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Abstract

Using weighted LP—norms we derive new bounds on the long-time behavior of
the solutions improving on the known results of the polynomial growth with respect
to the instability parameter. These estimates are valid for quite arbitrary, possibly
unbounded domains. We establish precise estimates on the maximal influence of
the boundaries on the dynamics in the interior. For instance, the attractor A, for
the domain (—¢,¢)% with periodic boundary conditions is upper semicontinuous to

Aso.

1 Introduction

Dynamics of parabolic equations on large or unbounded domains has features which are
completely different from dynamics on small domains. In particular, the typical spatial
patterns are not dominated by boundary effects. In this paper we want to develop a
theoretical framework which allows us to study such situations. We have restricted the
whole theory to the complex Ginzburg-Landau equation (CGL)

up = (1 +ia)Au+ Ru— (1 +48)ul*u, t >0, 2 € Q C R*

which on the one hand plays a central role in the theory of amplitude equations (see
INPL93, MS96]) and on the other hand has its one interest in studying turbulence [BC*90].
The main idea we want to propagate is the use of weighted energy estimates using

||/U/Hp7p = (fﬂ p(x)]u(x)V’ dl‘)l/p
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where p > 0 is a suitable weight with |Vp(z)| < pop(z) and p; = [n p(x) dz < co. The
usage of such a weight for problems on unbounded domains was introduced in [CE90] and
further developed in [Col94]. The advantage compared to the weight p = 1 is three fold.
First, we are able to consider bounded nondecaying functions on arbitrary (unbounded)
domains ©Q C IR?. Second, even on bounded domains the weight can be chosen to have a
width + which corresponds to typical length scales of the problem, e.g. py = /R(1 + a?)
for CGL Third, the decaying weight p screens effects which are far away such that their
influence on nearby points can be estimated properly.

As a major result, the weighted norms will allow us to derive a—priori estimates which
are essentially independent of the underlying domain. Thus, we will be able to exploit
the scaling invariance of CGL

(t,z,u, R, a0, B) — (072t 07 ', lu, *R, o, 3).

Note, that this scaling stretches the domain when the instability parameter R is reduced
(ie. £ < 1).

In Section 2 we show how the classical energy estimates generalize to the weighted
case. All estimates are independent of €2, and the weight p only appears through p, and
pr. In Section 3 we introduce the uniformly local spaces L{ (€2) with the norm

[ullpae = sup{ flullp.z,p =y € R} (1.1)

where Typ(x) = p(x — y) is the translated weight. Applying Gronwall’s estimate to
|u(t)||pz,p for each y € IR"™ we find, whenever 2Ag =p — (p — 2)V1 + a2 > 0,

a0 < e 2R (@), + (1 - ) Ry,

where R = R+ p3(1 4 a?)/(4)q).

Note that CGL is invariant under the scalings (t,z,u, R) — (8°t,dt, du, 6*R) which
allows us to reduce the analysis to the case R € (0,1) when the domain 2 is made
suitably large. In Section 4 we derive then global existence result in the same parameter
sets (a, f) € P(d) as in the classical case, namely

P(1)=P@2) =R PEB)={(a,f) € R : |a] <V8or —(1+af) < V3la—p|},
and P(d) = { (o, 3) € R* : |a| < 2v/d—1/(d—2)} for d > 4.
(1.2)
We follow the approach in [LO96] which uses on ideas of [BC*90] for the energy estimates
and of [Wei80] for the regularity theory. For this purpose we establish the semigroup
properties of (e), with Au = (1 + ia)Au + Ru, on the space L () for general Q.
Using these global existence results in L2*() and W,.**(Q), the global boundedness
independent of 2, as well as the scaling property (1.1) we conclude

limsup [|u(t, )|« < Coola, 5, d)(1 + VR)
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for (a, ) € P(d) and arbitrary domains. Thus, we improve considerably the result in
[BC*90] where the growth rates were estimated by R¥*#9 with e > 1/2. Similar results
for LP—norms are given in Section 3.

In Section 5 we consider the influence of the boundaries on the dynamics on the
interior. To this end we use a compactly supported weight p, according to [Col94], which
satisfies |Vp,| < C p] for some v € (0,1). We find an estimate

| pdunt) = walt)p do < € " </Q puliur (0) — ua(0)? da + D*)
where €2, = support(p.) € B(0,7,), p(z) = e~ for |z| <7, —1and D, = r¢~te™". This
enables us to estimate the maximal difference between two solutions which may correspond
to different domains, different initial conditions, or boundary conditions outside of (2,.
The maximal influence of the dynamics outside of €2, is controlled by D, which decays
exponentially with large r,.

Moreover, two semiflows (S}) and (S?) corresponding to the parameters (R, o, ) but
to two different domains €2; and €2y, respectively, are close to each other in the norm
| - |lp,p. if the common domain Q. = B(z,,r.) N = B(x.,r.) N Q has sufficiently
large .. In particular, true orbits u(t) = S}(u?) can be approximated in Q, by (T, 4)
pseudo-orbits for (S?).

In Section 6 we develop the notion of attractors of CGL on general unbounded domains.
For bounded domains the existence of compact attractors with finite Hausdorff dimension
is well-known. For unbounded domain we cannot expect compactness in the strong
topology induced by || - ||pu- This difficulty can be overcome by using a weaker topology
for the attrativity property, see e.g. [BV90]. We follow the ideas in [MS95], which originate
in [Fei95], and use the compactness with respect to the localized topology induced by
| - |lp,o- Thus, we establish existence and uniqueness of an attractor A C L} () for each
(St). Here, A is bounded and closed in Lf,(€2), invariant under S; and compact in L5(€2).
The attraction takes place in Lb(Q2) as well, namely for each bounded B C L, (€2) we have

dist, ,(S¢(B), A) = sup inf ||S;(b) — al|,, — 0 for t — oo.
beB a€A

Finally we compare two attractors 4; and Ay associated to two semigroups (Sg ) on
domains €2;, j = 1,2, in the case of a large joint domain (2, as above. We find

dist,,, (A1, As) < 1ha(r,)

with ¥9(r,) — 0 for r, — oco. Moreover, every orbit in A; can be approximated by a
(T, ) pseudo—orbit inside A, if r, is sufficiently large.

2 Weighted estimates

Throughout this work we consider domains Q C IR? which are sufficiently smooth in order
to allow for the application of the divergence theorem. (In fact in Section 3 we assume
C? smoothness of the boundary.) Moreover, the boundary conditions associated to CGL
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are such that partial integration does not generate boundary integrals. This is the case
if either Dirichlet (v = 0) or Neumann boundary conditions (Vu - v = 0 with v the unit
outward normal vector on 0f2) are prescribed. In addition we may have periodic boundary
conditions, see Definiton 3.2 below.

Since the domain we are interested in large and even unbounded domains we want
to allow for solutions which are bounded are not necessarily decaying at infinity. To
control such functions we introduce a localizing weighted norm as well as a uniform norm.
Consider a weight function p : IR* — (0, 00) with |Vp(x)| < pop(x) and [papdr = p; <
0. As a consequence we have p(z +y) > e *W¥ p(z). We denote the weighted L, Norm

" 1/p
fulhy = ([ pla)lu@)” o)

Frequently the index p = 2 will be omitted.
Using the translates T,p by (T,,p)(z) = p(x —y), the uniformly local LP-norm on € is
given as

[|u][p1u = sup{ Hqu,Typ ryeR"},

where ||lullp 7, = Jo p(z — y)|u(z)[P dy. We define the space X (Q) = {u e LV .(Q)
|u|[p < o0} and the associated Sobolev spaces

WiP(Q) = {ue LP(Q) : D e LP(Q) for all g € IN? with gy + ...+ q4 < s}
for integers s. The uniformly local Sobolev spaces are then defined as
WP () = closure of C54(Q) in WiEP(Q),

where CP54(€?) is the set of all C*—functions which have all its derivatives bounded in
(). This construction is necessary for unbounded domains in order to ensure density of
WP (Q) in WP (Q), see [MS95]. Note the embeddings Chadumit(?) € LI (Q) € LY (Q)
Pl < o1 e

Throughout this work we will work with strong solutions w of CGL which lies si-
multaneous in the spaces C°([0,T], L’ (), C'((0,T], L2(Q)), C°((0,T], Wi"(Q)), and
CO((0,T), W2*(Q)) for some p > d. Therefore we have C°((0,7], L=(Q)). Existence of
such solutions will be established in Section 4. Here we derive a—priori bounds for such
solutions.

