, EfZe01]). Therefore, we omit its rigorous proof here.

We also need the following variant of (1.17) in weighted Sobolev spaces.

Corollary 1.13 Under the assumptions of Proposition 1.12 there exists an exponent [y =
wo(K) > 0 such that for every weight function ¢ : R x R™ — R of growth rate u € (0, po) and
every

he W 2(RxQ) and ug € WS> V47122 (Rx90) (1.18)

equation (1.15) has a unique solution u and the following analogue of (1.17) holds:

O] (0.5-2). + [ ] (s/2,9), <
|0 HWS) 22 (Rxq)) | ||\;ng/2 )2 (RxQ) (1.19)

< C(Hh”Ws}o,sﬂ),Q(RXQ)) + ||UO‘|WE¢S/271/4,371/2),2(RXQQ))

where the constant C' depends on K(Q2) and on the constant Cy introduced in (1.3) and is
independent of the concrete choice of the weight ¢.

Our proofs will often use the space-time weight function ¢, ,, defined via
Ve yo(t,x) = e_8(1+|t_t°|2+‘x_$°‘2)1/2, where yg := (tg, zo) € R"™. (1.20)
It satisfies the evident estimate
101 Pe o (t, )| + Vi peyo (8, )| < 260y (t, ) for all (tg, x0), (t,x) € R™ L, (1.21)

Indeed, the proof of (1.19) is based on a standard trick of substituting u = 4/pc 4,
into equation (1.15), multiplying by ¢, and solving the equation for u by a perturbation
argument for ¢ small. This trick together with estimates (1.5) and (1.7) reduce the proof of
estimate (1.19) to the case ¢ = 1 obtained in the Proposition 1.12 (see, e.g., [EfZe01, Mie87,
Mie97, Zel00] for details).

Corollary 1.14 Let the assumptions of Proposition 1.12 hold, then for each
h e W2 (RxQ)) and ug € W24 7122 (R o)

equation (1.15) has a unique solution satisfying

[[0cull 0,522 + flullyy 2.2 <
Wi (Rx9)) W (Rx2) (1.22)

< C HhHWE)O,S—Q),Q(RXQ)) + HU’OHwés/Q_l/‘l’s_l/Q)’Q(RX@Q)) ’

Indeed, the function ¢ = ¢, 4, of (1.20) satisfies condition (1.3). Consequently estimates
(1.19) with ¢ = ¢.,, are uniformly valid with respect to yo € R x 2. Applying now the
operator sup, crxq to both parts of them and using Proposition 1.12 we derive estimate
(1.22).

At the end of this section we consider a family of equations of type (1.15) depending on
a large parameter A > 1:

Ou = Ayu — A, up, (t,x) e R x Q. (1.23)

U"Rx@Q =

We study the behavior of several norms of u with respect to the parameter A.
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Proposition 1.15 Let C, > 1 and the regularity constant K, > 0 be given and the associated
growth rate p. = po(Ky) > 0. Then, there exists constants C; and Cy such that for every
regular domain 2 with K(Q) < K, and every weight function ¢ with growth p < u, and
Cy < Cy, for all X > 1 and all solutions w of (1.23), which satisfy (1.18) with s = 1 the
following estimates are valid:

C1(Jluo ”3/\7(1/4’1/2)’2(R><69) +A1/2 HUOH%@(RXQQ))
¢

2 2
< vauHLi(RxaQ) +A||UHL§>(RX8Q) (1.24)

+ X2 ol o) -

< CQ(HUO ”37\,(1/4-,1/2)72 (Rx )
¢

Proof: As in the case of Corollaries 1.13 and 1.14 it is sufficient to prove (1.24) for ¢ = 1
only. To this end we make a rescaling

ci= A"V =T a2 =t ), @ =\/%2Q. (1.25)

Note that the new domain €’ is also regular in the sense of Definition 1.1 for every A > 1.
Moreover, it is not difficult to show that the regularity constant K can be chosen indepen-
dently of A > 1. Thus, the rescaled function w satisfies the equation

Ot — Api+ =0, @y, =uo, (t',2)eRxQ. (1.26)
It follows now from Proposition 1.12 and from the standard trace theorem that

ClHﬁo”%v(1/4,1/2),2(RXaQ/) < HaH%Q(R,WL?(Q’)) < ClHﬁO”%v(1/4,1/2),2(RXaQ/)- (1-27)

Indeed, the right-hand side of that inequality is an immediate corollary of (1.17). In order to
verify the left inequality, we note that, due to trace theorems for anisotropic Sobolev spaces

[tollwaranr.2@xan) < Cllullwarzn.: @xo)- (1.28)

On the other hand, it follows from equation (1.26) that
[0l 2, w-12(0)) < Cllullre w2 ()
and extending the standard interpolation inequality
WH%%Q) < Cllullwrz @ lltllw-12(0)
to time-dependent functions, we have
allwarzn2mxo) < CUlullwre@w-12@) + [ullLzewiz@)) < Cilldliz@wiz@)-  (1.29)

Combining estimates (1.28) and (1.29), we deduce the desired left-hand side of inequality
(1.27). Moreover, since the regularity constant K for Q' can be chosen independent of A, the
constants ¢; and Cy are also independent of A. Applying the inverse of the rescaling (1.25)
to estimate (1.27) we derive estimate (1.24) for ¢ = 1. Thus, Proposition 1.15 is proved. =

15



Corollary 1.16 Define the Dirichlet-Neumann operator Py by
Pyug = anu|RXaQ, where Opu(t,x) = Vyu(t,x) - n(x) (1.30)

and u : RxQ — R is the unique solution of eqn. (1.23). Then, for every weight function ¢ on
RxR™ with a sufficiently small growth rate u < po(K) the operator Py maps W((;M’I/Q)’Q(IR{ X

Q) into WS /72 (R%9Q) and
HP)\UQ”W( 1/4,—1/2), Q(R 89) CAHUOHW(I/“ UQ)Q(RXGQ) (1-31)

where the constant C depends on K, A\ and Cy but is independent of the concrete choice of
¢. Moreover, the following estimates hold:

1/2 2
(||UOHW(1/4 22 Ry ) + AV ||UOHL2%’yO (Rxaﬂ))

Pe,yo
< <P)\u0 ) <Pe,you0>L2(RX89) (132)
<C 2 AL/2 2
= 2(||UOHWEPIE/,§’01/2)’2(RX39)+ ||u0HL2¢6’yO(RX8Q))

where ¢. 4, is defined in (1.20), € < po, yo € R x Q, and the constants Cy,Cy are independent
of A\>1 and yp € R x Q.

Proof: Let Il be an extension operator from the boundary R x 0f inside of the domain R x {2
such that the function v = IIquy solves equation (1.15) with A = 0 and 'U‘RXQ = vg. Then,

according to Corollary 1.13, for every fixed yo = (to, o) and every vy € W(1/4*1/2)’2(R x 0N)
such that
supp o C [to, to+1] x (92N BL) (1.33)

and sufficiently small 0 < ¢ < po(K), we have

vl Wl/E2 @) < Cllvolly, WAL gyo0) S < Cillvollwasaar .z g o+ x@0nss)  (1:34)

where the constants C' and C; are independent of yy. Multiplying equation (1.23) by v and
integrating by (¢,x) € R x  and integrating by parts, we have

(O, v0)12(fto o +1)x (990BL,) = (Ot V)12 (Rx0) + (Ve s Ve v)12Rx0) + AU, V)12(RX0)- (1.35)
Using now the obvious facts that

[0kl =1/200.2 g gy < Cllul| 01202
We. (1g,20) BXD) Weoe (tgrmg) BXSD

and [\7\/(1/2’0)’2 (R x Q)] = W /202 (R x ), we derive from (1.35) that

Lpffy(to@o) Pe,( to,zQ)

[@nt, vo)uz(to o+ x(oant, )| < Calltllygrzne | gy Vlwgrzne g < (1.36)
< C&||uo\|w(1/4,1/2>v2(RxaQ)HUO||w<1/4»1/2>v2([tovto+1lx(3m3i ) |
Ws,(to,zo) 0
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where the constants C\ and C', depend on A, but are independent of yo (here we have used
Corollary 1.13 in order to estimate u in terms of uo and estimate (1.34) for estimating v in
terms of vg). Thus we have established that

2
HPA/LLOHW(71/4,71/2>,2([to,t0+1} X(anB}CO))

2
< CS\ f(t,s)eRxaQ SDE,(to,a:o)(t, S)Huo‘|W(1/4’1/2)12([t,t+1]x(aﬁﬂBg)) dtds.

Multiplying this estimate by ¢(to, z¢), integrating over (tg, o) € Rx 0 and using Proposition
1.5 we obtain the desired estimate (1.31).

Thus, it remains to derive estimate (1.32). To this end we multiply equation (1.23) by
©e yo and integrate over (t,x) € R x . After integration by parts we will have

(Pyug, e yoto)i2rxo0) = (Veul?, @eyo)rz@xa) + Mul?, @eyodr2@xa)
+(Vz u, uVy %06,yo>L2(]RxQ) - <|u|2, atSDs,yo>L2(RxQ)-

Applying estimate (1.24) to the right-hand side and using the estimate (1.21) for ¢, ,, we
arrive at (1.32) (recall that € < po(K) is small). Thus, Corollary 1.16 is proved. [

2 Hyperbolic trajectories and sets for RDSs

In this section we introduce a model RDS in a bounded domain ) which possesses a hyperbolic
set I'g. Using this model RDS we formally construct a new RDS in an unbounded domain
which possesses a hyperbolic set I' := (Fo)Zn. This formal construction will be justified in
the next sections.

