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Exercise 27. Non-compactness of embeddings. For a bounded Lipschitz domain
Ω ⊂ Rd we consider the embeddings

1 < p < d : W1,p(Ω)→ Lp
∗
(Ω) and d < q <∞ : W1,q(Ω)→ C1−d/q(Ω).

Construct suitable sequences (uk)k∈N that prove that the embeddings are not compact.
(Hint: Try uk(x) = kαϕ(kβx) for some function ϕ.)

Exercise 28. Optimal p∂ for the trace mapping. For a bounded Lipschitz domain
Ω = Γ×]0, 1[ ⊂ Rd and p ∈ ]1, d[ we set p∂ = p(d−1)/(d−p) ∈ ]p,∞[. Show that the trace
mapping from W1,p(Ω) into Lp

∂
(Γ×{0}) exists as a bounded linear operator.

(Hint: For u ∈ C1(Ω) define w(y, s) = (1−s) |v(x, s)|p∂ and write w(y, 0) via na integral over

s ∈ [0, 1].)