For any strong solution of CGL with boundary conditions as above we obtain for
general p > 2

for 1 <p < g < oo with norm estimates ||u||zr 1u < p(q P

pdt||u|| = Re [ plulP?ududx
—Re [(1+ia) [o [ulP T Vp - Vudr] = Qap(u) + Jo plul?(R—|ul?) dx
b1

b
conjugation is involved, such that |a|?> = a - @. Moreover, we use the abbreviation

Quti) = [t (ot) atap (o) de
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P (1+ia)(p—2) : :
with M (o, p) = ( (1 —ia)(p—2) 8 whose smaller eigenvalue is de-

noted by Ag(a,p) =p/2 — |p/2 — 1|v/1+ 2. Hence, M(c,p) is positive semi-definite for
la| <2y/p—1/|p—2|. Aslong as A\g > 0 we can estimate

p,p?

p—4 3 _\ 2 2\ dp < P2
/QP|U| (Palul’[Vu] = Aglul™ [Vul7) TS Do [[ull7

where we have maximized the integrand with respect to [Vu|. We continue to use the
abbreviation p, = pov/1 + 02. Thus, with R = R+ p?/(4\g) we have

sarllult, < JoplulP(Ry —[uf?)dz < Jopf B (Rel2 — |u]?) da
= (2/p)R"p; — (2/p)R|lullf,

Hence, Gronwall’s estimate implies
(), < ™ Ju(O)[, + (1= ™) B2p; and Timsup [u(t)],, < Bpi/”. (2.3)

Thus, the weighted LP—norm of a classical solution cannot blow up if («, ) satisfies
Ag(a,0) > 0.

We may similarly estimate the weighted H'-norm, however it is advantageous to
estimate the linear combination Fy = [, p(3|Vu|? + 2|u|*)dz with a suitable § > 0. In
order to handle the nonlinear terms efficiently we follow the approach in [LO96] and use
in addition to Q. (u) the expression

Jul*u Jul*u
N,u) = / N
VN, Qp<Au Aw )
which is real for N = NV . Using the boundary conditions we know
0 = Re[(L+ ) oo plulaVe - vda(a)
e[(1+ i) Jo div(plul?aVu) daf
e[(1+i7) fo |uf*a Vo - Vuda] + Q. 2(u) + V(Niyin, )

R
R
with N, = 3 ( 2 g . Since Q,2(u) > 0 for |y| < /3, we immediately obtain

Pl Vullollull,, = V(Nisiy,u) > 0 for [7] < V3. (2.4)

For Fs we now obtain the estimate

d —
—Fs < R(|[Vullp + dllulls,) + (pallAull, + pallulls ) Vull, + VN, )



-2 14+6+i(6 — o)
14+6—i(8—da) —26
negative p and add it in order to estimate for any & € (0, 1):

with N = < . We multiply (2.4) with any non-

s < R(IVull? +ollulli,) + (pall Aull, + (05 + o) |ulg I Vull,
—(1 = r)(1Au]F + ollull§,) + V (N, u),

with 77 — -2k 14+06—p+i(8—da+ uy) .
* —2Kk0

(2.5)

Lemma 2.1 .
Let € [0,1) be fixed. Then there exist § >0, >0 and v € [—+/3,/3] such that N is
negative semidefinite if and only if

(a,8) € Ar) = { (o, ) € R* : —(4k — 3+ af) < |a— B|V3}.

Proof: We define the sector S = {u(1+iy) € € @ p >0, |y < V3t ={zeC :
larg z| < /3 }. Then, N is negative semidefinite if and only if

dist(z(8), S) < 4k, where 2(8) = 1 + i3+ §(1 — ia). (2.6)

Thus, we have to find § € (0, c0) such that (2.6) is satisfied. For 8 > 0 this is easy, since
z(g) € S. If af < 0 we may restrict to the case « > 0 > 3, as § > 0 > « is similar by
complex conjugation. In the cases a € (0,v/3) or 8 € (—/3,0) we choose ¢ sufficiently
small or large, respectively, and find z(9) € S.

The remaining, more difficult case is o > V3 and 0 < —\/g, since the half line { z(0) :
§ € (0,00) } does not intersect S any more, except for (a, 3) = (v/3, —/3). However, we
have dist(2(6), 5) = Re (3(i — v/3)2(8)) = 3(—8 — V3 + §(a — V3)). Letting § = &2 it
is then easy to show that dist(z(g?),S) — 2ke attains its minimum at ¢ = 2x/(a — v/3)
and this minimum is nonpositive if and only if (o — v/3)(|8] — v/3) < 4. For fixed s we
obtain —(4k — 3) — Ba < v/3|a — f3] as the set of possible (a, ). O

From now on we assume that x € (0,1) is fixed and (o, 3) € A(k). Moreover, we
assume that ¢, 4 and 7 are chosen suitably. The maximal set of («, ) where the above
approach with Fs works is given as int(A(1)), which coincides with the analysis given in
[BC*90, LOY6]. We return to (2.5) where the term V (N, u) can now be dropped, since
we assume (o, §) € A(x). By partial integration we obtain —||Vul|2 + pollull,||Vull, +
[ullp||Aull, > 0 and hence we can add —&[|Vul|2 4 pd|lull? + 2&]|ull, | Aull, > 0 with € > 0
to (2.5) which yields, after maximizing the right-hand side with respect to ||Au||,,

2 2
9F; < (R+ gfis + 22300 — &) |Vl + (22 + 243 [Jull?
+SR[ullt, + [0(ps + ipy) — 5(1 = )] [|uC,.

(2.7)

We are able to make the prefactors of || Vu||? and |[u|§ , negative by choosing

5(1 — 1 ) )
S and ¢= - +awitha=R+ Lo +(Pﬁ+um)

" 2os + 1) 2 20— w) 20— k)




Estimating all the nonlinear terms under a single integral, we arrive at
LFy < —&F5 + C*[|ul2, with C* = (%(1 4 0) + 24 4+ R*6)/(1 — k). (2.8)

Using (2.3) for p = 2 and setting &2 = (2a? + R?9)/(1 4 §)) Gronwall’s inequality yields

. 2(1+6)12
1 Fs(t) < 2~
e Bl < Sy

(20° + R?6)"* (R + p2/4) pi. (2.9)

Since 0 > 0, the estimate (2.8) for Fj implies that for (o, 3) € int(A(1)) the norms
|Vu(t)]2,, and on ||u(t)]|4, can not blow up, and moreover, (2.9) provides a—priori bounds
for these norms.

As a first major result we can use the fact that the weight p in can be replaced by 7),p
for any y € IR. Since all estimates depend on p only through py and p; we obtain from
(2.3) estimates in LY (€):

a2 < e 2R u(O)|[%, + (1 — e R RP/2p,;.

p,lu p,lu

Together with (2.9) we obtain the following a—priori bounds

: P pg(1+a?) P/ 2

lim sup, o, [[u(t)[[} 1, < (R + W) pr forpe {2, 2+ m) ;
lim supy... [lu(®) |43 < Cr(0 )R + R)pr for (o, 3) € int(A(1)):
limsup,_... [IVul3,0 < Calas BB + R)pr for (o, 3) € int(A(1)).

3 Scalings and optimal growth rates

The estimates of the previous section work for all strong solutions. However, in order to
show that these solutions do not blow up in finite time we have to control the L>(£2)-norm
of u(t,-). In dimension d = 1 it is clear that the W,;*(Q2)-bound for (a, 8) € int(A(1))
implies an L>*-bound. In [MS95] an alternative method was introduce in order to derive
bounds in HL () for all (a, ), see Theorem 3.1 below. However, for higher dimensions

it is necessary to use a scale of the spaces L™ () for p,, € [1,00), see Section 4.