Let Qg be a regular bounded domain in R™ (without loss of generality we may assume
that 0 € Qp and diam Qg < 1). Consider the following RDS in Qq:

ou = Azu—u— f(t,u
uly_g =1’ ulpg, =0
Here v = (u!,- -+ ,u¥) is the unknown vector-valued function, A, is the componentwise Lapla-
cian with respect to the variable = := (x!,--- ,2"). The nonlinearity f : R x R¥ — RF is
assumed to be 1-periodic with respect to t, i.e.,
f(t+1,u) = f(t,u) for all (t,u) € R x R¥, (2.2)

to vanish for v =0, i.e., f(¢,0) =0, and to have bounded derivatives with respect to u and ¢
such that
104 f oo (mxr) + D5 fllpoe ey < C for k=0,1, and 2. (2.3)

It is well known (see, e.g., [BaVi89]) that under these assumptions eqn. (2.1) possesses a
unique solution u : [0,00) — L2(Qq) for every u® € L2(Qp). It satisfies the dissipative estimate

Ju@)ll2(00) < Cllellzay e +Cy for ¢ >0, (2.4)
where a > 0 depends on 2y only. Hence, the nonlinear solution operator

SY  L2(Q0) — L3(Q0); ul - u(t) =: SP(u0), (2.5)
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is well defined. It is also known that under the above assumptions the Poincaré map
S9 1 L2(Qg) — L2(Qp) associated with problem (2.1) possesses a compact global attractor
A® € L2(Qg), which is generated by all complete bounded solutions of (2.1), i.e.,

AY =TIoK°,  Hou := u(0),

where the essential set K9 := {u € Cp(R,L23(Q2)) | u solves (2.1) } is not empty since u = 0
lies in K. For more information see, e.g., [BaVi89, Tem88].
Finally, the standard parabolic regularity theory (see [LSU67]) shows that there exists a
constant Ck such that
HuHCé(RXQO) < Cx for all u € KY. (2.6)

In order to introduce the notion of hyperbolicity for invariant sets, we need the nonhomo-
geneous analogue of the first variation associated with the trajectory u € K°:

0w =Azv—v—D,f(t,u(t,x))v + h(t,x) in R x Q, 0. (2.7)

Vlpxag, =
Definition 2.1 A trajectory u € K° is called a hyperbolic trajectory of system (2.1), if there
exists a constant C, > 0 and if for every h € L2(R, W~%2(Qq)) problem (2.7) has a unique
solution v € LQ(R,Wé’z(QO)) NWBL2(R, W~12(Qy)) and this solution satisfies the estimate

[vllweon2@xay) + 10:0]wo-n2@xa) < Cullbllwo.-v.2®x00)- (2.8)

A subset T C KV is called a (uniformly) hyperbolic trajectory set for system (2.1) , if every
trajectory u € T is hyperbolic and estimates (2.8) hold uniformly with respect to u € T'Y,
i.e., with C,, < Cp, < oo. The set Ty := I[oI'Y¥ C L2(Qp) is called then a hyperbolic set of
problem (2.1).

As above we need to reformulate estimate (2.8) in terms of weighted Sobolev spaces.

Lemma 2.2 Let u € K° be a hyperbolic trajectory of system (2.1) with C,, as given in (2.8).
Then there exists po = po(Cy) > 0 such that for every weight function ¢ of exponential
growth rate p < o the following estimate is valid for the solution of problem (2.7)

1ollyyo02 g ) + 1960l yyo-2 g 0q) < C{L||h||wéo,fl>,2(RXQO), (2.9)

where the constant C|, depends only on C,, and Cy4 and is independent of the concrete choice
of hyperbolic trajectory. In particular (2.9) implies that

Cullllyyo.-n.2 (2.10)

HUHWE)OJ)Q(RXQO) + HathWéo’_l)’Q(Rxﬂo) S (RXQO)’

where C!! also depends only on C,.

The proof of this lemma is also based on a standard trick with variable changing v = ¢, yv
in equation (2.7) analogously to Corollaries 1.13 and 1.14, so we leave the rigorous derivation
of (2.9) and (2.10) to the reader.
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Remark 2.3 Tt is not difficult to verify (using (2.9) with exponential weights ¢(t) := e ¢l
e is small positive) that the above definition of the hyperbolic trajectory wu(t) is equivalent to
the existence of an exponential dichotomy for homogeneous equation of variations

0w = Azv —v —Dy,f(t,u(t,z))v in R x Q, v(0) = vp. (2.11)

U‘Rxaﬂo =0,
Namely, there exists a splitting the phase space L?(£)y) into a direct sum of two closed linear
subspaces Vi = Vi (u) and V_ = V_(u) such that for every vy € V. there exists a unique
backward solution v(t) := v (t) (defined for all negative t) and for every v_ € V_ there exists
a forward solution v(t) := v (t) (defined for all positive t) such that

lox (F)llrz(ep) < Ce™ llvtlliziay), t=0. (2.12)

Moreover, the positive constants C and ¢ depend only on the hyperbolicity constant C,, intro-
duced on (2.8). Thus, the exponential dichotomy (2.12) is uniform with respect to all trajec-
tories u belonging to a hyperbolic set Ff{ and, consequently, our definition of a hyperbolic set
is equivalent to the standard definition via stable and unstable foliations (see, e.g., [KaHa95]).
We recall that our definition is adopted for the nonautonomous (e.g., time-periodic) equa-
tions, so the neutral foliation is absent and we factually have a discrete dynamical system
generated by the Poincaré map SY.

We also note that our definition is associated with the phase space L2(£)), although the
concrete choice of that space is not essential due to the smoothing property for parabolic
equations. In particular, the equivalent hyperbolicity formulation associated with the phase
space Wh2(€) reads: for every h € L%(R x ) there exists a unique solution v € W(12):2(R x
Qo) of equation (2.7) and the following analogue of (2.8) holds:

[vllwa2.2@xa) < CullhllLz@x0)- (2.13)

Although (2.13) looks simpler than (2.8) (in particular, it does not contain Sobolev norms
with fractional or negative exponents), we prefer to use the L2-form formulated in Definition
2.1 since we will consider below the dynamical systems which are close only in rather weak
sense and the Wh2-norms will be too strong for our purposes.

In order to formulate our additional assumptions to system (2.1) we introduce the model
dynamical system of Bernoulli shifts (see, e.g., [KaHa95] for details).

Definition 2.4 For n € N define M™ := {0,1}*" = {b:Z" — {0,1} } and equip it with the
standard Tychonov topology. Using the n-dimensional “time” | € Z" we define the model
dynamical system {7; |l € Z" } on M™ via

(7ib)(m) :==b(l+m), meZ", whereb="0b(-) € M". (2.14)

We will denote by { T |k € Z}, i =1,--- ,n, the one-parameter subgroups of (2.14) defined
via T} = Tke,, where e; is a standard i-th coordinate vector in R".

Since we consider spatial-temporal systems we are lead to the set (M')%", which we
identify with M"+1 via

(b, )pegn € (MHE" for be M™ T, (2.15)
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We will then use | = (lp,l') € Z""! to indicate the time component Iy and the spatial
component I’ € Z".

Our basic assumption for the construction of spatio-temporal chaos is now, that the dy-
namics of system (2.1) contains chaotic dynamics in the following sense.

Assumption 2.1 There is a hyperbolic set T'y for problem (2.1) in the sense of Definition
2.1. Moreover, there exists a homeomorphism 7y : M! — T'y such that the dynamical systems
(MY, T0) and (T, SY) are conjugate, i.e.,

00T =8V or, where (Tb)(ly) = b(lg+1)for Iy € Z. (2.16)
(Recall that S is the Poincaré map of (2.1) with S{u = u(-+1).)

Since every initial condition ug € I'g C LQ(QO) is associated with a unique trajectory
u € K° we may also define the hyperbolic trajectory set I'f" and the homeomorphism 7¢" :
MY = T8 a— UY € CL(R,L2(£y)), which satisfies

mo(a) = U2(0) and US(t+1) = U%oa(t) for t € R. (2.17)

To make 7{" continuous, it is important to introduce a suitable topology on I'f C K°. This
is the topology of uniform convergence in L?(£)y) on compact subset of R. Since K° and
hence I'{f is contained in a bounded set of Cp, (R, L?(£)) this topology is easily obtained the
weighted norms, e.g., L, (R, L2(Qq)). We refer to [MiZe02] for the exact arguments.

Remark 2.5 We recall that the existence of a hyperbolic sets I'y described in Assumption
2.1 is closely related with the existence of transversal homoclinic orbits for equation (2.1).
Indeed, let ag € M be a zero element (i.e. ag(n) = 0 for all n € Z). Then, according to
(2.16), the corresponding hyperbolic trajectory ug := U(SO is a time-periodic trajectory of the
RDS(2.1). Without loss of generality, we may assume that

up :=Up =0 (2.18)

(if (2.18) is not satisfied, it is sufficient to change a dependent variable u — u — ug(t, x)).
Then, according to hyperbolicity assumption (2.8), ug = 0 is a hyperbolic equilibrium of
system (2.1) (in particular, (2.18) implies that f(¢,0) = 0).

Let us now consider a basic homoclinic orbit @ to ag in M!, determined by @(0) = 1 and
a(l) = 0,1 # 0. Then, commutation relations (2.16) and (2.17) together with the fact that ¢
is a homeomorphism guarantee that the associated trajectory @ := U2 will be a homoclinic
orbit to ug = 0. Moreover, the hyperbolicity assumption (2.8) implies that @ is a transversal
homoclinic orbit to zero solution and, consequently, decays exponentially as ¢ — Foo:

€ CL (R x Q), (2.19)

for some positive pr. We now recall that every element a € M can be presented as a sum of
shifts of the basic homoclinic orbit a with coefficients from 0 and 1, namely

a=3Yeza)T% (2.20)

Of course, the homeomorphism 7y : M! — I'y is not linear and we cannot write the analogue
of equality (2.20) for the solution U, € I'l". Nevertheless, this solution is usually occurs close
to the sum ), ., a(l)u(- — 1), i.e.

10a = 2 iez D) = Dlcrmx,) < €0 (2.21)
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where the small positive gq is independent of a € M! and the trajectory U? is determined
in a unique way by this condition. Thus, a hyperbolic set T'lf" is generated by shifts of the
basic transversal homoclinic orbit 4 summed with coefficients 0 and 1. Moreover, it is also
well-known that the existence of a single transversal homoclinic orbit % to some periodic
solution wug of problem (2.1) is sufficient for the existence of a hyperbolic set I'§" satisfying
Assumption 2.1, see [KaHa95, SSTCO01] for the details.

Remark 2.6 Assumption 2.1 which guarantees that the Dirichlet problem (2.1) in a bounded
domain € possesses a hyperbolic set homeomorphic to Bernoulli scheme M! is the basis of
our construction. As we explained in previous remark, existence of the hyperbolic sets of
that type is strongly related with homoclinic orbits and they usually appear in concrete
examples of ODEs or PDEs under the bifurcation of the appropriate homoclinic orbit, see
e.g. [KaHa95, SSTCO1] and references therein. Moreover, a number of special constructions
which allow to realize a given finite-dimensional vector field as a restriction of a RDS to its
appropriate central manifold are also known, see [Pol02, FiPo90)].

Unfortunately, although the existence of RDSs satisfying Assumption 2.1 seems well-
known, it is not easy to give a sharp reference for this result. That is why, for the convenience
of the reader, we briefly explain in Appendix A how to construct a RDS satisfying Assumption
2.1 if a system of ODEs is known which satisfies this assumption.

It is now easy to construct a RDS which has have the hyperbolic set I" := (Fo)Zn. We do
this by considering a period array of uncoupled systems as follows. Later we will show that
coupling does not destroy the hyperbolic set and such we are able to embed the problem into
a RDS which is spatially homogeneous.

We use the spatial translation operator T} : £ +— x — h and define for [ € Z" the sets
Q; := T;Qy. Due to our assumptions diam 2; < 1, the domains €2; do not intersect for different
values of [ € Z™. Define the domains 2, and Q_ via

Q+ = UlEZ"Qla Q_ = 1nt(R"\Q+)

Evidently Q. and €)_ are uniformly regular in the sense of Definition 1.1 and Q is discon-
nected.
Consider now the RDS in Q:

{ Ou=Ayu—u— f(t,u) inR x4, (2.92)

u=20 on R x 994,

which in fact decouples into a countable number of copies of the initial RDS (2.1), since Q
is the disjoint union U;ezn €. Indeed, any solution of (2.22) can be represented as

u(t) = 3 ez Tiw(t)xo, where (Thv)(z) = v(z+h) (2.23)

and xg, is a characteristic function of the domain €2;. Moreover, for each [ € Z" the function
uy 2 [0,00) — L2(Qp) is a solution of (2.1).

