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Abstract: We investigate a probabilistic model for routeing of messages in relay-
augmented multihop ad-hoc networks, where each transmitter sends one message to
the origin. Given the (random) transmitter locations, we weight the family of ran-
dom, uniformly distributed message trajectories by an exponential probability weight,
favouring trajectories with low interference (measured in terms of signal-to-interference
ratio) and trajectory families with little congestion (measured in terms of the number
of pairs of hops using the same relay). Under the resulting Gibbs measure, the sys-
tem targets the best compromise between entropy, interference and congestion for a
common welfare, instead of an optimization of the individual trajectories.

In the limit of high spatial density of users, we describe the totality of all the message
trajectories in terms of empirical measures. Employing large deviations arguments, we
derive a characteristic variational formula for the limiting free energy and analyse the
minimizer(s) of the formula, which describe the most likely shapes of the trajectory
flow. The empirical measures of the message trajectories well describe the interference,
but not the congestion; the latter requires introducing an additional empirical measure.
Our results remain valid under replacing the two penalization terms by more general
functionals of these two empirical measures.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Background and main goals. In random networks, one of the prominent problems is the
question how to conduct a message through the system in an optimal way. Optimality is often
measured in terms of determining the shortest path from the transmitter to the recipient, or, if
interference is considered, determining the path that yields the least interference. If many messages
are considered at the same time, an additional aspect of optimality may be to achieve a minimal
amount of congestion.

Many investigations concern the question just for one single transmitter/recipient pair, which is a
question that every single participant faces. However, a strategy found in such a setting may lead to
a selfish routeing, and it is quite likely that the totality of all these routeings for all the individuals is
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by far not optimal for the community of all the users [CCS16|, Section 1]. Instead, the entire system
may work even better if an optimal compromise is realized, by which we mean a joint strategy that
leads to an optimum for the entire system, though possibly not for every participant.

In this paper, we present a probabilistic ansatz for describing a jointly optimal routeing for an
unbounded number of transmitter /recipient pairs, which takes into account the following three crucial
properties of the family of message trajectories: entropy (i.e., counting complexity of the number of
trajectory families satisfying certain properties), interference and congestion. That is, we consider a
situation in which all the messages are directed through the system in a random way, such that each
hop prefers a low interference, and such that the total amount of congestion is preferred to be low.
Parameters control the strengths of influence of the three effects.

Let us describe our model in words. Let the users be located randomly as the sites of a Poisson
point process, which we fix. Each user sends out precisely one message, which arrives at the (unique)
base station, which is located at the origin. We consider the entire collection of possible trajectories of
the messages through the system. We employ an ad-hoc relaying system with multiple hops, such that
all the users act as relays for the handoffs of the messages. The maximal number of hops is kya.x € N
for each message. Each k-hop message trajectory (with k € {1,..., kmax} itself random) is random
and a priori uniformly distributed. The family of all trajectories is a priori independent.

Now, the probability distribution of this family is given in terms of a Gibbs ansatz by introducing
two exponential weight terms. (That is, we define a quenched measure on trajectories given the
locations of the users.) The first one weights the total amount of interference, measured in terms
of the signal-to-interference ratio for each hop. The second one weights the total congestion, i.e.,
the number of times that any two trajectories use the same relay. Under the arising measure, there
is a competition between all the three decisive effects of the trajectory family: entropy, interference
and congestion. Furthermore, the users form a random environment for the family, which not only
determines the starting sites of all the trajectories, but also has a decisive effect on interference and
congestion. While the latter has a smoothing effect on the fine details of the spatial distribution of all
the trajectories, the effect of the former is not so clear to predict, as the superposition of signals have
a very non-local influence.

Our main interest is in understanding the spatial distribution of the totality of all the message
trajectories under the Gibbs distribution. The measure under consideration is a highly complex object,
as it depends on all the user locations and on many detailed properties and quantities. However, we
make a substantial step towards a thorough understanding by deriving an asymptotic formula for the
logarithmic behaviour of the normalization constant in the limit of a high spatial density of the users.
The limiting situation is then described in terms of a large deviations rate function and a variational
formula, whose minimizers describe the optimal joint choices of the trajectories. This formula is
deterministic and depends only on general spatial considerations, not on the individual users. These
are our main results in this paper.