Before we go into the construction of global strong solutions, we want to show how
the scaling properties of CGL can be exploited if we are able to prove a—priori bounds
independent of the underlying spatial domain Q C IR?. Consider for £ > 0 the rescaling

(t,x,u, R, o, B) — (072,07 ', bu, *R, o, B), (3.10)

which leaves CGL invariant. Since o and [ are not changed we may adjust ¢ in order
to make B = (2R arbitrarily, e.g. less or equal to 1. However, this is done on the
expense of scaling 2. Previous work [BC*90, LO96] uses the unit cube Q. = (0,1)? with
periodic boundary conditions and keeps R as the large instability parameter. It is shown
in [BC*90], that for (a, ) € P(d) (see (1.2)) the estimates

limsup ||u(t, )]s < C(av, 8, d)RIPD (3.11)

t—o0



hold, where e(a, 3,d) > 1/2, cf. [BC*90], pp. 428-430.

Our method immediately implies that (3.11) is valid with e(«, 3,d) = 1/2 for all
(ar, B) € P(d). The argument is as follows: we scale the functions u € LP(),.) correspond-
ing to a given R by using the scaling (3.10) with £ = R~%/2 to the case €, = (0,1/¢)* and
R = 1. The results in the next section imply a bound limsupy ___ ||i(f)]|le < C(a, 3,d)
which is independent of ¢. Using the inverse scaling the result is established, since

ol = B2l e
For the case d = 1 we make this more precise by the following result which partly
relies on a method in [MS96] and which is repeated in Appendix B.

Theorem 3.1
Let Q2 = IR, then each solution of CGL satisfies
lim sup [|u(t)]|eo < C(1 4 |a|'/? + o'/2 + |alo/?)RY? (3.12)
t—o0

where 0 = max{0,+/1+ 52 — 3} and C is a numerical constant. Moreover, in the case
af > 0 we have the better estimate

lim sup [[u(t) o < C(|a]" + B/ + |/ B[V + |7 57 /24) R (3.13)
t—o0

Proof: With Theorem B.1 below we have the estimates

limsup, . [|[u(®)|Z, < CAy with Ag = R+ 1+ a?,
limsup,_ [|0:u(t)]|f, < CA; with A; = AZ(1+ 0+ 0%A).

Using Ag < A; and the one-dimensional Sobolev embedding (A.2) in the case p = 2 we
find
lim sup ||u(t)||lse < C(AgA)Y* = C Ar(a, 3, R).
t—o00

However, this result was derived with a fixed weight p(z) = e~*l with py = 1. Using
the rescaling, the proper estimate has the form Ay (o, 3, R) = %(a, 8)RY/? and we find
S(a, 8) < inf{ R"V2A(a, 3, R) : R > 0} which yields the desired result (3.12).

In the case aff > 0 we improve on these results by the estimates for Fs which were
derived in Section 2. We consider (2.9) for the parameters § = §/a, v =0, p =149,
x = 0, and the weight p(x) = e~1#l. Then, we have

hH’lSU_p Fg(t) S CAF with AF = (1 + 6)1/2A0(51/2R -+ AO —+ m),
t—00
where m = |a/B|(1 + |6/al + %)%,
The bounds lim sup |[u(t)]j20e < CAY?, limsup [|u(t)||41e < C(Ap/8)Y4,

embeddings (A.2) for p = 2 and p = 3, respectively, resulting in

lim sup ||0,u(t)]|21m < C’A}m, and [|ul|31, < [|ull2m/lw]|7 1, are now inserted into the Sobolev

lim sup ||u(t)|loo < Cmin{(AOAF)1/4;5_1/6AJ1F/3}’

t—o0



where Ag < Ap was used. Employing the scaling to each of the terms in the minimum
delivers

lim sup; o, [|u(t)]loo < Cmin{ (1 + 6)/5[(1 + 6)/2(1 + @?) + m]'/*,
(1+8)7YO[(1+8)2(1 + 0?) + m] *},

which is the desired bound (3.13). O

Note that the bound (3.13), which holds for a3 > 0, is much better than the general
result (3.12) for || large. Thus, we find a principal difference between the cases a5 > 0
and af < 0 in the bounds for ||u(t)| as a function of o and 3, however we do not know
whether these bounds are optimal. The only existing lower bound is v/R which is attained

by rotating waves of the form u(t, z) = /R — |k[2e/@!Hho),

Considering Sobolev norms rather than the L* norm we need a little more care, since
the norm || - ||, is not scaling invariant (when the weight is not scaled). For simplicity
we restrict the argument to the unit cube Q. = (0,1)¢, the generalization is straight
forward. In Appendix C, see (C.2), we establish, for weights with |Vp(z)| < pop(z), the
estimate

| b de < Cat+ )l (3.14)
Assume now that the case R = 1 with weight p(z) = e~ *! yields a bound

lim sup [[(#) [p1a < Cy(ev, 5, R = 1,4)

t—o0

independent of the domain. Then, a bound for u(t) € LP(£2,.) can be obtained from
[ul2, = R<p—d>/2||a||§ﬁ where 4(Z) = R™Y?u(R~Y22) € LP((0, R~'/?)%) only if the weight

p satisfies p(x) = p(v/Rx). Together with 3.14 we conclude that if global bounds exist
they have the form

lim sup lu(t, z)|Pdz < Cp(a, B,d) RP~D/2(1 + RY?).

t—o00 Quc

V" u(t)]? + an|u|*™)dx, which were used

Especially, for the functionals F,)(t) = Jq._ (
heavily in [BC*90], we find

limsup F,(t) < C (e, B,d) R*(1 + R~%?)
t—o0
and again our growth rate R™ is optimal, independent of (o, 3,d), and lies below the
ones in [BC*90]. There might still be essential differences between different regions in the
(v, B) plane; yet these differences can only occur in the constant C,)(a, 3, d) as functions

of a and (.

From the above considerations it became clear that it is very helpful to have a—priori
bounds which are independent of the underlying domain €2. Only then it is possible to
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exploit the scaling invariance of CGL properly. Thus, we have to define a suitable set
of domains which allows for these uniform estimates. As we have to do also regularity
theory these domains must have a uniformly C?-smooth boundary. More precisely, we
define the set of admissable Q C R? as follows.

Definition 3.2
A domain Q C IR* and boundary conditions are called admissable, if (a) or (b) holds:

(a) 2 has a C®*~boundary and for each point x ¢ OS) there exists a ball B of radius 1
such that v € B and BN 0Q = (). On each connected component of Q) we have
either Dirichlet conditions (u = 0) or Neumann condition (Vu - v = 0).

(b) Q is of the form R, x Q) with R,, = (ay,by) X - - - X (an, by) wheren < d and Q ¢ R*™"

is as in (a). The boundary conditions on R,, x 9 are as in (a) while those on OR,, x Q)
are periodicity in x;, 1 = 1,...,n with period b; — a;, respectively.

The condition in (a) involving the ball of radius 1 guarantees that the uniform cone
condition holds from inside and outside, moreover it bounds the curvature of the bound-
ary. Note that stretching (i.e. £ € (0,1) in (3.10)) leaves the set of admissable domains
invariant. Hence, further on we may restrict the parameter R to the interval (0, 1] without
loss of generality. All estimates in subsequent sections will depend only on the parameters
(e, B) but not on the admissable domain €2 nor on the instability parameter R € (0, 1].

4 Regularity and global existence

We use the following result of [LO96], Thm. 5.5, which builds on the theory in [Wei80].

Theorem 4.1
Let X,Y, and Z be Banach spaces with Y C Z C X and let (e*);5q be a holomorphic
semigroup on X with

leAully < Ct 7 ||u||x for allu € X, |e*ully < Ct™0||ul|z for allu € Z
for t € (0,1]. Moreover, let N : Y — Z be a nonlinear mapping with
IN(u1) = N(uz)llz < Cl|uall§y + [Juzl[$) lur — uzlly for all uy,us €Y.