Using the decoupling (2.23) and the estimate (2.4) one easily verifies that for every
u® € LE(Q4) problem (2.22) has a unique solution u(t) which satisfies the dissipative es-
timate

lu(®)lle (0. < Cllu(O)llz . e +C.
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Thus, the solution operator of (2.22) is well defined via
S0t L2(Q4) — L2(Q,), u(0) — Su(0) = u(t).

The Poincaré map S; : LZ(Q4) — LZ(Q) associated with (2.22) possesses a global, locally
compact attractor A C L2(4). The latter means that the set A is bounded in L2 (£24) but is
compact in the topology of L%OC(Q+) only (which is natural for the case of unbounded domains,
see [MiSc95, Mie97, Zel03a]). Moreover, the decoupling (2.23) defines a homeomorphism

A~ (A

and the local topology induced on A by the embedding A C L2 (£2) coincides with the

loc
Tychonov topology induced on the product (.AO)Z . As in the case of A°, the attractor
A C L3(Q4) is generated by all bounded complete solutions of problem (2.22), i.e.,
A=TLK, K~ (K9
Let us study now the relations between the hyperbolic trajectories of systems (2.1) and

(2.22). To this end we introduce the nonhomogeneous equation of variations for (2.22) for
u e K:

v =00 —v—Dy,f(t,u(t,z))v+h(t,z) n Rx Oy, v=0o0nR x9I0. (2.24)

Lemma 2.7 Let I € K° be a nonempty hyperbolic trajectory set for (2.1). Then, for any
sequence (uy);ezn withw; € T the function u € K defined via (2.23) is a hyperbolic trajectory
for eqn. (2.22). Moreover, there is an exponent py = po(Cr,) > 0 such that for every weight
function ¢ with the exponential growth rate u < ug the following estimate is valid for the
solution v of equation (2.24):

HUHW;OJ)»Q(RXQ_F) + HatUHW;O’—l)»?(RXQ_F) < CF”hHW;O’—l)»Q(RXQ_F) (225)

where the constant Cr depends only on Cr, and Cy and is independent of the specific choice
of hyperbolic trajectories (u;)iczn. In particular, (2.25) implies that

HUHW](DO’I)’Q(]RXQ+) + HathW](DO’_l)’2(R><Q+) < CF“h”W£O’_1)’2(RXQ+)7 (226)

where Ct. depends only on Cr.

Indeed, estimates (2.25) and (2.26) are immediate corollaries of (2.9) and (2.10) and the fact
that the weight T;¢ satisfies (1.3) with the same constant as ¢.
The assertion of Lemma 2.7 admits to find a “large” hyperbolic set I" for the RDS (2.22).

Corollary 2.8 Under the assumption of Lemma 2.7 the representation (2.23) defines a hy-
perbolic trajectory set
Zn
Ftr ~ (Pgr)

for problem (2.22) and consequently ' := IIoI'" C L2(€2) is a hyperbolic set for (2.22) which
is homeomorphic to I‘OZn.
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Again it is important to equip I''" C Cp(R,LZ(Q4)) and T' € L3(Q24) with the correct
topologies which describe convergence on bounded subsets of R x Q. and €, respectively.
As above the weighted topologies are the desired ones.

By construction, system (2.22) is invariant under the group {7y |l' € Z"™} of discrete
spatial translations as well as under the temporal shifts { S, | lo € Z}. Note that these two
actions commute, such that we have a spatio-temporal action of Z™*!, which we denote by
{S1=8,0Ty|l=(lp,l') € Z""* } and {T; |l = (lp,I") € Z""'} for the action on initial data
(i.e., on L2(24)) and on trajectories (i.e., on Cp(R,L2(€24))), respectively. In particular, the
attractor A and the corresponding set of essential trajectories of (2.22) are also invariant with
respect to these actions:

SSIA=A and TK=K forl=(lp,1') € Z""
Moreover the sets I''" and I' are also invariant with respect to these translations:
T, =T% and S;T'=T forlezZ" (2.27)

Moreover, these actions on I' = (I'g)Z" and T = (I'{")Z" are conjugated to the standard
Bernoulli shift {7; |1 € Z"t'} on M" = (MYZ" via the obvious homeomorphisms 7 :
ML T and 7% ¢ ML — T defined via 7(b) = 7% (b)|;=0 and

T(0) = Uy" + (t.2) = Ypegn Uyl py (6 2+ ) X0 (2+)

with Ul?(_ 1y 88 defined right before (2.17). We summarize these result as follows.

Corollary 2.9 Let the assumption 2.1 hold. Then, the multi-dimensional Bernoulli system
(MY LT |k € ZHLY) is conjugated to (T, {Sg = Sy, o Ty | k = (ko, k) € Z"T1}) associated
with the RDS (2.22) via the homeomorphism T, i.e.,

SipoT=10Ty o) forly €Z and Tyot =107y forl €Z". (2.28)

Thus, we have constructed a RDS which possesses a hyperbolic set I' = F%n which shows
spatio-temporal chaos. But unfortunately the unbounded domain €2, is disconnected and
consequently is not a “domain” in a usual sense which makes the obtained result artificial
and uninteresting in itself. In the subsequent sections we will use the structural stability of
hyperbolic sets to show that a weakly coupled systems still has the same chaotic behavior.

3 The linearization of the weakly coupled system

Our next step is to construct an appropriate RDS in R™ which is in a sense close to problem
(2.22) in 24 and then to construct the hyperbolic set I' for this new system using the structural
stability of hyperbolic sets. We will search such a system in the following form:

Ou = Agu—u— f(t,u) for z € Q4
Ou = Azu — Au forx € Q_, (3.1)
“‘Rxam = u‘Rx&Q_’ a”u|R><89+ + a”u|R><8§l_ =0,

where A > 1 is a large fixed parameter. Evidently, this problem can be rewritten as a RDS
in R™:
Ou = Ayu—u— fr(t,u), (t,z) € RxR", (3.2)
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where by definition
flt,u)  for x € Qy,

(A-1Du forzeQ_. (3.3)

itz u) = {
The continuity of u and V,u on 9Q4 = 0€2_ is now included in the smoothness assumptions
for the solutions. The function f) is 1-periodic with respect to t and x:

A+l z,u) = fu(t,z,u) and fa(t, Tz, u) = fr(t, z,u) (3.4)

for every | € Z™ and every (t,z,u) € R x R" x RF,

We now want to show that (3.2) is a small perturbation of the uncoupled system (2.22) on
Q.. The heuristic argument is clear, since the large parameter A > 1 corresponds to strong
absorption and hence makes the solution very small in the domain £ _. Thus, we expect to
approximate zero Dirichlet data on 02, . To make these arguments precise we recall, from
Corollary 1.16, the linear Dirichlet-Neumann operator

P WA R o0 ) - WA (R o0 )

where 2 is replaced by 2_ and where we have used that the equation is linear in _.
By solving the second equation of (3.1) we rewrite this problem in the following equivalent
form which is more convenient for our purposes:

{ Ou = Agu— f(t,u) for (t,x) € R x Qy, (3.5)

8nu‘R><8§2+ + P;(“{Rxam) =0.

Indeed, system (3.5) is a coupled version of system (2.22) in which the coupling is concentrated
in the nonlocal linear boundary operator P, . Note that the nonlocality is in space and time.

We will now use that this coupling is small for A > 1 such that we are able to show
that the linearization of (3.5) at the functions w € '™ is still invertible. We will use this in
the following section to construct a hyperbolic set fA for eqn. (3.2) using structural-stability
arguments.

Note that the functions u € I'*" are not solutions of (3.5), however we may still study the
inhomogeneous, variational equation around these functions:

{ 80 = Ay — U — Dy f(t,u(t, )0+ h(t,z) on R x 4, 56)

0n0 + Py (V)3 00.,) = 90 on R x 9Q,.

We will show below that the solution operator Mqi‘ giving v = Mé‘(go, h) is well-defined by
comparing it with the solution operator M ° associated with the nonhomogeneous, variational
equation (2.24), now including also inhomogeneous Dirichlet boundary conditions:

{ 0w =Azv—v—D,f(t,u(t,x))v+ h(t,z) inRxQy, (37)

v = on R x 99 ,.

Hence, M2° is defined via v = M3°(vg, h).
Our main result will be the comparison between 7 = M(0,h) and v = M2°(0,h) in the
form

17—l = [[M5°(0,h) = M 0, h)|| < A7 ||h
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in suitable function spaces. This result is obtained by reducing the problem to the boundary
R x 09 via the operator P : 6 — On M (0p,0). Thus, wy = (v—)|rxo0, Will satisfy

8nv+PJw0+P;w0:0onRx89+.

Our a priori estimates for Py~ from Proposition 1.15 and Corollary 1.16 imply that the
inner product (P wg,wo) is of order AY/2||lwg|?> as A — oco. This fact, together with the
positivity of the principal part of PJ (see Lemma 3.3) allow us to conclude that the operator
PJ + P, is invertible (and, consequently, wq is uniquely determined by 9,v|rxs0 +) if Ais
large enough. Hence, going backwards, we are able to find 7 = M0, h).

We now make the above statements rigorous. The main result of this section is the
following theorem.

Theorem 3.1 Let I''™ be the hyperbolic set set constructed above. Then there exist constants

Mo > 1 and &g, Cr > 0 such that for all A > \g, all € € [0,e¢], all yo € R**!, all solutions

w el and all h € Wl()o’*l)’z(R x Q) equation (3.6) with go = 0 has a unique solution v and

it satisfies

Hatv||Wg);,;é)’2(RXQ+) + ||U||W&O;};62(R><Q+) < CFHhHWg)E”;é)Q(RXQjL)' (38)

Moreover, for each p € (Pmin, Pmax) With Pmin = 27?_;4 and Pmax = % there exists a
constant c,, such that
-0 * —Bp — (Pmax—p)
[lv UHL%;FE/MO ®x0,) < OrA Hh”wffg’;ém(ﬂ&xﬂg where 3, yram— (3.9)

and v = M:°(0, h) is the solution of the linearized problem (2.24) (which exists due to Lemma
2.7).

Before we start the proof of this theorem, we provide two lemmas. All the constants will be
independent of v € '™ and yo € R™H!,

Lemma 3.2 There exist g, Cr > 0 such that for all boundary data 6y € W£1/4’1/2)’2(IR{><8(2+)
equation (3.7) with h = 0 has a unique solution 6 and the following estimate is valid:

H5t9||wgoos,;é>,2(RXQ+) + ||9||W59()E,}y)0,2(RXQ+) < CF”90"W&15{361/2>*2(Rx69+)’ (3.10)
Thus, the linear operator
Pl WIB22(R 90 ) - WEVATID2 (R w00 ) (3.11)

is well defined via PJHO = ane\ﬂwm and bounded.