The main objects in terms of which we achieve this description are the empirical measures of the
trajectories of the messages sent out by the users, disintegrated with respect to the lengths and
rescaled to finite asymptotic size. These measures turn out to converge in the weak topology in the
high-density limit that we consider in this paper. The counting complexity of the statistics of the
message trajectories can be written in terms of multinomial expressions and afterwards, in the limit
of finer and finer decompositions of the space, approximated in terms of relative entropies, using
Stirling’s formula. The interference term can also be handled in a standard way [HIKP1§]|, since it is
a continuous function of the collection of empirical measures of message trajectories.

However, a key finding of our work is that the congestion term is a highly discontinuous function
of these empirical measures. Indeed, one cannot express its limiting behaviour in terms of these
measures. Instead, one needs to substantially enlarge the probability space of trajectories and to
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introduce another collection of empirical measures, the ones of the locations of users (relays) who
receive given numbers of incoming messages (counted with multiplicity if a message trajectory hits
the same relay multiple times). The congestion expression then turns out to be a lower semicontinuous
function of these empirical measures, and hence the limiting congestion term is still expressible in terms
of the weak limits of these measures. Again, using explicit combinatorics and Stirling’s formula, we
arrive at explicit entropic terms describing the statistics of these measures. These two families of
empirical measures together enable us to describe all the properties of the message trajectories that
we are interested in. We establish a full large deviation principle for the tuple of all these measures
with an explicit rate function and obtain in particular their convergence towards the minimizer(s) of
a characteristic variational formula. We also derive their positivity properties and characterize them
in terms of Euler-Lagrange equations. Unfortunately, due to the complexity of the congestion term,
we are not able to decide about the uniqueness of the minimizer.

Nevertheless, in the special case when congestion is not penalized, the minimizer turns out to be
unique, and we obtain an explicit expression that is amenable to further investigation. In certain
limiting regimes, we can derive a good understanding of decisive quantities of the system, like the
typical number of hops, the typical length of a hop and the typical shape of a trajectory as a function
of the distance between the transmission site and the origin. We expect that such properties of the
system are similar if congestion is also penalized, as the effect of congestion is a priori not spatial,
but combinatorial. We decided to analyse such questions in a separate work [KTI8§]|, as they have a
strongly analytic, rather than probabilistic, nature. The present paper includes a short summary of
the results of [KT18].

The main purpose of the present paper is to provide the mathematical framework of large deviations
for the quenched trajectory distribution, given the user locations, in the high-density limit. We also
provide a discussion of the relevance of the model for telecommunication theory. A connection of our
work to traffic theory is outlined in [KT18], which paper also includes numerical examples for the
case when congestion is not penalized. Hence, in the present paper, we will formulate the model in a
more general, slightly abstract, way in order to bring its mathematical essence to the surface. That
is, we consider a random complete geometric graph in a compact subset of R¢ (where the vertices are
the users and the edges are the straight line segments between any two users), and a distribution of
trajectories that has an interaction (the interference) with all the locations of the nodes and suppresses
local clumping (the congestion).

1.1.1. The high-density limit for multihop networks. The quality of service in large multihop ad-hoc
networks has received particular interest in the last years. In order to be able to derive a clear picture,
one has to make a certain approximation in limiting settings. Two mathematical settings are frequently
used: the high-density limit (sometimes called also a hydrodynamic limit or a mean-field limit), where
the number of users in a compact fixed area diverges, and the thermodynamic limit, where the area
diverges as well, such that the number of users per space unit remains fixed. The former models
a situation like at concerts, demonstrations or sports events, while the latter one models large-area
networks with moderate user density.