Assume that the relations 0 < § <1, 0< (o0 + 1)y <1, §+ o <1 hold, then for
each M > 0 there exists a time T" > 0 such that the integral equation

u(t) = eMug + [y AN (u(r)) dr

has for each initial condition uy € X with ||ug||x < M a unique solution u € C([0,T], X)N

C((0,T],Y). Moreover, the mapping from ug to u(-) is locally Lipschitz continuous from
X toC([0,T], X).
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In order to apply this result we establish the existence of the semigroup (e!);>q for
the linear part of CGL, i.e. Au = (1 + ia)Au + Ru.

Theorem 4.2
Let p € [2,00) and define the operator A : D(A) C L}, (Q) — L1 (Q) with

Au= (1+ia)Au+ Ru, D(A)=W2P(Q) N {boundary conditions}.
Then, there exist functions Cy(«) and Cy(a, p) such that for each z in the sector
S(a,R,p)={z€ T : z#R, |arg(2—R)| < 3 Larg(1+i)| } with R = R+ Cy(a)p?,

and for all admissable domains Q) the resolvent (A — z)~! : L () — D(A) exists and
satisfies the estimate

Ci(a,p)
|z~ R|

1A = 2) 7 fllpa < [fllpa for all f € Ly, (62).

Proof: It is sufficient to show that the Laplace operator Ay : u — Awu has it resolvent set
in €'\ (—oo,b] for some b and satisfies the analogous estimate on each sector S(b,0) =
{ze @ : |arg(z —b)| <0} with 6 € [0, 7).

We use Agmon’s trick [AN63] which uses regularity theory on a higher dimensional
domain Q. Let 7 = (z,€) € Q = Q x R, p(%) = p(x)/ cosh(p), and define A a =
At + e 9fu— b for t € W2P(Q), where || < 6/2 < 7/2 and b = (po/ cos(6/2))2. Then

—Avﬁ f is equivalent to the weak form
B,(i,7) = [5p fodr for all ¥ (4.15)

where B, (u,0) = [5p{Vu-[V0+ (v/p)Vp] + €70:u[0:0 + (v/p)0ep] + buv}dz. We have
coercivity of B, because of

| By (4, u)| | Va2 + e|9ga )2+ bl[all? | - pollal, Vel

>
> jcosg (||VU||2 + 2||<95U||2 +balf?),
where |y| < 6/2 and with b = 2b — (po/ cos £)? = b was used.

For any f € L2 (Q) the Lax Milgram theorem can be applied in the weighted Hilbert
space W;M, where

LAQ) = {a € L, () : [[al; < oo}, W) ={ae LX) : Vae L) }.

This yields a unique solution u € W%’Q(Q), however, since p can be replaced by all its

translates without losing the estimates we conclude u € VV&IQ(Q) By classical regularity
theory we have 4 € W2*(Q) with [|@|21u < C||fllou, where C does not depend on u nor
on the admissable domain 2. Here we use that the regularity theory can be made uniform
in the set of admissable domains if the uniform cone condition holds and the curvature of
the boundary is uniformly bounded.
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For p > 2 we use LP(Q) C L?(Q) and obtain again a unique solution in W;»*(Q)
which again by classical regularity arguments satisfies

[ll2.pa < CO. D) Fllpa- (4.16)

We now return to our original problem on €. In order to solve Au — zu = f € L ()
we write z € S(b,0) as z = b+w2e™® with |y| < 6/2. Moreover, we let f(z,£) = e“"ﬁf( ) €
L? (Q) and find that the unique solution % which must have the form @(z, &) = e™u(z).
A simple calculation shows Au — zu = f and (4.16) yields

lullyzriqy + [l 1l gy + @ ull @ < Cillllyzeg < Coll fllp & = Csllf g

Recalling w? = |z — b| the desired estimate is established. O

Theorem 4.2 proves exactly the assumptions that are needed to show that A = (1 4+
ia)A + R is the generator of an analytic semigroup (e?);0, such that

1
e ullwgriey < O (1+ 575) e

for t >0, s € {0,1,2}, p € [2,00), and all u; see [Kat76].
We use the Sobolev embeddings in the Gagliardo—Nirenberg form (see Appendix A)
to show that e" maps WSP(Q) into W;4(Q2) for ¢ > p:

[ ullugn < C e ull? 0 |t e < CE P02 ]l for ¢ € (0,1), (4.17)

where s = {0, 1} and the Gagliardo-Nirenberg interpolation needs § = 1 —d/p + d/q, see
Appendix (A). Similarly, for r € [dp/(p + d), p| we have

le® ullssrmaa < C lleMull? el e < O 2 g for t € (0,1],  (4.18)

where 6 = d/r —d/p and s € {0,1}.

With N(u) = —(1 +i0)|u|?u all strong solutions of CGL satsify the variations of the

constants formula

t
u(t) = eAu(t') + } AN (u(r)) dr.

The above to theorems can now be used to improve a—priori bounds in p to bounds in q.
To this end we apply Theorem 4.1 with X = L} (), Y = L{ (), Z = qu/S(Q), and o = 2.
Using (4.17) we find v = (d/p — d/q)/2 and 6 = d/q, which satisfies § € [0,1), v € [0, 3),
and 6 + 2y < 1 if and only if p > d and ¢ € [p,p*) where p* = 3pd/(3d — 2p) for
p € (d,3d/2) and p* = oo else. Thus, having a suitable starting value p, > d we can
iteratively increase py,+1 = ¢m = 3pm to reach any value p € (d, 00).

If p > 3d/2 is reached we use Theorem 4.1 again with X = L (Q), Y = Z = W."(Q),
0=2,0=0,and v = (1 —d/r+d/p)/2, according to (4.18) with s = 0. Here we need
r > d in order to have the Lipschitz condition for /V, and the remaining condition v < 1/3
is satisfied whenever r < 3dp/(p + 3d). As in the LP—case we can now improve bounds in

12



W with r = r,,, to bound with r = 3r,,, and therefore reach any r € (1,00). In a final
step the theorem is used with X = W,2"(Q), where r > 3d/2, Y = Z = W2%(Q), 0 = 2,
d =0, and v = d/(2r) (use (4.18) with s = 1 and (r, p) replaced by (d,r)).

As a conclusion we obtain the following result, which states the global existence of
strong solutions.

Theorem 4.3
Let the parameters satisfy («, 3) € P(d) with

P(1)=P(2) =R, P@B)={(ap) € R : |a] <V8or —(1+af) <V3la—pl},
and P(d) = { (o, 3) € R* : |a| <2v/d—1/(d—2)} for d > 4.

Then, for each admissable domain Q C IR® and boundary conditions, any p > d, and all
initial conditions u® € L (Q) there is a unique strong global solution u(t) = S;(u°).
Moreover, fix the weight p(z) = e, then there is a constant C(a,3,d) such that
for all admissable domains Q C IR® and boundary conditions and all initial conditions
u® € LP () we have
litn sup 15¢(u”) [l1.2400 < C(a, B, d).

Note that in the last estimate we have chosen p = 2d > d without loss of generality.
This results enables us to construct an absorbing set in I/Vllu’Qd(Q) as follows. Let
Bo = {u € WP(Q) : |[ullsam < 2C(ar, 3,d) }, then
Bas(a, 8,9Q) = | Si(By) € Wi(Q) (4.19)

t>0

is a bounded, invariant set, since the union can also be aken over a finite time interval.
The above estimates imply that every bounded set in L} (Q) with p > d is absorbed in
finite time into Baps.

All the considerations in the subsequent sections will be restricted to this set. More-
over, we let

Caps(a, B, d) = sup{ ||ul[1241u : I admissable : u € Baps(a, 5,2) },

4.20
Coo(av, B,d) = sup{ ||ul|eo : IR admissable : u € Baps(av, 3,9) }, (4.20)

to have universal constants to estimate the norms in Bys.