Proof: Indeed, estimate (3.10) is a standard corollary of estimates (1.19) and (2.25). The
boundedness of P} follows from the trace theorem, analogously to Corollary 1.16. ]
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Lemma 3.3 We decompose the operator PJ as PJ = P1+ + P/, where the operator P1+ is the
Dirichlet-Neumann operator Py of (1.30) with A = 1 and Q = Q, (i.e.,, with f =0). Then

there exist constants eg, C, Cy,Cy > 0 such that for all € € [0,g¢] and all §y € W£1/4’1/2)’2(R X
08 ) the following estimates hold:

| P! 6o ||W<(pls/,3£)1/2)’2 (Rx09,) < (6o \|WED1E<:61/2),2(RX@Q+). (3.12)

ClHHOH%V(1/4,1/2),2 < <P1+607‘~P6,y060>L2(]R><GQ+) < 02”00”%\/(1/4,1/2),2 . (3-13)
®e,y0 ®e,y0

(Rx Q) (Rx0Q4 )

Proof: To estimate Pfr let 61 be the solution of the problem 0;6; = Af; — 01 in R x Q4
and ) = p in R x 99, such that P, 6y := 8n01|ﬂ+. Multiplying the equation by ¢ .01,
integrating over R x Q and arguing as in the proof of (1.32), we derive estimate (3.13).

To estimate P, we introduce the function 3 := 6 — #; such that by definition P/6, =
OnB2|rx 00 . and which satisfies the equation

Os = ApOy — 03 — Dy f(t,u(t,x))d in R x 24, 6 =0o0n R x 90, (3.14)

where 6 = M2°(6p,0).
Because of Lemma 3.2 and the fact that D, f € L we have the estimate

IDuf (s uls )Olle, | @xap) < ClHHO‘|W(1/:61/2)‘2(R><89+)' (3.15)

Pe,
Applying estimate (1.19) with s = 2 to equation (3.14) and using (3.15) we obtain
1921l 22 g,y < Colfollggraragyan, )
With the standard trace theorem we conclude
1082l ony < Cololhyrsarm2anon, (3.16)

which is the desired estimate (3.12). ]

Proof of Theorem 3.1:
Let v = M2°(0,h) and w = v — U satisfies the equation

Ow = Agw —w — D, f(t,u(t,z))w in R x Q4 (3.17)
6nw+P)\_(w‘RXaQ+)+8nv:0 on R x 9. '
Because of Lemma 2.7 and the trace theorem (analogously to Corollary 1.16) we have
HanUHw;;}y/:,—l/z),z(RX&Q” < CHhHW@;ém(RXQ”- (3.18)

Using the operator PJ we reduce problem (3.17) to the equivalent pseudo-differential equation
on the boundary R x 0§21, namely Pon + Py wo + Opv = 0 with wg := w‘RXaQ+. Using the

decomposition P = Pt + P! of Lemma 3.3 we arrive at

Py wo + Pfwg + Plwg +0,v =0 on R x 99, (3.19)
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Taking a scalar product in L%(R x 9€2;) of equation (3.19) with the function ., wo and
using the Cauchy-Schwarz inequality and the estimates (1.32), (3.12) and (3.13) we derive

2 1/2 2
Hwo||W5,15<§61/2)’2(RX89+) + A HwOHL?pE’y0 (Rx0Q4) <

2 2 (320)
< CSH”U)OHL?OE’Z/O (Rx904) + CSHanUHW(—1/4,—1/2),2 .

Ye,y0 (RX8Q+)
Inserting estimate (3.18) into (3.20) we derive that for A > (C3+1)? =: )¢ the following
estimate is valid:

2 1/2 2 2
lwollya sarme o, + A wolliz, | @xons) < Cullliyo v,

for an appropriate constant Cy which is independent of A\ > \¢. Interpolating with a € [0, 1]
we obtain

< ON IRl 01 (3.21)
Pe,y0

lwollyierser 2 @on, ) (RxQ4)’

u € T, Using wy choosing @ = 1 in (3.21) and applying estimate (3.10), we find

= w‘RX@Q+7

HathW&OE’;/é)’Q(RXQ_F) + “w“W&15<561)’2(RXQ+) < CHh”Wg)E’Eé)’Q(RXQ_F) (322)
which together with ¥ = v—w and (2.25) implies (3.8).
To prove estimate (3.9) we use (3.21) with 0 < a@ < 1 and (1.19) with s = (a« + 1)/2 to
derive
Iy —(1—a)/d
Hw||Wf§§;01)/4‘<a+1>/2>’2(RxQ+) <C'A HhHWg);,;é)g(Rxfu)' (3.23)

The presence of the subordinated term D, f (¢, u(t, z))w in (3.10) in comparison with (1.15) is
not essential thanks to estimate (2.25). Applying now an embedding theorem for anisotropic
Sobolev spaces (cf. [LSU67]) we obtain

HwHL@ZQE/Q,yO R®RxQ) = Cp||w||Wg§;01)/4,<a+1)/2)72(RXQ”, (3.24)
where p, = Z(J:‘ff O)é € (Pmin, Pmax) and the constant C), is independent of yo € R™ 1 to

inequality (3.23) we obtain estimate (3.9). Having the a-priori estimate (3.8) for the solutions
of (3.6) one can verify the existence of a solution v in a standard way. Theorem 3.1 is proved.

[
Corollary 3.4 Under the assumptions of Theorem 3.1 the following estimates hold:
“8t6”W£0,_1),2(RXQ+) + H:JHWE)O’I)’Q(RXQJJ < CF|’hHW](DO,—1),2(RXQ+) (3.25)
and
o~ mxcry < CA P Al g0 02, (3.26)

2n+4 2n+4 max —
where p € (pmimpmax) = ( 7?_:_1 ) n;— )7 ﬁp = n(pﬁipp)

of the concrete choice of u € T*,

> 0 and all constants are independent

27



Indeed, estimates (3.25) and (3.26) are immediate corollaries of Theorem 3.1 and Propo-
sition 1.9.

In conclusion of this section we consider problem (3.6) with nonhomogeneous boundary
conditions, i.e., we estimate w = M (wo, 0).

Corollary 3.5 Let the assumptions of Theorem 3.1 hold. Then for every A > Ay and for
every wg € W£_1/4’_1/2)’2(R x 9§,) the solution w = M (wo,0) of (3.6) exists uniquely and
satisfies the estimate:

190y 0-0.2 gy + N0llyy@ 2,y + A0l e,

(3.27)
< Cpro||W£71/4,71/2),2(Rxa9+).
Moreover, for € € [0,e¢] the following weighted analogue of (3.27) holds:
B
1l v @o,) T Ivlwen e, T A, @xon < (3.28)

< CFHwo\|W&;}y/o4fl/2>v2(mxasz+)’

where p € (Pmin, Pmax) and (3, = "L > 0 as above,

Indeed, estimates (3.27) and (3.28) have been obtained in the proof of Theorem 3.1 (com-
pare equations (3.6) and (3.17)).

4 Structural stability

In this section we construct a hyperbolic trajectory set I'{' for the coupled problem (3.5)
which will be homeomorphic to the hyperbolic trajectory set I'*' of the uncoupled problem
(2.22).

The main result of the section is the following theorem.

Theorem 4.1 Let T'y be a nonempty hyperbolic set for problem (2.1). Then there is a
constant A1 > 1 such that for every X > A there is a hyperbolic trajectory set ' for
equation (3.5) which is homeomorphic to T = (T§")2":

K T™ s T (4.1)

This homeomorphism commutes with the discrete space-time translations { T; |l = (lp,l') €
2"t} (defined via (T gy yu) (8, 2) == u(t+lo, z+1')), Le.,

kY oT) =Tyorl¥ forleztl (4.2)

Moreover, kY is bi-Lipschitz continuous in the weighted topology, i.e., there exist constants
C1,Cy > 0, A\; > 0, and gy > 0 such that for all A > A\, € € (0,&¢9) and all uj,uy € T the
following estimate is valid:

G (”aful_atu?|’Wé2:;J)’2(RxQ+> * ”“1_“2”W&°g?;(;2(ﬂexn+>>
< 185 A i N
< [|0vua atuz”Wi,O;’yé)’Q(RxQJr) + [[ur uz”w&%}yf(ﬂ&xm) (4.3)
<y (H&sul—aﬂ@\|W((p05,’y(1)>,2(RXQ+) + ||U1—U2HW$5’262(RxQ+)> )

where u; = kY (u) and i = 1,2.
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Proof: Indeed, let u € T be a hyperbolic trajectory of the uncoupled system (2.22). We will
search for the corresponding hyperbolic trajectory @ := £ (u) in the form @ = u + w. Then,
the correction w has to satisfy the equation

{ Ow = Apw —w — [f(t,u(t,z)+w(t,x)) — f(t,u(t,z))] inRxQy, (4.4)

P)\_(w‘RXaQ+)+8nw+8nu:0 on R x 0.

Define the function wy as M; (—9d,u,0), i.e., as solution of (3.6) with h = 0. Corollary 3.5
and estimate (2.6) give

| lip sy S CoX P I0ntly sy, < CoN (45)

where p € (Pmin, Pmax) is fixed and C’;,‘ is independent of \ and u € I'*".
Now the function § = w — wy has to satisfy the equation

{ 00 = Ayl — 0 — Dy f(t,u(t, )0 — h(t,z,0) inRxQ,, 46)

Py (0] pyp,) + 0t =0 on R x 09,

where h(t,z,0) = f(t,u(t,z)+wx(t,2)+0) — f(t,u(t,z)) — Dy f(t,u(t,z))0. Recalling the
solution operator M, for system (3.6), equation (4.6) can be rewritten in the form

0+ Mzi\(o’ [f(~,u—i—@)\—{—9) - f(vu) - Duf(,U)GD =0.

We are going to solve this equation with the help of the implicit function theorem. For fixed
P € (Pmin, Pmax) We define the mapping

- [1,00]xLP(R x Qy) — LY (R x Qy),
(>‘7 9) — 0+ Mi\(o’ [f(',U+@A+9)—f(',U)—Duf(',U)GD.