A number of papers on this subject use large deviations methods. This has several advantages.
Indeed, the corresponding large deviation principles often come with a law of large numbers for
certain empirical measures, and with exponential bounds on the probabilities of deviations from the
limit. This suggests that the qualitative behaviour of the network is close to the limit already for
relatively moderate values of the diverging parameter. These methods lead in the high-density setting
to much more handy formulas (see e.g. [HJKP18| [HIJP16l, [HJ17]) than in the thermodynamic limit (see
e.g. [HIKP16]). This is why we decided to analyse our Gibbsian model in the high-density setting.
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1.1.2. Related literature. Apart from the potential value for understanding a new type of message
routeing models in telecommunication, the present paper provides also some interesting mathematical
research on topological fine properties of random paths in random a environment in a high-density
setting, a subject that received a lot of interest for various types of such processes over the last decades.
We remind the reader on a number of investigations of the intersection properties of random walks
and Brownian motions (both self-intersections and mutual intersections) in highly dense settings, see
the monograph |Ch09] and some particular investigations in [KMO02, [KM13|; in all these works, one
is interested in large deviations properties of suitable empirical measures, and the lack of continuity
of the path properties is the main difficulty. Let us mention that the main aspect of the approach
in [KMO02] is the same as in the present paper: an approximation of combinatorics in finer and finer
decompositions of the space by entropic terms. Another line of research in which similar questions
arise is a mean-field variant of a spatial version of Bose-Einstein statistics, like in [AKOS8], where the
statistics of the empirical measures of a diverging number of Brownian bridges with symmetrized
initial-terminal condition is analysed in terms of a large deviation principle in the weak topology.
While [AKOS8] works with the same method as we in the present paper (spatial discretization with
limiting fineness), [T08] showed that a method based entirely on the notion of entropy is able to derive
such results in a more general framework.

1.1.3. Organization of the remainder of this paper. We introduce the model and necessary notation in
Section present our main results in Sections (the limiting free energy of the model), (the
description of the minimizer(s)), [1.5| (the large deviation principle and the convergence of the empirical
measures), and (results in case congestion is not penalized), we interpret the minimizer(s) and
summarize the results of [KTI8| about their qualitative properties in Section and we discuss and
comment our findings in Section[I.8] The remaining sections are devoted to the proofs: in Section [2 we
prepare for the proofs by introducing our methods and deriving formulas for the probability terms, in
Section [3|we put all this together to a proof of the limiting free energy, the large deviation principle and
the convergence of the empirical measures, in Sectionwe analyse the minimizer(s) of the characteristic
variational formula, and in Section 5] we extend the proofs to the case when congestion is not penalized.

1.2. The Gibbsian model. We introduce now the mathematical setting. For any topological space
V, let M(V') denote the set of all finite nonnegative Borel measures on V', which we equip with the
weak topology. We are working in R¢ with some fixed d € N. Our model is defined as follows. Let
W c R? be compact, the territory of our telecommunication system, containing the origin o of R

1.2.1. Users. Let u € M(W) be an absolutely continuous measure on W with p(W) > 0. Note that
we do not require that supp(u) = W. For A > 0, we denote by X* a Poisson point process in W
with intensity measure Apu. The points X; € X?* are interpreted as the locations of the users in the
system, while the origin o of R? is the single base station. We assume that X* = {X;: i € I'} with
I ={1,...,N(\)} and (N(\))a>0 a homogeneous Poisson process on Ny with intensity E[N(1)] =
w(W), and (X;)ien is an i.i.d. sequence of W-distributed random variables with distribution p(-)/u(W)
defined on one probability space (€2, F,P). Since u has a density, all points X; are mutually different
with probability one. Further, X* is increasing in \, and its empirical measure, normalized by 1/,

1
L,\:XZ(SX“ (1.1)
el
converges towards p almost surely as A — co.

These assumptions on the users can be relaxed, see Section
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1.2.2. Message trajectories. We now introduce the collection of trajectories sent out from the users to
o, i.e., for uplink communication. For any i € I, we call a vector of the form