5 The influence of the boundary

In this section we are going to study some aspects of the dependence of the dynamics
on the underlying physical domain Q C IR?. In particular, we are concerned with large
domains where, as is common believe, the boundary should not influence the dynamics
away from the boundary too much. It is our aim to give a rigorous meaning to this rule
of thumb.
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To this end we consider two admissable domains §2; and €2, with associated boundary
conditions as above. Moreover, we fix one (o, 3) € P(d) of parameters, such that the
semiflows (S7);50 on L?,(Q;) are well defined. We want to compare the dynamics of the
two systems on a subdomain €2, of the intersection 2y N €);. The main problem is that
we cannot control the boundary values of S} (u) on 9, as we should not use information
on u from outside of . The same problem even occurs if Q, = Q; = Q, but (S});>0 and
(52)¢>0 correspond to different boundary conditions. In this situation the theory in [Col94]
is helpful, since it allows us to use weight functions which vanish at 0€2,. Previously, we
used [Vp(z)| < pop(z) in order to estimate [, |[Vpl |Vul|ul? dz < po||Vul,|lull,. However,
we may use that u € L{ (Q) and obtain by Holder’s inequality

/Q|Vp| [Vl [ul de < [[Vullo|(1/p) Vol [ulll, < [Vullollullanll(L/ )V ol la,-

Recall that |Vp| < pop implies p(z) > e ”llp(0) > 0, but for p(x) = (1 — |z|?)7 for
|z| <1 and p(x) = 0 else the weaker condition

11/p)IVpllI3, = [ o7Vl do < o

is also satisfied whenever v > 3. Our approach combines the feature of exponential decay
on the one hand with the vanishing on 02, on the other hand.

Throughout we consider the situation, that the ball B(z.,r,) intersects the sets ()
and €y in the same set Q,, i.e. Q@ = Q; N B(x,,r,) for j = 1 and 2. We let I, =
0B (x4, 1) N 0L, which is that part of the boundary which does not belong to 0, for
j = 1,2. On each Q; there is defined a semigroup (S7);>o on X7 which corresponds to
the same (a, 3). Moreover, if I'; 5 = 0, \ Ty is nonempty we assume that the boundary
conditions associated to the semigroups (S’g ) coincide on I'y 5.

We now define for py > 0 the weight p, : R — [0,00) as

g—Polz—a4| for |x — x| < 7. — 1,
pe(r) =3 (1, — o — 2, |)PH2erolr=2d for |x — x| € [r, — 1,7.],
0 for |x — x| > ..

For x € B(x,,r.) we have the estimate

IV (2)|/ () < po+ (p+ 2)ma(x)/ (re — |2 = 2.]), (5.21)

where m,(z) = 1 for |x — z,| € (r. — 1,7.) and 0 else. All subsequent considerations,
except of Remark 5.3, will be done for the case pp = 1. As an important feature we will
use that for u;(t) = S{(u(])) the difference w(t) = us(t)|q, — ui(t)|q. is well-defined in
LP(2,) such that all partial integration hold without boundary terms, e.g.,

/ p*@Awdx:—/ p*|Vw|2dx—/ wVp, Vwdz. (5.22)
Qe Qs Qe

14



Proposition 5.1
Assume (o, ) € P(d) and (p — 2)|a| < v/2d — 1. Then, there is a positive constant
= C(a, 3,d) such that for all u) € Baps(a, 3,Q ) the estimate

157 () = S (u3)lp,p. < € ([|uf = w3, + CDL?)

holds, where D, = ré~'e™™ and ||w|? , = [, p«(x)|w(z)|Pdz. Here the constant C' is
independent of the domains 2; and of r,.

Remark 5.2 We control the difference between S}(u1)|q, and S} (us)
difference of the initial conditions on €2, and some constant term which must dominate
all possible influences from the solutions on §2; \ Q..

Proof: We let u;(t) = S7(u;) and w(t) = ug(t)|q, — u1(t)|q,. For N(u) = —(1 + i8)|ul*u
we have

Re [N (uy +w) — N(u1)] < 5(1 + %) |ur [*Jw]* — ;IWI4

by elementary estimates. Thus, the weighted LP—energy estimate applied to dyw = Oyus —
Oruy = (1 + i) Aw + Rw + N(uy +w) — N(uy) gives as in Section 2

sl < —Qap(w) +V1+a? fo, [w™HVp.||Vw|dz
+R[wll} ,, + Jo. pulwPT2W(N (ur + w) = N(uw1)) dor

a2
< By Ja. plwlPIV P/ p2 de 2
+(R+5(1 + 8 Jua[3) [wllf — 3llwll} 5.

Using (5.21) with pg = 1 the integral involving Vp, can be estimated by
2
2wz, +2(p+2)? fo, pulwl? (=) da
<2wllp,. +2(p + 2w} 2. (Jo. e Im. da
< 2[|wllp . + 3llwll}t2 + Colp,d)D

Together with Ag(a,p) > 0 we find %Hw”%m < C(1+C)|wl|p,. + CD,, which yields
the result by using Gronwall’s estimate. a

)2/ (r+2)

Dy

pos T

Remark 5.3 In order to illustrate the relevance of Proposition 5.1, we estimate the
difference S} (u{)|q, — S?(u9)|q, on the subdomain Q, = Q, N B(z,,r) for r < r, — 1.
To see the full effect of the theory we note that the result of Proposition 5.1 can be
generalized to the case of general p, easily, namely

15} (w}) = S (W) lpp. < €“HH (Juf = . + CDL(p0)"7)

where D, (py) = r% e r0(==1) and C' does not depend on py. Then, on €, with weight
p =1 we have

Ja, lua(t, 2) — ug(t, x)|P dz
e [o e Plemml |y (8 1) — ua(t, z) [Pda
e Jur (t) —ua (t)|I5,, < €20 e O ([ —udlp , + Di(po))-

lur () = w2 (D)ll20(q,)

INIA ||
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If ||ul — ud|lp,. =0 we may optimize the right-hand side with respect to py which yields

(r*—r—l)z

Jui(t) — u2()|7p 0,y < Crd=1eCt="5c ) for t > 0.

Thus, we have some control how fast the influence from the boundary I'y, can penetrate
into the interior of €2,. Note that the right—hand side attains the constant 6 at the
hyperbolas

20°1% + put = (r, —r — 1)* with r € (0,7, — 1)

where p = 2C log(Crd=1/§).

Unfortunately, our result in Proposition 5.1 is not enough to cover the important case
d = 3 properly. The restriction (p — 2)|a| < 24/p — 1 would force us to use p < 3 =d
as soon as |a| > /8. Thus, we are not able to use these results together with the
global existence results. Like in the case of the a—priori estimates the remaining part
of { —(1+ aB) < v3|a — ]} can not be covered by doing the LP-estimate alone. We
believe that it is possible for those («, 3) to derive similar estimates by using a functional
Gs(t) = o, p{3|Vw]* + S|w|*} dz, yet we leave this for future research.

Instead we derive a weaker estimate by interpolation. For any («, ) we have a good
L?-estimate for w by Proposition 5.1 and in L™ we have a rough bound by 2C,,. Note
that we will lose Lipschitz continuity by this procedure, but the result is still be sufficient
to establish estimates for pseudo—orbits and the distance between attractors.

Theorem 5.4
Let (o, 3) € P(d). Then for every p > 2 there is a constant C' = C(«a, 3,p,d) such that
for any Q and Q as above and all u§ € Baps(cv, 3,9;) we have the estimate

154 (u?) = S} (u)llpp. < Ce“(luf = ug|lF/8, + Di7)

for allt > 0.

Proof: The case p = 2 is proved in Proposition 5.1. For p > 2 we use the obvious re-

lations [lwl[f,, < lwlZ*wl3,, and [[wllz,y. < [[Lllp/p-2).p.[10[lpp., Where [1][p/p-2),. <

pPDP - According to Section 4 we have for w(t) = S!(u?) — S} (ud) the bound [wl|s <
1SH(ud)]loo + [|S2(u9) ||l co < 2Co. Thus, employing the result for p = 2 yields

()

which gives the desired estimate after taking the p" root. O

poe < (202w )3, < Cre®(Jw(0)]3,, + D) < Coe™ ([ w(0)]7,, + Ds),

p,px — -

Now we want to show that the dynamics of two systems (S}) and (S?), which coincide
on €, = Q; N B(x,, ), are close to each other. To this end we introduce the notion of
pseudo—orbits, c.f. also [Sch94].
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Definition 5.5
Let (S;) be a semigroup on the normed space (X, || - ||), then a function u : [0,00) — X
is called a (T,0) pseudo-orbit if for each n € IN and 7 € [0,T") the relations

u((n — 1T +7) =S (u((n—1)T)) and ||u(nT) — Sr(u((n — 1)T))|| <6
hold.