Recall that MS° is the solution operator of problem (2.24) and that we = 0. It follows
now from (2.3) (3.8), (3.9) and (4.5) that ® € C%([1,00] x LV, LP), Dg® € C°([1,00] x LY,
Lin (LY, LY)), ®(00,0) = 0 and Dy®(c0,0) = Id. Consequently, due to the implicit function
theorem there is Ao > 1 such that for every A > A; there is a unique 6 € LY (R x Q) such
that

‘1>()\,9)\) =0 and ||9)\HL€(R><Q+) < C)‘_Bp’ (47)

where the constant C' is independent of u € T'*". Consequently, § = 6, solves (4.6). Moreover,
0y = —M (0, h) implies via (3.8) and (3.9) that

Hate)\HWl()o,q)g(RXQ” + ||9}‘||W1()0’1)’2(R><Q) < Cl)fﬁp, (4.8)
since h can be estimated as follows. From (2.3) and (4.5) we obtain

Il @xay) = I1FCout@r+63) = F(ou) = Duf (u)al 2 mxry )
< C (I0alLz ey + @Iz ) -

Together with (4.7) and (4.5) this implies estimate (4.8) for sufficiently large A.
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Now define /{g\r (u) :=u := u+ wy + Oy, which, by construction, is a solution of equation
(3.5) and hence of the RDS (3.2). Moreover, due to (4.5) and (4.8) we have the closeness
condition

=il e,y < CA. (49)

Let us verify that @ is a hyperbolic trajectory for system (3.5). According to Definition 2.1
we have to consider the linearized problem

00 = A0 —v—D,f(t,x)v+ h(t,z) onR xQ,,
{t f(t,w) (t,z) + (4.10)

Py (W, ) + 07 =0 on R x 90

Indeed, it follows from (2.3) and (4.9) and from the embedding theorem for the anysotropic
Sobolev spaces that

IDuf () =Duf (,@)0 1 2@x0,) < CA 0]l Lomax Rx0y )
< C1 (10w -va@say) + [Plwonzgeas)) (411)

for some positive § > 0. Applying this to the right-hand side of (4.10) and employing the
hyperbolicity of u as given in estimate (3.8) with ¢ =1 (i.e., € = 0), we easily obtain

100l wo—v2@xa,) + [Plwon2exa,) < Crllblwo-v2@xa,)

where the constant C7. is independent of A > \g and of the concrete choice of u = k¥ (u) € 'Y
Thus, u is a hyperbolic trajectory of (3.5).

Thus, we have shown that I'{ := §(I'"") is a hyperbolic set for the coupled problem (3.5).
The commutation properties (4.2) are immediate corollaries of our construction of £ and of
the uniqueness part of the implicit function theorem. Thus, it remains only to verify the local
Lipschitz continuity (4.3). For this, let u1,us € ' be two hyperbolic solutions of (2.22) and
let @; := &Y (u;), i = 1,2, be the corresponding hyperbolic solutions of (3.5). Define also the
functions {Dg as the solutions of problem (4.4) associated with w;, i = 1,2, respectively and
the functions 0; := u; — u; — fD’)\ Then, the function wy := {D}\ - @g\ satisfies the equation

{ Oy = Ay — @y — Duf (t,u) @y + h, (412)

Py (ﬁA‘Rxam) + a"@A‘Rxam + (a”u1|R><8§l+ _a”u2|]R><89+) =0,

where h(t,z) := [Dyf(t,u1(t, x))—Dy f(t, ua(t, ))]w3 (t, x). We claim that there are C,eq > 0
such that for every e € [0, ] the following estimate holds:
~ ~ ﬁ ~
10rox 002 g, ) + 10002 @ g ) T AZ DM, @xa

(4.13)

< - . _
< Ol =duallyyo-n2g g )+ lun—ualyoneg,q )

where p € (Pmin, Pmax) is fixed and C and gy are independent of u; € T, A > )¢ and of
Yo € RP+1

In order to derive (4.13) we need the following standard smoothing property for the
solutions of (2.22).
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Lemma 4.2 Letu; € K, i = 1,2, be two essential solutions of problem (2.22). Then there is
g0 > 0 such that for every e € [0,e¢] the following estimates hold:

Orln=uzley, |, @xan) <10 =Bl o2, Tl —vzlyonema,,)

- (4.14)
< 02||U1—u2||cg‘,5/27y0 (RxQ)
where the constants €9 and C; are independent of u; € K and of yo € R™ 1.
Proof: Indeed, the function v := u; — uy satisfies the linear equation
Ov=A7Av—v—Alt,zx)vin RxQy, v=0o0nRx Ny (4.15)

with A(t,z) := fol D,f(t,sui(t,x) + (1—s)ua(t,z))ds and hence, by (2.3) and estimates (2.6)
for the solutions u;, we have A € CL(R x Q,R™*™),

Applying the standard parabolic regularity theorems (see, e.g., [LSU67]) to equation
(4.15), we derive estimates (4.14) and Lemma 4.2 is proved. [

Estimate (4.14) together with estimate (4.5) for w3 imply that

1Bllez, , @xap) = C)\fﬁ”(||3tul—5tuz||Wg)s,’;é),2(RXQ+) + ||U1—u2\|wgoog}y>62(RXQ+))’ (4.16)

where h is defined after (4.12), 3, > 0 and C is independent of A, yo and u;. Applying
estimates (3.8), (3.9) and (3.28) to equation (4.12) and using (4.16) we obtain the desired
estimate (4.13).

It remains to estimate 6 := 61 — 65 which satisfies the equation

P)\_(G‘Rxag+)+8n9:0 on R x 0Q4;
where h = hy + hy + hs with

hy = [f(-,u1+@§+62) - f(‘,Ul"i‘@%\"i‘HZ)],
ho := —[f(~,u1+ﬁ}\+01) - f(-,U1+@>\+02) — Dy f (-, u1)0], (4.18)
hs := f(-,u1+w05+02)— f (-, ua+ws+02)+ f (-, u1)— f (-, uz).

We estimate every term h; separately. Due to the global Lipschitz continuity of f and estimate
(4.13) for wy we have

7[3 _ _
iz, | @xa.) < CA™ (100w Ozl -n2 g,y +lIu U2||Wg)6»};62(RXQ+))- (4.19)
Moreover, due to the uniform Hélder continuity of D, f one has the estimate

|f(t,ur+wy+61) — f(t,ur+wy+62) — D, f(t,u1)0]
< fol Dy f (£, ur+wy+s01+(1—5)02) — Dy f(t,u1)|ds [0] <
< C ([} ° +611° + 1621°) 16],
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where 0 < § < 1 is arbitrary and the constant C' depends only on f. Fixing  small enough
and using estimates (4.5) and (4.7) and the Holder inequality we arrive at

Mhallce, | @xcre) < COTE gy H10 130 @y H102 1y ) 160e, s

(4.20)
< CoA™ (w”HHHngy (RxQ)-
Finally using the Lipschitz continuity of D, f we obtain the estimate
|ha(t,x)| < C (|@X (¢, 2)| + |02(t, 2)]) fur (t, ) —ua(t, )]
and consequently, due to (4.5), (4.13) we find
1h3lle, , @xay) = CgA‘ﬁp(H@tm—@twIIWg)E,’;ém(RXQ + vzl o, )2 (Rx0 .- (421)

In the three estimates (4.19), (4.20) and (4.21) the exponent p € (Pmin, Pmax) is fixed and the
constant C1,Cy, and C3 are independent of yo € R, A > \; and u; € T'™.

Applying estimate (3.8) to equation (4.17) and using inequalities (4.19), (4.20) and (4.21)
for the right-hand side h = hy1+hs+hs we obtain

+ H(91 HQHW(O 1) 2

(RxQy)

Haté?l—at@zHW&oéwa o (RxQ4)

y (4.22)
<CA\ P(Hatul—atUQ”W((Po,—l),Q(RXQ + Hu1 UQHW(O 1)2(]RXQ ))
£,90
Using @y — U2 = [ug—ug] + [@}—w3] + [01—02], estimates (4.13) and (4.22) imply
Cullur—uzlly, J(Bxay) S Crllar =Tl g (BX21) S
< Hatul_atUQHw((pos”—y(l))»Q(RXQ_’_) + Hul_uQHW;%’l;éQ(RXQ_’_) (423)

< — _ — .
< G0 =0vuallyyo-v2guq,) Tl —ullyoneg.q.)

To finish the proof of Theorem 4.1 it remains to note that estimate (1.22) with s = 1 applied
to equation (4.15) gives

[Opur —Ous|lyy, + [lur—uzlly, < Csljur—uz||

0 1)2(]R><Q ) 01)2(]R><Q ) — ©pe /2,50 (Rx€Q4)
This estimate together with (4.23) provide (4.3); and thus Theorem 4.1 is proved. ]

Until now we have discussed the problem (3.5) on Q4 with the nonlocal boundary condi-
tions depending on A\. Now we return to the RDS (3.2) defined on all of R™, but with a the
nonlinearity f) defined in (3.3). The associated initial value problem reads (3.2), i.e

{ &gu = Amu —Uu—- f)\(tax7u) fOT (t,IE) € (O’ OO) xR ’ (424)

u(0,2) = u’(z) for z € R™.

First of all we note that (2.3) and (3.3) implies that for every A > 0 and every u® € L2 (R")
problem (4.24) has a unique solution u : [0,00) — L2(R") and the following estimate holds:

Ju()llz @y < ClluO)llpz@ne +Ca, >0 (4.25)
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and consequently the solution operator
S} LE(R™) — LA(R™),  u® > u(t), (4.26)

is well defined (see, e.g., [Zel03a]). Moreover, it is known (see, e.g., [MiSc95, Zel03a, Mie02])
that the Poincaré map §1 associated with problem (4.24) possesses a global, locally compact
attractor A, C LZ(R™) which is generated by the set Ky C LZ (R xR™) of all essential solutions
of problem (3.2), i.e R R
Ay =Ky
Moreover, the following result is a standard corollary of the parabolic regularity theorems
(see, e.g., [LSUG6T]).

Proposition 4.3 Every trajectory u € I/C\A lies in C%(RX]R") and satisfies the estimate
HuHC1 | (RxE") < C\, where C depends on A but is independent of the concrete choice of

u € K. Moreover, the set Ky is compact in the local topology of C{ (R x R"), namely
Ky € ClL (R xR").

Note that it is sufficient to have f) smooth in u and ¢. The jumps over the boundary 92
do prevent higher regularity, but not the C'-regularity.

Let us study now the hyperbolic trajectory set fg\r C L%(R x R™) for equation (4.24)
associated with the corresponding set I'f C LZ(R x Q).

Corollary 4.4 Let \{ > 1 be the same as in Theorem 4.1. Then for every A > A1 equation
(4.24) possesses a hyperbolic set Fg\r C K which is homeomorphic to T% wvia

Eg\r TV Fg\r.

Moreover, the homeomorphism &k /i " satisfies the commutation properties (4.2) and is Lipschitz
continuous in the local topology, i.e., for each A > A1 there exist constants C1 and Co such
that for all uy,us € ' we have

Cl(Hatul—atug ”W(O,—l),Q(RXQ + Hul—uQ ”W&%}JAQ(RXQ-F))

< [|RY (u1)—% (U2)HCI b j2.yg BRXRT) (4.27)

< - . - .
< Co([|0ruy 6tu2HW((pOE,’y(1)),2(RXQ+)+Hul u2llyone g,

Note that in contrast to (4.3) here C1,C depend on A. This is because we switch to the
non-compatible C! topology, cf. also Proposition 4.3.