St =(8", =K, 8y =X, 8] € X*,..., Sk, 1 € X}, S, =0) € | ({k}x{Xi}ka_lx{o}>, (1.2)
keN

a message trajectory from X; to o with K; hops. That is, S° starts from X; and ends in o after K;
hops from user to user in X*. Hence, each user sends exactly one message to o, and each user has
the function of a relay. We fix a number kpn.x € N and write S,imax (X?) for the set of all possible
realizations of the random variable S? with K; < kmax, i.€., with no more than knax hops. Hence,
211—178211) of S}gmax(X)‘) satisfy s ; € {1,...,kmax}, s) = X; and

X)) = Xep Sp (X A) for the set of all possible realizations of the families

elements s' = (s {,s4,87,...,$

max (

st, = o0. We write Sy,
-1

S = (5%),crr. We use the notation [k] = {1,...,k} for k € N. The assumption that we choose a finite
upper bound kp.x on the number of hops will be discussed in Section [1.8.7]

Given i € I, we consider each trajectory S’ in (1.2)) as an S (X M)-valued random variable. Its

a priori measure is defined by the formula
i 1 i~ i
S s S € Sk;

Ny x%). (13)

max (

That is, its restriction to {s® € S,im (X*): s | = k} is the uniform distribution on the set of all k-hop

ax

trajectories from X; to o for any k € [kmax, and its total mass is equal to kmax. Recall that it fixes
the starting point X; and the terminal point o.

Under our joint a prior: measure, all the trajectories are independent; indeed, it gives the value

§= (Si)z‘eﬂ = H

i€l

1
Yoo (1.4)

e (X)

to the configuration s € Sy (X*). Thus, it gives a total mass of ENGY to Sk

1.2.3. Gibbsian trajectory distribution. In this section, we define the central object of this study: a
Gibbs distribution on the set Sy_. (X?) of collections of trajectories. After providing the abstract
definitions, in Section [1.2.4] we sketch the key example that is relevant for application in telecom-
munication. The general conditions on the ingredients of the Gibbs distribution in this section arise
naturally from the properties of this example.

We introduce the following notation. For k € N, elements of the product space W* = WW{0:1.k=1}

are denoted as (zg,...,2x_1). For [ = 0,...,k — 1, the I-th marginal of a measure v, € M(W¥) is
denoted by mu € M(W), ie., mui(A) = uk(W{O’""lfl} X A X W{l“""’k*l}) for any Borel set A C W.

For fixed k € [kmax] and for a collection of trajectories s € Sy (X*), we define
1
Rak(s) =5 Do Oshsiyy (1.5)
i€l : st =k
the empirical measures of all the k-hop trajectories, which is an element of M(W*). By the assumption
that each user sends out exactly one message, we have

kmax

Z moLltA k(s) = La. (1.6)
k=1
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For k € [kmax], We choose a continuous function f;: M(W) x W* — R that is bounded from below.

Using ([1.6)), we put

kmax kmax

_)\Z<RM JSe@a )y =D DT SelLash ko), (1.7)

k=1 jeIX: sllfk

where we write (v, f) for the integral of the function f against the measure v. Moreover, we define

-1
=3 3 1{s]=si}, iel? (1.8)

jerxr =1
as the number of incoming hops into the user (relay) sf) = X; of any of the trajectories.
We pick a function n: Ny — R, bounded from below such that lim,, o 7(m)/m = co. Then we put
M(s) = > n(mi(s)). (1.9)
ielr

Now, we define

1 1

where v > 0 and B > 0 are parameters. This is the Gibbs distribution With independent reference
measure given in , subject to two exponential Welghts with the terms and ( . Here

P = Y (10 o —— e {60 - ﬁzmm} (1.11)
rE€Skmax (X*)  i€l?