Thus, we have true orbits on [(n — 1)T,nT) with jumps of maximal size ¢ at t,, = nT.
A more general notion could allow for irregular jump time ¢,, as long as t,.; —t, > T.
Our next result states that orbits u(¢) = S} (u?) can be well approximated in the domain
Q. by (T,0) pseudo-orbits of (S?) if the radius r, is sufficiently large. Of course, we use
the weighted norm || - ||, ,, which measures differences in the middle of 2, much stronger
than those close to I',.

Theorem 5.6

Let (o, 3) € P(d), p > 2, and let the positive numbers T, § and ¢ be given. Then, there
is an 7, > 0 such that the following holds: if r, > 7, and Q3N B(x.,7ry) = QoN B(x4,74) Is
valid in addition to the above assumptions on €., then for every u{ € Bays(a, 3,€2) there
exists a (T,8) pseudo-orbit uy : [0,00) — (L¥(Qa), || - ||2a,) for (S?) (i-e. ||S(ua((n —
1)T)) — ua(nT)||2q, < 0) such that ||uy(t) — ua(t)||2a,. < e for all t > 0.

Proof: We define the mapping E, : L34 (Q;) — L% (Q%) as (Ewu)(x) = min{l,r, + 1 —
|z — z,|}u(z) and (E.u)(z) = 0 elsewhere. Obviously, E, has norm 1, and

(I = Eulaa, < Croe™=/GD (5.23)

where [|u; |21 < Caps and the estimate (C.3) with Q = Q; \ B(x.,7,) was used.

The pseudo-orbit uy is simply defined by wug(nT) = E.ui(nT) for n = 0,1,2,...
and it remains to prove the approximation and the jump condition. (Note that that
E, - WHQ,) — W2(Q,) by a fixed constant.) Because of ||u (nT) — ug(nT)]|,,. =0
for n € IN, Theorem 5.4 is applicable on [nT, (n+ 1)T") leading to ||ui(nT + 7) — us(nT +
lp.p. < CeC™ DY, For sufficiently large r, this yields the approximation property.

The jump condition on wuy is obtained by using us(nT") = E,ui(nT):

[up((n+1)T) = S3(up(nT))llpp = | EuSh(ur(nT)) — S3(ua(n)T))llp,s
< CeCTDYP + (I = B)SE(uz(nT))lp,

which is also small because of (5.23). Hence, for sufficiently large 7, the jumps are less
than 9. O

The use of pseudo—orbits is well known for chaotic systems, however our philosophy
is quite different. We do not construct true orbits close given pseudo—orbits which is one
of the difficult tasks in the theory of chaotic dynamical systems. We only show that for
each true orbit u;(t) = S}(u}) there is an approximating pseudo-orbit for (S?). This
result is relevant here, as it is one way to say that the dynamical system (S?) is a small
perturbation (S}) when smallness is measured in the semi-norm | -« [|,,.. Of course, in
the result of Theorem 5.6 the indices 1 and 2 can be interchanged showing that (S}) is a
small perturbation of (S?).
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6 Global attractors

The results from the previous section imply that CGL with («, 3) € P(d) defines a global
semiflow on X = L4(Q) for any admissable domain Q C IR and boundary conditions.
Moreover, we have shown that each bounded set B C X is absorbed in finite time into
the absorbing set Baps(av, 3, §2), cf. (4.19).

However, as we allow for unbounded €2 this set is in general not compact in L} (€2). To
handle the non—compactness due to the unboundedness of €2 we use a weaker topology on
L¥(9Q), namely the weighted norm ||ul|24, from Section 2. The normed space (L24(€2), || -
l2a,,) Will be denoted by X,, in order to distinguish it from the uniform space X =
(LE), || - |l2amm)- While X is a complete normed space, the same is not true for X,, as
the completion of L{¢(€2) in the norm [| - ||54,, would be L2(Q) as introduced in the proof
of Theorem 4.2.

Given any translation subgroup G of IR? there are three different distance measures
on X. For B C X and u € X define

dist,(u, B) = inf{|u—wvl2a, : veE B},
dist,c(u, B) = sup{disty,,(u,B) : g€ G},
disty,(u, B) = inf{|u —v||2qm : v € B}.

For any of these distances and two sets A, B we let dist(A, B) = sup{ dist(u, B) : u € A}.
We have the relations

dist, (A, B) < dist,¢(A, B) < dist,(4, B).

Convergence in the first distance relates to L?¢convergence on bounded subsets of €.
The intermediate distance will be applicable to domains €2 which are translation invariant,
namely 0 = g + Q for all ¢ € G. The convergence in dist, ¢ then means convergence in
QN B(g,r) uniformly with respect to g € G.

The following example shows that all distances are different (cf [MS95]). Let Q@ = G =
R', B={c: |c|] <1} C L}(R), with p(z) = e~#l and

0 for x < 9§
u(z) =< e(@—0) forxe[d,d+ 1]
1 foeré—i—%

Then, disty, (u, B) = 1 and dist, ¢(u, B) = 2¢[1 — e"1/2¢] for all § in IR and & > 0, while
dist,(u, B) = O(e~) for |§| — oo.

Definition 6.1
Let S; : X — X be a continuous semigroup. A set A C X is called a (X, X,)-attractor
for S if

(i) A is a non—empty, bounded closed set in X,
(ii) Si(A) = A for all t > 0,
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(iii) and for each bounded set B in X we have dist,(5:(B), A) — 0 for t — oo.

Note that the attraction takes place only in the weaker distance. In order to prove
the existence of such an attractor we need to essential features of the semiflow S;. The
first is continuity of S; : X, — X, and the second is compactness of Sy, for some ¢, > 0.

Lemma 6.2
a) For all p € [2,2d] and all u°,v" € X there is a constant C' = C(||u®||24.1u, [|t°]| 24,10, P, d)
such that

15:(%) = Su(v°)[lp,p < Ce¥JJu® —°7/E.

b) For any bounded set B in X and any t > 0 the set S;(B) is precompact in X,,.

Proof: a) Let N(u) = —(1+i8)|ul*u, then |N(u) — N(v)| < 3v/1+ B2(Jul* + |[v]*)|u —v].
With [Ju(t )HOO, [v(#) loo < Coo(1+t74) we conclude by a weighted energy estimate w(t) =

u(t) —v(t) = Si(u?) — Se(v?)

)
°) -
salw®lF < =IVli+ Vit a?|wl|,[IVwl, + fo plwl|N(u) — N(v)ldz
< [L+a?+3vI+(ulli + oI} < OO +72)flw]?.

Gronwall’s estimate yields estimate in a) for the case p = 2. The case p € (2, 2d] follows
by interpolation as in the proof of Theorem 5.4, since u(t) and v(t) are bounded in X.

ad b) The a—priori estimates in Section 4 imply that for each Cy and ¢ > 0 there is a
C such that [|u|2qm < Co = [|Si(w)||1,24u < Ci1. Hence, for bounded sets B C X the set
B, = Sy(B) is bounded in W,2**(Q). Precompactness of B, means that for every ¢ > 0
there exists a finite number of balls B,(uj,e) = {u € X : |[u — w21, < €} such that
their union covers B;.

For any x, and large r, we use the mapping F, as in the proof of Theorem 5.6. Then,
on the one hand (I — E,)B, C B,(0,¢/2) for sufficiently large r,, according to (5.23). On
the other hand F, B, is bounded in W?¥(Q,_ ), where Q, .1 = QN{z € R? : |z —z,| <
r. + 1}, and by Rellich’s compactness theorem it is precompact in L?¥(€2,_, ;). Since the

standard L?*-norm and | - |24, are equivalent on 2,1 we find u; € X, j = 1,..., N such
that E.B; C UY B,(uj,2/2). Obviously, this implies B, C U} B,(uj,¢), and the lemma
is proved. O
Theorem 6.3

(Existence of global attractors)

Let Q ¢ IRY be uniformly C? and let (a, B) be admissable parameters and p > d with
p > 2. Then, the semiflow (S;) of CGL has a unique global (X,, X)-attractor A with the
following additional properties.