Proof: Indeed, let u € T and let u = £¥(u) € T'Y. Define we define the function @ :=
Ri(u) € T via the trivial linear extension Ey : LA(R x Q1) — LE(RxR"); % — U defined as
follows:
Iy u(t,z), ifxely,
u(t,x) = ult, z) 1 . *
vy (t,x), ifxeQ_,

where v,, is the unique solution v of the problem

Oov=Azv—XinRxQ_ and U‘RX@Q = ﬂ‘RXaQ+.
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This works well since the RDS (4.24) is linear in ©Q_. Because of (1.24), we have
Hatuuwc(poé;(l))ﬂ(RnJrl) + HuHWg)E”l;(’)Q(Rn+1) S C)‘(Hu‘|Wfp05”_y(1))’2(R><Q+) + HUHWEPOF;_’};(?(RXQJF)) (428>

According to the construction of the operator P the function u is a solution of problem

(3.2) and consequently u € K. Moreover, it is not difficult to verify, using Theorem 4.1
and estimate (1.24), that u is a hyperbolic trajectory of the system (4.24), i.e., for every
h € WO—1D:2(R x R™) the problem
v = Agv — v — Dy fa(t, 2, U(t, z))v + h(t,z) on R (4.29)
possesses a unique solution v which satisfies the estimate
10w, -2 ®nt1)y T [[Vllwon.2@n+1y < Crllhllwo-1.2@n+1y, (4.30)

where the constant Cp depends on A but are independent of the concrete choice of u € re.
Thus, I'{ := &Y (T'") is a hyperbolic set for problem (4.24).
Let now @; = RY¥ (u;). Then combining (4.3) and (4.30) we obtain

Gl =0niall o -2 g, q )+l —vallyoneg,q )

< Hatul—atmngs,’wz(ﬂgnﬂ) + Hul—w”w@};ﬁ(wﬂ) (4.31)

< A — _ —
< Oo0rn—0ruzllyyo-v2 g0, T Il —t2llyoneg,q )

where the constants C; depend on X but are independent of the concrete choice of u; € I'*r.
To finish the proof of estimate (4.27) we use the parabolic regularity theory which gives

Hul—quc;E/zyo (Rn+1) < C(Hatul_atUQwapos”—y(l))»Q(RnJrl) + Hul—UQHW;(Q};éQ(Rn+1))7 (4.32)

where C is independent of @; € K. Indeed, (4.31) and (4.32) provide (4.28); and thus,
Corollary 4.4 is proved. |

5 Example of space-time chaos in RDSs

So far we have constructed homeomorphisms between the set T'*" = (I'§")Z" from Cor. 2.8 and
f&r. Thus, we worked in the space of trajectories. We now return to the phase space of the
RDS (4.24) and construct an hyperbolic set there. Moreover, we will use the homeomorphism
between I''" and the standard Bernoulli scheme to deduce space-time chaos.

Recall that IIj : Cp(R,LE(R")) — L2(R™) maps trajectories u onto their initial data
u® = u(0).

Corollary 5.1 Let the assumptions of Corollary 4.4 hold and let f‘j\r be the hyperbolic set
of the problem (4.24) constructed in Corollary 4.4. Define I'y := IIo)I'l{' ¢ A C L{(R"), then
there is a homeomorphism (with respect to the associated local topologies)

Ra:Dy o T = ()"

which commutes with the discrete group of spatial translations { Ty | 1" € Z" } and with the
Poincaré maps generated by the equations (2.22) and (4.24), respectively:

/I%)\OSIOZS%OT%)\and/,‘%)\OTl/:Tl/O/,‘%)\ forlOGZandl'GZ".
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Proof: Indeed, it is known (see, e.g., [AgNi67, Zel03b]) that the maps Iy : Ky — A, and
Iy : K — A are one-to-one. Since the sets I, and K are compact in the local topologies,
these maps are in fact homeomorphisms. The desired homeomorphism % can be defined now
via

Ry :=1IlgoRY o (ﬁo)fl, (5.1)

where RY is constructed in Corollary 4.4. The commutation properties are immediate corol-
laries of (4.2). [

Combining the Corollaries 2.9 and 5.1 we arrive at the final result on this section which
states the existence of spatial-temporal chaos for the RDS (4.24). Note that the system is
space and time periodic with periodicity 1 in each direction.

Theorem 5.2 Let Assumption 2.1 be valid such that the RDS (2.1) in the bounded domain
Qo has a hyperbolic set. Moreover, let the assumptions of Corollary 4.4 hold (i.e., the coupling
is weak since A > Ay > 1) such that I'y and k) can be constructed as above. Then, the
RDS (4.24) admits space-time chaos in the following precise sense: The multidimensional
Bernoulli_system (M ALT |1 € 21} (as defined in Def. 2.4) is topological conjugate
to (Tx,{S} |1 = (lo,!') € Z"'}) via the homeomorphism T : M"*t — Ty (in the local
topologies). Here,
§(1070) = §l>(\) and /S\(O,l’) =Ty for (lo,l/) S Zn+1,
and conjugacy means the commutations

70 T0) = :9\1)(‘) o7, ToTgy =TyoT forly€Z and ez (5.2)

Remark 5.3 As in the case of purely temporal dynamics (see Remark 2.5) the spatio-
temporal hyperbolic set f)\ and fg\r are closely related with the multidimensional analogue of
homoclinic orbits the so-called bump solutions. Indeed, let the assumption (2.18) be satisfied.
Then, the image 7(bg) of a zero element by = 0 of M™*! under the homeomorphism 7 con-
structed in Theorem 5.2, obviously, also equals zero: 7(bg) = 0. Analogously, the image 7(b)
of the basic bump element b € M"*! (b(0) = 1, b(I) = 0, | # 0) gives a spatio-temporal bump
orbit @ := 7' (b) for problem (4.24). Moreover, it follows from the hyperbolicity of condition
on @ and wug (exactly as in purely temporal case) that the solution @ is an exponential bump,
ie.

U E Clyjiie (R™T), (5.3)

for some positive u. Thus, our construction gives, in particular the existence of an exponen-
tially decaying space-time bump solution for equation (4.24). Furthermore, analogously to
(2.20), every b € M™T! can be presented as follows:

b= g b()T_b. (5.4)

=~tr

And, analogously to (2.21), it is not difficult to verify that every solution U, := 7" (b),
b € M satisfies

10b = 210 yezn+1 b0, )l — Lo, - — V)2 mn1y < €0

where £(, > 0 is a small positive number depending on £¢ introduced in (2.21). Thus, analo-
gously to the pure temporal case, the hyperbolic set I'{" is also generated by all spatio-temporal
shifts of the basic bump solution @ summed with coefficients 0 or 1.
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Finally we want to show that it is also possible to construct spatio-temporal chaos in RDS
which have a nonlinearity f which is smooth in ¢,z and wu, since by now our function f) is
not continuous with respect to € R". Moreover, the periodicity in space and time might
appear to be artificial and it is desirable to find a RDS which is autonomous and spatially
homogeneous. However, this can only be done by giving up the hyperbolicity, because of the
arising continuous translation groups in space and time.

To construct a smooth RDS we approximate the nonlinearity f) by a new nonlinearity
which is polynomial in the state variable v while the periodicity in ¢ and x is obtained by
polynomials in the trigonometric functions cos(2mz;) and sin(27z;) where j = 0,...,n and
zo = t. To be more precise, consider Ry : R"t! x R¥ — R* in the form

Ry(t,x,u) =

~ 5.5
Ry (sin(27t), cos(27t), sin(27z1), cos(2mwy), - - - ,sin(27xy, ), cos(2mxy ), u) + |u*Nu, (5:5)

where Ry is an algebraic polynomial of degree 2N with N € N and € = e > 0. Thus, the
function Ry is 1-periodic with respect to (t,x). By (2.3) it is possible to find polynomials
Ry and ey > 0 in such a way that for every R > 0 and every ¢ > 1 we have

[ x=BN g o+1xv) = 0 [Dufa—DuBRN|lLa gn+1xv) — 0,

2 2 (5.6)
”Dqu_DuRN”L{I)(R”‘HXVR) — 0 for N — o0,
where Vi := {u € RF | |u| < R}.
Consider now the following family of RDS in R™:
O = A — U — Ry (t,2,1)), (t,z) € Ry xR", a|,_ = u’ (5.7)
By the construction of Ry we have the dissipativity condition
Rn(t,z,v).0 > —Cn + L [u|?M 2 for all (t,z,v) € R x R x R, (5.8)

for an appropriate constant Cy. As a consequence (see, e.g., [Zel03a]) the RDS (5.7) possesses,
for every u® € LZ(R"), a unique global solution @ : [0,00) — LZ(R™), ¢t € R, which satisfies
the dissipativity estimate:

Hﬂ(t)HL%(R") < CHH(O)HL%(Rn)e_Et + C for some @, Cy > 0,

and the solution operator Sy - LZ(R") — LE(R"™);u® — u(t) of problem (5.7) is well defined.
Moreover, the Poincaré map Sy admits a global, locally compact attractor An C Lzb(Q) which
is generated by the set K of all essential solutions trajectories of (5.7):

Ayn =K. (5.9)
Moreover, in analogy to Proposition 4.3 we have
Ky C Cé(RnJrl), ||U”C}1(Rn+1) < 6§V forallmw e Ky, Ky & CIIOC(RnJrl). (5.10)

The following result is a complete analogue of the structural-stability Theorem 4.1 for the
case of systems (4.24) and (5.7). It states that the existence of a hyperbolic trajectory set.
The subsequent theorem then concludes that the smooth, polynomial RDS (5.7) has spatio-
temporal chaos.
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Proposition 5.4 Let the above assumptions hold. Then, there is Ny > 0 such that for every
N > Ny equation (5.7) possesses a hyperbolic trajectory set I_‘Kf C Ky which is homeomorphic
to the hyperbolic trajectory set It .= f‘j\r constructed in Corollary 4.4 (recall that A > Ay is
fixed now):
Eg T fﬁff

This homeomorphism satisfies the commutation properties (4.2) and is Lipschitz continuous
in the local topology, i.e., if u; € [ and u; == Ri¥ (1;) then the following estimate is valid for
a sufficiently small € < e

Cillii—uslicy, | @) < lm—uzlley, | @y < Collii—talloy, | @r) (5.11)

where the constants C;, i = 1,2 are independent of N, yo € R"! and of the concrete choice
of hyperbolic trajectories u; € I'™.