Pl

conditional on X*, and it is a probability measure on Sy, . (X*). In the jargon of statistical mechanics,

it is a quenched measure, which we will consider almost surely with respect to the process (X*)x>o-

In the annealed setting, one would average out over (X*)ysg, see Section m

is the normalizing constant, which we will refer to as partition function. Note that (+) is random

1.2.4. The key example: penalization of interference and congestion. In this section, we sketch the
most important example for the exponents & and 9 in , where & registers interference and
M expresses congestion in a telecommunication network. Analysing the qualitative properties of the
network with these choices of 9t and & is the main topic of our accompanying paper [KTI18], see

Section [L7.2L

Now we introduce interference. We choose a path-loss function, which describes the propagation of
signal strength over distance. This is a monotone decreasing, continuous function £: [0,00) — (0, 00).
An example used in practice is ¢(r) = min{1,r~*}, for some a > 0, see e.g. [GT08, Section II.], for
further examples see [BB09, Section 2.3.1]. The signal-to-interference ratio (SIR) of a transmission
from X; € X* to x € W in the presence of the users in X* is given as

(| Xi — )
3 Ljen UIX; — =)
We call the denominator of the r.h.s of (1.12)) the interference at x. The definition ([1.12) comes from
[HIKP1§|. It is adapted to the high-density setting, and it differs from the usual definition [GKO00] of

SIR in the following way. The sum in the interference in ([1.12]) is multiplied by 1/A, and it contains
also the term ¢(|X; — z|). For a justification of these differences, see [KT18| Section 6.1.1].

SIR(X»L,J},L)\) = (112)
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Now, given a trajectory configuration s = (s%);c;» € Sk,... (X?), we put
o E i Uy — @i)) La(dy)
Zzsmsl s L) _AZ/ Rax(s)(dro, .. dag) 3 I ,
. — Ulzi—1 — )
i€l 1=1 =1
(1.13)
where for k € [kmax], we write z = 0. Then (1.13) is a special case of ([1.7) with
Yy—x

fe(v,zo, ..., xK_1) Z fW ( v ), T = 0,k € [kmax- (1.14)

U(|z1—1 — 1)

Next, we introduce congestion. We define n(m) = m(m — 1), and, as in (1.9)), we put

M(s) =Y nlmi(s)) =Y mi(s)(mi(s) = 1), $ € Sy (X). (1.15)

i€l i€IX

Note that n(m;(s)) = m;(s)(m;(s) — 1) is the number of ordered pairs of hops arriving at the relay
X; = 56. We will explain and motivate these choices in Section m

In the downlink scenario, instead of users sending messages to the base station, the base station
sends exactly one message to each of the users, using the same relaying rules. One can define a
Gibbsian model analogously, now for trajectories from o to X; instead of the other way around. For
this, the interference term and the congestion term have to be redefined in an obvious way. We are
certain that analogues of all our results are true and can be proved in the same way, hence we abstained
from spelling them out.

For possible extensions of this model involving time dependence or users transmitting multiple
messages, see Section [1.8.6]

1.3. The limiting free energy. The main goal of this paper is the description of this model in the
limit A — oo in the quenched setting. Our first result describes the limiting free energy, i.e., the
exponential behaviour of the partition function Z;\Y’ﬁ (X?). One expects that this is entirely governed
by the large deviations behaviour of the empirical measures ((Rxx)(S)ke[kmae])A>0- This expectation
is supported by the fact that, for i € I* and s € Sy (X?), we can express m;(s) defined in in
terms of (R k(5))kelkmax] a5 follows

max

kmax kmax

=23 > MR ({sh)). (1.16)

k=1 =1

Surprisingly, it turns out that the limiting free energy cannot be described entirely in terms of these
measures. The reason is that the function in that maps them onto m;(s) is highly discontinuous
in the limit A — oco; even a proper formulation of such continuity would be awkward since both i and
s depend on .

One therefore needs to substantially extend the probability space and to choose an additional family
of empirical measures such that the congestion term 9%(s) can be written as a (lower semi-)continuous
function of these measures in the limit A — oo. A natural choice of such a family is the one of the
measures

1
Pam(s) =5 > 8y, meN. (1.17)

€I m;(s)=m
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Then for m € Ny, Py, (s) € M(W) is the empirical measure of the users s} whose number of incoming
hops equals m. For any s € Sk,...(X?) the following hold

de oo k‘mdxk 1
(Z) Z TF()R)\ kS L)\, (ZZ) Z P,\,m(s) = L,\7 (lZZ) Z mP,\m Z Z?TZR)\ k

(1.18)
Condition (i) expresses our assumption that each user transmits precisely one message, (ii) says that
each user serves as a relay for precisely m message trajectories for precisely one m € Ny, and (iii)
says that the relays can be calculated in two ways: according to the number of incoming hops and
according to the index of the hop of a trajectory that uses it. Moreover, we can write in terms
of (Pxm(5))men, as follows

M(s) = D nmi(s)) =AY n(m)Prn(s)(W).

ielr m=0
We note that the function M(W)No — RU {00}, (&m)meny = Yoneeo 1(m)Em (W) is lower semicontin-
uous, and even continuous on {(&m)meNg : Dpmeo N(M)Em(W) < a} for any a € R.