(a) We have PpA = A for each 0 € [0, 27), where Pyu = eu for all u € X

(b) If Q is invariant under the action of a subgroup R of the Euclidean Group £(d),
then so is A and for B C X we have dist, z(S;(B), A) — 0 for t — oo.
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Remark 6.4 An element of £(d) is denoted by (R,7) and acts on IR? by  + Rx +r.
If Q is invariant under such actions for all (R,r) € R, then these elements (R,7) act on
u€ X = LQ) as Tir, : u(z) — u(Rz +r). The attractor A is called invariant under
the action of R if T, A = A for all (R,r) € R. The symmetry distance dist,z was
defined as dist, = (u, A) = sup{ distr,, ,,(u, A) : (R,r) € R}.

Proof: We follow closely the arguments in [MS95], Thm 2.6.

(1) According to Section 4 there is an absorbing set B,,s C X such that for every
bounded B C X there is a t; = t;(B) such that S;, (B) C Bans. (In fact, [LO96] show
that ¢; can be taken independent of B.) Hence, it suffices to show that B, is attracted
to some attractor. The candidate A for the attractor is defined as

A = N0 A¢ with A; = closure of S;(B;) in X,,.

Here, A; forms a decreasing set of compact subsets of X, and thus A is non-empty and
compact in X,. Since A C B,ps and closedness in X, implies closedness in X, we have
proved part (i) of Definition 6.1.

(2) To prove the time invariance let v € S;(A), i.e. v = Si(u) where u = 1tli_r)noo Sy, (un)

in X, where u,, € B;. The continuity in X, according to Lemma 6.2(a) gives
v = Sy(u) — Si(St, (un)) = Sere, (un) in X,

which implies v € A and thus Si(A) C A.

For the opposite direction let v € A and ¢t > 0. We have to find a u € A with Sy(u) = v.
There is a increasing sequence t,, > t and v,, € Baps with v = limy, . St, (v,) in X,. The
compactness result of Lemma 6.2(b) shows that the set { S, _¢(v,) : n € IN} C Sy, —+(By)
is precompact and hence there is a subsequence (ng) with Sy, —(vy,) — v in X,. Again
by continuity of S, in X, we find S;(u) = v since

v S, (Un,) = Si(Sh,, —t(vn,)) — Se(u) in X,.

By construction we have u € A, and thus A C S;(A) is proved.

(3) We assume that dist,(S;(B1),.A) # 0 in order to generate a contradiction. Then,
there exists ¢, — 0o and u,, € Baps with dist, (S, (u,), A) > ¢ > 0. By compactness of
Babs in X, there is a subsequence (ny) with Sty (tp,) — win X, and w € A. But now
dist,, (S, (tn, ), A) < dist, (S, (un, ), {w}) — 0 which contradicts the above assumption.

(4) It remains to prove the uniqueness and the properties (a) and (b). Assume there
are two attractors A; and A,. By invariance and attractivity we find dist,(A;, Ay) =
dist,(As, A1) = 0 and the closedness yields A; = As.

Moreover, CGL is invariant under multiplication with e?, hence S; o Ry = Ry o S;
for all § € [0,27]. Hence, RyA is attracted to A as well as A is attracted to Ryg.A. By
uniqueness we have Ry A = A.

(5) Assume the symmetry actions as described in the remark. Obviously, we have
TiryA = Afor (R,r) € R by the same argument as in (4). We also want to infer the
stronger decay measure using dist,z. Using that [ull2a, = [|T(rru[l2a1,,, We see that
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TrRB= U TryBis bounded in X whenever B is bounded in X. Now we estimate as

(R,r)ER
follows
diStpjz(St(B), A) S diStp7R(St(TRB), TRA)
= sup{disty,, ,(S:(TrB),TrA) : (R,r) €R}
= sup{ diStp<T(R’T)—1 St (TRB>, T(Ryr)—lTRA) : (R, 7’) € R}
= dist,(S:(TrB), A) — 0
for t — oo, since T(p,)-1TrA = TrA and TrA = A. a

For later use we introduce the decay function a4 : [0,00) — (0, 00) which measures
the distance of Sy(Baps) from A in the norm || - ||24,5;

aA(t) = diStp(St(BabS), A)
As proved above this function decays to 0 for ¢ — oo.

Finally we consider two systems (S}) and (S?) posed on ©; and €y, respectively, and
compare their attractors on the joint set Q. = Q; N B(x,,r.) as in Section 5. From
above we know the existence of global attractors A; C X7 = L24();) such that a;(t) =
dist,(S7 (Bans(€;), A;) — 0. Recall p(z) = e~1*=%I and , is the center of Q, = B(z.,7.)N
;. Using our control on S} (uf)|q. — SE(u3)|o. we derive an upper bound on the distance
between Ao, and As|q,.

Theorem 6.5
Use the notations from Theorem 5.4 and define ;(r,) = min{ CeCm DY) 4 aj(t) : >
0}. Then, we have the estimates

dist,, (A1, A2) < ¢o(ry) and dist,, (A2, A1) < (),
where dist,, (4, B) = sup{inf{ ||a|o, — bla.|l2dp. : bEB} : a€ A}

Proof: Let u; € A;, then for each 7 > 0 there is a u;” € A; with S} (u;™) = u;. Now
consider u,” = E,u;” € X2, then

disty, (u1, Az) < [|1S7(ur ™) = S7(uy ") lloap. + distaa,. (57 (uy "), A2) < Ce“TDYP + ay(7).

By choosing 7 optimal the assertion disteq,, (A1, A2) < ¥2(po, ) is proved and the op-
posite case follows by interchanging 1 and 2. O

It is easy to see that v;(r,) — 0 for r, — oo, since D, = ré=le=™ — 0. Hence, the
further we push the boundaries away the less they influence the long—time behavior in the
middle of the domain. There is a major problem in applying the result of Theorem 6.5,
since the decay functions a; may depend sensitively on the domain 2;. Thus, we cannot
derive results for sequences of domains. However, if {2, is fixed while {2, varies arbitrarily
we still obtain a one-sided estimate.
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Corollary 6.6
For X pa = L2(IRY) and (o, §) € P(d) let (SE"), Aps C Xpa, and e be the associated
semigroup, attractor, and the function defined in Theorem 6.5, respectively.

Then, for any admissable domain €, C IR® and boundary conditions with B(z,,r,) C
O, the attractor Ay C X' of (S}) satisfies

dist,. (A1, Aga) < Ypa(rs).

It is important to note that we cannot reverse the order of the arguments in the distance
function. In particular, if we have a family of admissable domains Q) D B(x,, rff)) with

r" - o0 we are not able to show dist,, ,, (Apge, Ag)) — 0 whereas dist,,_ ., (Aw), Aga) <

YR (rik)) — 0 is trivial. The latter convergence is called upper—-semicontinuity of the
attractors A to the limit A 4. The opposite convergence would be lower-semicontinuity
which is much harder to show. The problem is that dist,, , (Age, Ax)) can only be
estimated by the attraction functions a), and in general there is no control on their
behavior as k — oo.

By Theorem 5.6 we know that the orbits of (S}) can be approximated by pseudo—
orbits for (Stﬂd) and vice—versa. In the present situation we can say more. The orbits in
A; C X' can be approximated by pseudo-orbits of (SE*) lying completely in A .

Theorem 6.7

Let the assumptions of Corollary 6.6 be satisfied. Then, for each positive T, ¢, and
there is an 7, > 0 such that for all r, > 7, the following holds: for any admissable domain
Q) € R with B(x.,r.) C Q and allud € A, C L}¥(Q,) there exists a (T, §) pseudo-orbit
v for (SEY) in (LF (IR%), || - ||2a,,) such that

v(t) € Aga, and [|S}(u)) — v(t)||2d,, < e

Proof: We proceed as in the proof of Theorem 5.6 but take care that v(nT") lies in Apa.
For any x > 0 there is 7, with dist,, (A1, Ape) < & whenever r, > 7,. Hence, we choose

v(nT) € Apa with ||[u(nT) — v(nT')||24,, < x and control the distance on [nT, (n + 1)T)

by Theorem 5.4: w(nT+7)—v(nT+7)]|2q,, < CeT (lil/d + Di/@d)) Since 7 < T we can

make x small and 7, large in order to obtain that the difference is less than min{ e, /2 }.
For the jump we estimate

lo((n +1)T) = SF(v(nT))ll2a, < [lo((n+1)T) — u((n +1)T)[|24,
S (u(nT)) — ST (v(nT)) 2a.p.