Proof: The assertion of this theorem can be derived from Cor. 4.4 using the structural-stability
arguments in complete analogy to the proof of Theorem 4.1. In fact, the proof is much simpler
since (5.6) guarantees the closeness of systems (4.24) and (5.7) in a more regular topology that
we had in the case of equations (3.5) and (2.22). Indeed, as in Section 4, in order to construct
the required homeomorphism, we need to find, for every hyperbolic trajectory u € Lt of
(4.24), the associated trajectory u of equation(5.7) such that u(¢,x) is “close” to u(t,x) for
all (t,2) € R*"!. Moreover, due to the smoothing property for parabolic equations, the
hyperbolicity estimate (4.30) for the variation equation (4.29) can be reformulated as follows,

for every h € LY (R"!) there exists a unique solution v € Wf)l’Q)’p (R™H1) of
0w = Agv — v — Dy fa(t, z,u(t, z))v + h(t, )
and the following estimate holds:
HUHWg72)aP(Rn+1) < CllAlley ey

where the constant C' depend only on the hyperbolicity constant Ct from (4.30) and p. Thus,

due to (5.6), we may require @ to be close to 4 in the metric of Wl()l’Q)’p(]R"“) (where p = p(n)
is fixed large enough that the embedding W1:22(R"1) ¢ Cy(R, O (R™)) holds) and find it
by the implicit function theorem exactly as we did in Section 4. So we leave the details
to the reader and only note that the above scheme gives the closeness of 4 and @ only in
Cp(R, CL(R™)) and estimate (5.11) in the Wgs’z)o’p (R™*1) which is weaker than C}Oe’yo (R7H1)
since it does not contain the estimate of the C-norms of the ¢-derivative. In order to obtain
the required C-estimate for the ¢-derivatives postulated in Proposition 5.4, it only remains to
differentiate equations (4.24) and (5.7) with respect to ¢ (based on the observation that f)
and Ry are smooth with respect to ¢t and u) and apply the Lf;s’yo regularity estimate once
more. [

Returning to the hyperbolic sets in the phase space we derive the following corollaries.

Theorem 5.5 Let the assumptions of Prop. 5.4 hold such that the hyperbolic trajectory set
fﬁﬁ can be constructed. Let Ty = HOF% C Ay and g(lo,l/) = Sy, 0Ty for (lg,I') € Z"*1. Then,
there is a homeomorphism 7 : M"™t!1 — Ty such that multidimensional Bernoulli system
(MY LT |1 € 2} is conjugated to the hyperbolic dynamics (Ty,{S; |1 € Z"*'}) in
(5.7),i.e., To Ty =S, o7 for all | € Z"1.
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Indeed, this assertion follows immediately from Prop. 5.4 by applying Il and by the
previously established conjugacy of I'*' to M™ 1.

Finally we construct the desired autonomous and homogeneous RDS. We start with the
simple construction of an autonomous, homogeneous RDS which has the vector (sin(2xt), -, cos(2mz,,))
as a particular solution.

Lemma 5.6 For every N € N there exists a (2n+2)-dimensional RDS (i.e., v(t,z) € R?"2)
o = Agv—v—Qn(), (t,z) € R* (5.12)

with Qn(v) = @N(v) +en|v|*Nv where e > 0 and Qn is a polynomial of degree 2N, which

possesses the particular solution vP*" given via

vP (t, x) := (sin(27t), cos(2nt), sin(27x1 ), cos(2mxy), - - - ,sin(27wxy, ), cos(2mxy,)) .

Proof: The construction is totally explicit, since for each (¢,7) we have |[vP" (¢, z)|? = n+1.
We let Qn(v) = —Av + eyv|v|*N=2(Jv]? — (n+1)) and choose A € R +2)x(27+2) guch that

(O — Az + 1)vP®" = AvP®" | namely A = diag( (7(;” 2(?) JAm? L 4r?). ]
Fix now the integer N > Ny and define the vector U := (v,u) € RF¥2"*2 and the

polynomial F' : RFt2n+2 _, RF+2n+2 of the degree 2N+1 via
F(U) = F(v,7) := (Qn(v), By (v,7)) (5.13)

where Ry is defined in (5.5). Our final system is the autonomous (k+2n+2)-dimensional
RDS (i.e., U € Rk+2n+2)

U =AU-U-F{U) in (0,00)xR" (5.14)
U0,z) = U%x) on R™. '
Then, by construction we have, for 0 < § < e,
F(U).U > —C +§|UPN*2 for all U € RFF21+2 (5.15)

and consequently for every Uy € LZ(R") problem (5.14) possesses a unique global solution
U :[0,00) — LZ(R™). Moreover, the semigroup (S;);>¢ with

Si: LE(R™) — LE(R™); UY— SU° :=U(1), (5.16)

associated with problem (5.14) is well defined and possesses a global, locally compact attractor
AY C L2(R™) and the analogues of (5.9) and (5.10) are valid (see, e.g., [Zel03a]).

However, due to the skew-product structure of system (5.14), where the v-component is
independent of @, and due to Lemma 5.6, the attractor Ay is embedded in AY via

Ay ~ 0P (0,-) x Ay ¢ AY.

Combining this embedding with Theorem 5.5 we finally obtain the following result.
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Theorem 5.7 Let the above assumptions hold. Then, the multidimensional Bernoulli shift
(ML LT |1 € Z'HLY) s topologically embedded via a homeomorphic embedding T :
MnFL AU

70Ty = (SyoTy)or  foralll=(lp,lI') € Z", (5.17)

where S; denotes the semigroup for equation (5.14).

Corollary 5.8 Let S ) := St o T), be the (n+1)-parametrical extended spatio-temporal
semigroup associated with equation (5.14). Then this semigroup acts on the attractor AY
and the topological entropy of this action is finite and strictly positive:

0 < htop (Sn), AY) < 00 (5.18)

Indeed, the finiteness of the value (5.18) is proved in [Zel00]. In order to verify that this
value is strictly positive, it remains to recall that the topological entropy is preserved under
homeomorphisms (cf. e.g., [KaHa95]). So (5.17) implies that

htop ({Sqto.1) Ytoinezn+r + AY) = hiop({S o) Yo iyeznsr » T(M L))

1 (5.19)
= htop(/T(lo,l’)’MnJr ) =1,

Since the topological entropy of the continuous semigroup {S ) | (¢, h
coincides with that of its discrete subgroup {S, 1 | (lo,1") € Z"+1 1 (
inequality in (5.18).

€ R™*1 1 obviously
9)

) €
5.19) implies the left

A Hyperbolic sets for RDS in bounded domains

In this section, we give an explicit scheme which allows us to construct RDSs in bounded
domains with hyperbolic sets in the sense of Definition 2.1. To be more precise, for a given
system of ODEs with polynomial nonlinearity which possesses a hyperbolic set I'opg and every
bounded domain )y, we construct a RDS in 2y with Dirichlet boundary conditions which
possesses a hyperbolic set I'ppgr homeomorphic to I'opg. Since the existence of hyperbolic
sets for ODEs with polynomial nonlinearities are well known, this scheme provides a rich class
of hyperbolic sets for RDSs in bounded domains with Dirichlet boundary conditions.
Our strategy is based on the detailed analysis of the following special form of a RDS:

Ou = y(Agu — \u) — f(t,u) in R x Qo, u=0on R x 09, (A1)

where u = (u!,--- ,u¥) is an unknown vector-valued function f(¢,u) is a given nonlinearity

(which is assumed to be periodic with respect to t: f(t + T,u) = f(t,u)), A1 > 0 is the first
eigenvalue of the Laplacian in €)g and v > 1 is a large parameter. Let Py and P_ be the
L?-orthoprojectors to the first and the rest eigenvectors of the Laplacian respectively and let
u(t) = us(t) + u—_(t) with uy(t) := Pru(t). Then, these functions satisfy

6t’l,L+ = —P+f(t,U+ + U_), (A 2)
Ou_ = y(Agu_ + Mu_) — P_f(t,uy +u_).

It is intuitively clear that, for large v the u_-component of a solution u of eqn. (A.2) will be
small and, consequently, this solution will be close to the appropriate solution v of the system
of ODEs

Lot) = —f(t,v) with fi(t,v) == (f(t,e1-v),e1) L2(0) = Jo, f(te1(@)v)er(z)dr, (A.3)

39



where e; is the normed, first eigenvector of the Laplacian and v(t) = (v!(t),--- ,v*(t)). Thus,
if system (A.3) possesses a hyperbolic set, it should preserve also for system (A.2) for large
~ by structural-stability arguments. The following theorem gives a rigorous justification of
these arguments.

Theorem A.1 Let the nonlinearity f in equation (A.1) be T-periodic with respect to time,
satisfy regularity assumption (2.3) and, in addition f(t,0) = 0. Moreover, let Qo C R™ be
an open bounded domain. Assume also that the associated system of ODE (A.3) possesses
a hyperbolic set I'opg. Then, for all sufficiently large vy, system (A.2) possesses a hyperbolic
set I'ppg = I'ppr(y) which is homeomorphic to I'opg.

Proof: In order to deduce the assertion of the theorem, we first need to study the second
equation of (A.2).

Lemma A.2 Let the assumptions of Theorem A.1 hold. Then, there exists vy > 0 such that,
for all v >~y and every function v € L®(R,RF), the equation

Ou— = y(Azu_ — Mu_) — P_f(t,u_ +v-ey) (A.4)

possesses a unique solution u_ € L®(R, P_L2(Qg)) and the following estimate holds:
lu- (®)llza) < Cr~2sup{ ) fu(s)]| | s € (~o0,8]} (A.5)
where positive constants C and « are independent of v and t. Thus, the nonlinear solution

operator T, : L®(R,R¥) — L®(R, P_L2(Qy)) is well-defined via T~v := u_. Moreover, this
operator is of class C! and satisfies the following estimate:

[T ot (Lo (R, RE), Lo (R, L2 (020))) < Cry~/? (A.6)
where the constant C1 is also independent of .

Proof: Indeed, multiplying equation (A.5) scalarly in L2(Qg) by u_(t) and using that
IV u_HiQ(QO) > )\QHU_(t)HiQ(QO) with Ay > A1, we have

sllu=@IF2 + 72 = M) llu-(O)F2 < CIF () - ex +u- ()] (A7)

Since, f and D, f are globally bounded and f(¢,0) = 0 the right-hand side of (A.7) can be
estimated as follows

Cllf(o(t) - er +u—(t)[IF2 < Crllo)er +u—(t)|F2 < Colllo(®)]* + fu-(1)]1F2).
Inserting this estimate to (A.7), we deduce that, for sufficiently large -,
dillu=@)13 + ryllu—@)II7> < Cllo(@)]? (A.8)

where the positive constants k and C are independent of 7. Applying the Gronwall inequality
to (A.8), we deduce estimate (A.5). Thus, operator T, is indeed well-defined. The estimate
for its Fréchet derivative can be obtained analogously. This proves Lemma A.2. ]
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Thus, Lemma A.2 provides a Lyapunov-Schmidt reduction which allows to rewrite problem
(A.2) in the following nonlocal form:

For(t) = =(F(t o1 (t) - er + (Tyvi ) (1)) e1)r2 () (A.9)

where vy (t,2) = vy(t) - e1(z), vy (t) C RF. Estimate (A.6) shows that this equation is
really a small perturbation of equation (A.2). Let now the trajectory v : ¢t — v(t) belong
to the (trajectory) hyperbolic set T8, of the ODE (A.2). Then, we seek for the associated
hyperbolic trajectory vy of (A.9) in the form v, := v 4+ 6 where 6 is a small perturbation
which has to satisfy the following equation