The limiting free energy will be described in terms of the following kind of families of measures,
and it will turn out that all subsequential limits of the families ((Rx (S ))l,zf:f‘, (Prm(9))_p) in the
quenched limit A — oo are of this kind.

Definition 1.1. An admissible trajectory setting is a collection of measures ¥ = ((Vk)imalx, (Hm)m=0)
with vy € M(WF) for all k and p, € M(W) for all m, satisfying the following properties.

kmax 0o kmax k—1
(1) Z ToVE = W, ) Z fom, = L4, (t91) M := Z My, = Z Zﬂ'u/k. (1.19)
k=1 m=0 k=1 [=1

The measure v, is the measure of the k-hop trajectories and p,, the measure of the users that receive
precisely m incoming hops; note that there is no reason that they be normalized (like for p). Observe
that in (L.18)), Ly, Rxx(s) and Py, (s) play the role of p1, vy and iy, respectively. In particular, after
replacing p by L, ((Rxk(5))ke[kmax]> (Prm(8))men,) satisfies the definition of an admissible trajectory
setting. See Section for more explanations and interpretations, moreover for a modified version of
our model where the assumption (i) is relaxed. By

Ho(w | 7) = {fv dv log 4 G —v(V)+v(V), if the density % exists, (1.20)

400 otherwise,

we denote the relative entropy [GZ93| Section 2.3] of a Borel measure v with respect to another Borel
measure U on a measurable subset V of R"™, n € N.

For an admissible trajectory setting ¥ = ((Vk)l,zm"f‘, (ftm)50_) we define

S(\I’) = Z/ dl/k’ ﬁﬁ where ﬁc(x07"'axk—l) :fk(M7$07"-7$k—1)7 (121)
k=1 Y W*

and

W) = 3 0(m) (W) (1.22)
m=0
and
kmax o) kmax 1

0) = > M (v | 0 © MEED) 3 Mo | o) + (W) (1= D0 M) ==, (1.23)

k=1 m=0 k=1
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where we recall M = 3 My from Definition (iii), n defined before (L1.9), and
cm = exp(—1/(ep(W))(ep(W))™™/m! are the weights of the Poisson distribution with parameter
1/(ep(W)). In Section we argue that I(U) is well-defined as an element of (—oo,o0] and
U — I(¥) is a lower semicontinuous function that is bounded from below, and we provide an in-
terpretation for I(-). A tedious but elementary calculation shows that I is convex. In Section I
will turn out to govern the large deviations of the trajectory configuration. The terms S(-) and M(-)
are analogues of the penalty terms &(-) and 9t(-) in the high-density setting, respectively.

We fix all the parameters W, i, kmax, fx,n,7 and S of the model. Our first main result is the
following.

Theorem 1.2 (Quenched exponential rate of the partition function). For P-almost all w € €,

lim * log 27 (X\(w)) = — inf (I(T) +S(¥) + BM(T)). (1.24)

A—00 U admaissible trajectory setting

See Section [1.8] for a discussion and Section [3.4] for the proof.

1.4. Description of the minimizers. From the variational formula in , descriptive information
about the typical behaviour of the network can be deduced, especially in the case of the specific choice
of M and & from Section see Sections and Hence, it is important to derive the
Fuler-Lagrange equations and to characterize the minimizers in most explicit terms. Our main results
in this respect are the following. Note that the case kpax = 1 is trivial.