< ﬁ+CeCT(li1/d+Di/(2d)) < K+6/2.

For large enough 7, we have k < §/2 and the result is proved. a

It would be more desirable to approximate the solutions in Age by pseudo-orbits in
A in cases where 2, is bounded. In such a case the attractor A, is the classical compact
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attractor in LP(£2;) as studied in [Tem88|. In particular the Hausdorff dimension of A,
is finite and can be estimated by the parameters (R, «, 3). Of course, there are pseudo—
orbits uy(t) of (S}) which approximate the solutions v(¢) in Aps. However, we cannot
guarantee that these solutions are contained in A;.

An interesting case occurs when 2 is the interval Q, = (—¢,0) = (—{1,¢1) X ... X
(—£4,¢4) with periodic boundary conditions. Then X® = L¥(Q,) = L?*¥(€,) can be
embedded into X by continuing each function periodically. Obviously, S; © Sthd| X
and moreover A = Ape N X, The last identity follows since Ay is attracted to

Apa in X R? s invariant and contained in X®, hence Ay C A NX (). The inverse

inclusion holds since A g« N X © is invariant under (5. Thus, we have Ay C Ape with
dist, (A, Ape) — 0 for lpy, — 00, where (i, = min{fy, ..., ¢q}. Additionally, we know

dist,. (Apa, X9) < OD,(bin)" P, where D, (1) = 14" te™,

which is a consequence of the boundedness of Apa in L¥(IR?) and the estimate (C.3).
Nevertheless we were not able to show the lower semi-—continuity dist,, (Ape, Ap)) — 0
for £ — oo. It would be equivalent to the conjecture

A pa = closure of |:Uge(07oo)d A(g)} in X,,

which was posed as an open problem already in [MS95].

A Sobolev embeddings

For the fixed weight p(z) = e~I*l we have in one space dimension the explicit estimate
lullSe < lullza(lullzm + 2] Oatl20)- (A1)

We give an elementary proof of the Gagliardo—Nirenberg estimate in the one-dimensional
case. For any weight p with |Vp(z)| < pop(x) we have

p(O)uy)P = Yo L(p(z — y)|u(z)|P)dz < po
Thus, for the weight p(z) = e~1*l we find

b pllull o 100wl

lullZ < Nullp g + pllels, 2ol (A.2)

For a proof of the general d-dimensional case we refer to the literatur, e.g. [AdT75,
Tem88]. We need the following result.

Theorem A.1

Let s1, 89 € INg, and py,p2 € (1,00) such that s; < so+ 1 and sy —d/p; < se +1—d/ps.
Moreover, assume that 6 € |0, 1] satisfies s —d/py < 0(s2 — 152 —d/pa) + (1 —0)(sa+ 1 —
d/p2). Then there exists a constant depending only on d, s, S2,p1, and py, such that for
all admissable domains Q C IR and all u € W;*>72(Q) the estimate

ullsy 1 da < Cllulls, py1wCllulls;

= 82,p2,lu S2+1 ,p2,lu

holds.
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The only nontrivial part here is the claim that the constant does not depend on the
domain. However, for admissable domains we may use a uniform partition of unity with
sets of diameter less than 1/2. On each of these sets the estimate holds with a uniform
constant.

B Another a—priori estimate

We provide an alternative a-priori estimate which works in the case of dimesension d = 1.
This method was introduced in [MS96], but unfortunately there is an omission in one
estimate in the last quarter of the proof, which led to a wrong result. We repeat the
analysis for the reader’s convenience.

Theorem B.1
For all (ar, 3) € IR? the solutions u = u(t, z) of CGL exist globally and satisfy the estimates

lu@®l3 < e u0)I3 ), + (1 — e 2)2R,

limsup [|0,u(t)|3,, < 56R*(1+ 100%R),
t—o00

where R = R+ (1 + o?)/4, 0 = max{0, /I + 3% — 2}.
Proof: The first estimate is exactly (2.3) for p = 2. As in Section 2 we have
i I plOsudu < — [ plO%ulde + 2 [ p(RIOsul + olul*|0pul*) de. (B.1)

In order to shorten the following formulae we abbreviate r;(t) = ([ p|0u(t)[>dz)*/? and
e;(t) = [|0u(t)]|amm for j = 0,1, and 2. From partial integration we find rf < ro(ry + 72)
and (A.2) reads ||ul|%, < eo(eo + 2e1). With these stipulations (B.1) takes the form

%r% < —r2—(y+DrE4(y+1+ 2R + 20¢(eq + 2€1))ro(ry + 132)
< —(yH+Drf+ sty +57(t) /4 < =+ 52(1)/2,

where v > 0 is arbitrary, and s(t) = (y4 14 2R+ 20eg(eq + 2€1))ro. Applying Gronwall’s
inequality and using the same estimate for all translated weights we obtain
e2(t) < e e(0) + [y e s (7)/2dr
< e e2(0) + fye ) ([7+1—|—2]5L+2<76(2)]2e(2) + 1602636%>d7'.

Note that ~ is still arbitrary in the above estimate. We may now use Lemma B.2 below
and limsup,_, . €3(t) < R in order to see that e;(t) is also bounded and satisfies

1+2R(1+20)%2R
limsup e2(t) < b+ 1+ 2R( i o)l :
t—o00 v — 6402 R?

Choosing v optimum we obtain the desired result when using R>1. O

The following lemma is proved in [MS96].
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Lemma B.2
Let p,v € C°[0,00), IR) be bounded functions with v(t) > 0 for all t. Assume that
v > v = limsup,_ ., v(t) and that the continuous function A € C°([0,00), IR) satisfies

A(t) < A0)e™ + Jy e [u(r) + v(1)A(T)] dr,
for allt > 0. Then, A is bounded on [0, 00) and satisfies

limsup A(t) < — lim sup p(7).

t—o00 Y —V T—00

C Uniform versus local norm

Lemma C.1 _ B
Assume |[Vp(z)| < pop(z), p(0) =1 and define for Q C IR? the neighborhood Q,, = {z €
R® . dist(x,Q) < 1/po}. Let p: Q,, — (0,00) be a function with |Vj(x)| < s p(z) on

Q, and [~ pdx < co. Then for each u € LP.(IR%) we have
on p Iu

o
S plul da < e 00 (poV/d)? 5 pda |lullp),
where [|ul[} \, = sup{ [ p(x + y)|u(z)[Pdz : y € R},

Proof: We consider cubical d-dimensional intervals @; with side length 1/(ppv/d)
such that Q;NQy =0 for j #kand Q C U Q; C Q,,. Define

jeJ
d; = inf{sup{ p(z)/Typ(z) : 2€Q;} : y€ R}, a; = Jo, P(x) dx
then we can estimate
JaplulPdr = ey o, 25 Typlul? dr < Siey (1 +e)d;|lully,
= (14e)Sjes o Jo, pd |lullyy, < (L+)C fg, P [fullfy,
where C' = sup{d;/a; : j€ J}.

Using the estimate on the gradients and diam(Q;) < 1/py we find d; < (maxg, p) e
and a; > (ming, p) (pov/d)~¢ and hence d;/a; < e'*#/70(pyr/d)* which is the result. O

One typical application of this result is obtained when Q is bounded and p=1(ie,
Kk =0):
1l da < e(poVd) vol(S,,) lull. (€2)

Note that the right-hand side does not tend to zero for py — 0 as vol(Q )~ po.
Another example occurs when g = p = eIl (i.e. k = py) and Q= Rd\{ x x| <}
Then we find

/ plul dz < €2d*wyla(por. — 1)|ull; (C.3)

p,lu

where wq is the surface of { 2 € R? : || = 1} and I4(s) = [P tle tdt = e‘sd' 53/( <
(d+s)tes.
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