%9 = —DUer(t,U)G—
— (f(t0(t) -er + (Ty (v +0)) (1) = f(t,0(t) - e1) = fu(t,0(t) - e1)0, e1)12(q)-  (A-10)

We recall that the linear part of equation (A.10) is invertible (in L*°(R, R¥)) due to the
hyperbolicity assumption on v and the nonlinear part is small (for large )) due to Lemma
A.2. Thus, applying the implicit function theorem analogously to Section 4, we establish that
for all large v (i.e., ¥ > 70 > 1) eqn. (A.10) is uniquely solvable in a small neighborhood of
v and the solution 6 satisfies

10| o0 (e REY < Cly~112, (A.11)

where the constant C’ is independent of 7. Recalling that the function € determine in a
unique way the associated solution w (namely u = uy + u— = (v+60)e; + T, (v+6)) of the
whole system (A.2) and using estimates (A.11) and (A.5), we obtain a unique trajectory u(t)
of equation (A.1) which satisfies

_ ".,—1/2
L < . :
[u(t) —v(t) - e1llr2qy) < C™ fort e R (A.12)

Using this estimate, it is very easy to verify that this trajectory is hyperbolic in the sense
of Definition 2.1. Thus, for every v € FSDE, we have constructed a hyperbolic trajectory
u = K(v) of the RDS (A.1) and, consequently, the required hyperbolic set T8y := £+ (P8 k)
is also constructed and it only remains to verify that x. is a homeomorphism. To this end,
arguing as in Section 4, we can verify that, for every vy, vy € I8, the associated trajectories
u; := K (v;) satisfy the following analogue of (4.23):

CH’Ul—WHL;g(R,Rk) < HUl—UQHng(R,m(QO)) < CH”l—WHL;;(R,Rk)- (A.13)

Here ¢°(t) = e ¢l!l and the estimate holds for sufficiently small positive & where the con-
stants ¢ and C are independent of v; and vp. Estimate (A.13) shows that s, is indeed a
homeomorphism, which finishes the proof of the Theorem A.1. ]

The following corollary shows that the L2norm in (A.12) can be replaced by stronger
ones like the C-norm or the C'-norm.

Corollary A.3 Let the assumptions of Theorem A.1 hold and let the domain €y be suffi-
ciently smooth. Then, for every v € T'®, . and u := k(v), we have

lu(t) = o(t) - erllcr o) < C7 72 (A.14)

where the constant C' is independent of «v and v.
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Proof: Indeed, according to our assumptions on the nonlinearity f, we have

[P f(t, u(t))||Le (@) < Ch (A.15)

where Cj is independent of v € I'ppg and t. Scaling the time as t = y~!¢/ in the second
equation of (A.2), we have

Opu_ = Agu_ + Mu_ —y T P_f(y 71 u(t)). (A.16)

Applying now the appropriate parabolic regularity theorem to equation (A.16) and using
(A.15) and the fact that the L°-norm is invariant under scaling, we infer

[u—(®)llc1 o) < Ciy~!  for all u € Tppg and all ¢ € R. (A.17)

Together with (A.12) this gives (A.14) and finishes the proof of the corollary. [

Thus, we see that the hyperbolic set I'ppg of equation (A.1) is localized in a small C'-
neighborhood of the initial hyperbolic set I'opg (more precisely, of the set I'opg - €1). Conse-
quently, the behavior of the function f(¢,u) outside of this neighborhood is not essential and
we can drop out the growth restrictions of the function f in conditions of Theorem A.1. In
particular, we can use this theorem in the class of nonlinearities which are polynomials with
respect to u. The following simple lemma shows that every polynomial nonlinearity can be
realized in the form of a right-hand side of equation (A.3).

Lemma A.4 For every nonlinearity Q(t,v) = (Q1(t,v), -+ ,Qn(t,v)) which is polynomial
with respect to v = (v1,--- ,vn) there exists a polynomial function fg(t,v) such that

Q(t,v) = Py fo(t,v-e;) forallt € R and v € R". (A.18)

Proof: Indeed, it is sufficient to verify (A.18) for scalar monomials Q(t,v) := a(t)v{l e vg\’;.
We will seek for the required polynomial f¢g in the form fq(t,u) = b(t)u]' ---w};. Then,
obviously

P fo(t,v-e1) = b(t)v{1 e vf(; . (e{1+"'+jN, e1)

It only remains to recall that the first eigenvector of the Laplacian is strictly positive (i.e.
e1(z) > 0, z € ). Consequently, the scalar product in the right-hand side is also strictly
positive and (A.18) hold with b(t) := a(t)[(e}* TN ep)] L. [

Since the existence of hyperbolic sets for the systems of ODEs with polynomial nonlin-
earities is obvious (see e.g. [KaHa95]), we have proven the following corollary.

Corollary A.5 For every sufficiently smooth bounded domain €, there exists a RDS of the
form (2.1) (or, which is the same, (A.1)) which possesses a hyperbolic set homeomorphic to
the Bernoulli scheme M and thus satisfy Assumption 2.1 of Section 2.
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B Kolmogorov’s e-entropy and the topological entropy of at-
tractors of RDS in R".

We recall the definitions and main results for Kolmogorov’s e-entropy and topological entropy
of attractors of reaction-diffusion equations. Further details can be found, e.g., in [KoTi61,
ViCh98, Zel03b, Zel04]. We start with the definition of Kolmogorov’s e-entropy.

Definition B.1 Let K be a compact set in a metric space M. Then, for every positive ¢, it
can be covered by the finite number of e-balls of M. Let N.(K, M) be the minimal number
of such balls. Kolmogorov’s e-entropy is defined as the logarithm of that number:

H, (K, M) := logy N.(K, M). (B.1)

The detailed exposition of this entropy including its asymptotics for typical sets in functional
spaces can be found in [KoTi61]. We only recall that the fractal dimension d¢(K') of the set
K in M can be expressed in terms of that entropy as follows:

HetFe, M) (B.2)

logy %

d¢(K) = limsup,_,

Roughly speaking, a set K has a fractal dimension k € Ry if H (K, M) ~ (%)"i

It is well-known that the attractors of dissipative dynamical systems generated by evolution
equations of mathematical physics usually have finite fractal dimension:

df(A,L>°(Q)) < C and H(A,L®(Q)) < Clog, L (B.3)

In contrast to this, the attractors in unbounded domains (e.g. @ = R™) are usually infinite-
dimensional and, instead of (B.3), we usually have the following estimate of the e-entropy.

Proposition B.2 Let the nonlinearity f in equation (0.1) in R™ satisfies some natural dissi-
pativity (and growth) assumptions. Then, the e-entropy of the restriction of the attractor A
to R-balls Bf* C R™ centered at 0 satisfies the estimate

HE(A\B(,){, L®(Bg") < C(R +logy L) logy L (B.4)
where the constant C' is independent of ¢ and R.

We recall that, in unbounded domains, the attractor A is compact in the local topology
only, so the restrictions to bounded domains (e.g., R-balls) are necessary in order to have
finite Kolmogorov’s e-entropy. Moreover, under very weak assumption eqn. (0.1) possesses
at least one spatially-homogeneous exponentially unstable equilibrium; then the attractor A
satisfies the following lower bound for the e-entropy:

HE(A\Bg,LOO(Bé%)) > C'R"log, 1 (B.5)

for some positive C’ depending on the concrete form of the equation. This estimate shows
that (B.4) is sharp for the case R 2 logy 1. For the case R < logy X (e.g. R = 1) estimate
(B.5) is far from being optimal and can be replaced by the following one: for every positive
i there exists positive C, such that

He(A| gy, L*(Bg)) = Cu(logs )" (B.6)

€
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Thus, estimate (B.4) is, in a sense sharp for all values of R and e. It is also worth to
note that the type of the asymptotics given by (B.5)—(B.7) seems to have a universal nature
and depends only very weakly on the concrete type of equation considered. Indeed, up
to the moment, the above asymptotics are verified for various classes of reaction-diffusion
equation, damped hyperbolic equations and even elliptic systems in unbounded domains, see
[EfZe02, Zel01, Zel03b, MiZe02].

We now turn to the topological entropy of attractors in unbounded domains. We first
recall the general definition adapted to the case of multiparametrical semigroups.

Definition B.3 Let (M,d) be a compact metric space and let an (n + 1)-parametrical semi-
group {Sg ) |t > 0, h € R"} acts (continuously) in M. For every T > 0, we define a new
equivalent metric dr on M via

dr(m1,ma) = sup( pyejo,r)n+1 A(S(t,hym, S(r,n)me2) (B.7)

Then, since (M, dr) remains compact, its e-entropy H (M, (M, dr)) is well defined and finite.
The topological entropy of Sy y on M is defined as

Piop(S(ny> M) = lime_o limsupy_ o, 7y He(M, (M, dr)). (B.8)

We also recall that the topological entropy depends only on the topology on M and is inde-
pendent of the concrete choice of the metric d.

The following result shows that for the case of the spatio-temporal dynamical system
associated with the RDS (0.1) acting on the attractor .4, the topological entropy can be
calculated in a much simpler way.

Proposition B.4 Let K C L>®°(R"T!) be the set of all essential solutions of (0.1). Then, the
topological entropy of the extended spatio-temporal semigroup on the attractor satisfies

Piop(S(t ) A) = lime—o im0 7rr He (K| o (00, T +h). (B.9)

The proof of this formula can be found in [Zel03b] or [Zel04]. The universal entropy
estimate (B.4) together with expression (B.9) allows us to establish the finiteness of the
topological entropy of the attractor.

Corollary B.5 The expression (B.9) is finite for the spatio-temporal semigroup associated
with (0.1), i.e.,
hwp(S(t’h),A) < C' < o0. (B.l())

Indeed, estimate (B.4) together with the standard Lipschitz continuity of solutions of (0.1)
with respect to the initial data implies that
He(Al g 7y, L([0, T]")) < C/(T + log, )" (B.11)
which immediately implies (B.10), see [Zel04] for details.
To conclude we note that the lower bounds (B.5) and (B.6) are strong enough in order
to verify that the topological entropy of the n-parametrical group {7} | h € R™} of spatial
translations on the attractor is infinite, i.e.,

htop(Thy A) = lim_olimg oo %He(A\[ L>°([0, R]")) = oo. (B.12)

07R]n’
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Yet, these bounds are not sufficient to show that the spatio-temporal entropy (B.9) is strictly
positive. Indeed, in order to obtain this positivity, we need H(/C, L>°([0,7]"*!)) to be pro-
portional to T""! as T — oo and (B.5) gives only

HL (K, ([0, 1) > Ho(A L2(0, 7)) > C'(T + log, 1) log, L. (B.13)

However, this leads to the much too weak lower bound C(€)T™ for T' — oc.
In contrast to that, it is not difficult to verify that, for the example of a RDS constructed
above the estimate

He (K 7y (0. T]™) 2 C7(T — log, L+ (B.14)

holds. This gives an alternative proof of the fact that the topological entropy (B.9) is strictly
positive for our example.
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