Proposition 1.3 (Characterization of the minimizer(s)). Let kyax > 1. The infimum in the varia-
tional formula in (T.24) is attained, and every minimizer W = ((v)F™%, (11:)2_0) has the following
form.
k—1 B
v(dao, ... dog_1) = p(dzo) A(wo) [ (Clar) M (day))eFulrormi-r), k € [kmax), (1.25)
=1
pm(dz) = wp(dz) B(x) (C(x)'ljg/v)) e~An(m) m € Ny, (1.26)
where A, B,C: W — [0,00) are functions such that the conditions in (L.19)) are satisfied.

The proof of Proposition [1.3]is in Section

While explicit formulas for the functions A and B can, given the function C, easily be derived
from (i) and (ii) in (1.19) (see (4.11))), the condition for C' coming from (iii) is deeply involved and
cannot be easily solved intrinsically; see - . We have no argument for its existence to offer
other than via proving the existence of a minimizer ¥ and deriving the Euler-Lagrange equations. By
convexity of I, S and M, every solution ¥ to these equations is a minimizer. Even the uniqueness
of C' is unknown to us. We will interpret the equations f in Section The equations
1) become more explicit in case 8 = 0, and in this case, uniqueness of the minimizer holds,
see Section [L.6l

In case kmax = 1, the only admissible trajectory setting is ¥ = (v1, (m)men,) With po =1 = p
and f,, = 0 otherwise, therefore this ¥ minimizes ([1.24]).

1.5. Large deviations for the empirical trajectory measure. Actually, the minimizers of the
variational formula in ([1.24)) receive a rigorous interpretation in terms of important objects that
describe the network. As we have already mentioned, the family of empirical measures

a(s) = ((Rak(8))kelbman)s (Prm () men, ) (1.27)
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satisfies the definition of an admissible trajectory setting, apart from the fact that in Definition
u has to replaced by L) everywhere, where we recall that L) converges to p almost surely as
A — o0o. According to our remarks after Definition Ry 1(s) and Py, (s) play the roles of vy
and pn,, respectively, in an admissible trajectory setting, which explains this term. Furthermore, for
5 € Spyay (X)), We can express the term 9 as

M(s) = AM(P(s)).
Moreover, for the continuous penalization term we have
S(s) = AS(Wy(s)), (1.28)

where we typically do not have an identity, because S&(s) = )\Ziff‘ wk AR k(8) fe(Ly, -), which
is usually not equal to AS(¥,(s)) = )\ZZ‘;T‘ wi AR k(8) fe(p, ). However, since L) == p almost
surely, this difference vanishes in the limit, see Proposition

We consider now the distribution of Wy (S) with S distributed under the product reference measure

introduced in (|1.4]), normalized to a probability measure, P?\’g( ,; note that the normalization Zf\)’o (XM

is equal to kﬁg(‘) Our next main result, Theorem m is a large deviation principle (LDP; see (1.30])—
(1.31])) and the convergence towards the minimizers of the variational formula.

Theorem 1.4 (LDP and convergence for the empirical measures). The following statements hold
almost surely with respect to (X*)x>o.

(i) The distribution of Wy(S) under P())\’g(A satisfies an LDP as \ — oo with scale A on the set

kmax
A= ( I1 M(Wk)) % M(W)No (1.29)
k=1
with rate function given by A > U — I(V) + w(W) log kmax, which we define as oo if ¥ is not
an admissible trajectory setting.
(ii) For any v, € (0,00), the distribution of ¥x(S) under PK’?{A converges towards the set of
minimizers of the variational formula in . 7

For the reader’s convenience, we recall that the LDP states that the rate function I+ p(W) log kmax
is lower semicontinuous and

. 1 0,0 .

h)r\r;sip 1 log P (IA(S) € F) < — inf (I4+ (W) log kmax), (1.30)
| 0,0 .

h/\nl}g.}f X log P)\’XA(\I/A(S) €eG) > -— 1IG1f (I+ p(W)log kmax) (1.31)

for any closed set F' and any open set G in A. See [DZ98] for more on large deviations theory. On
A, we consider the product topology that is induced by weak convergence in each factor; this is equal
to coordinatewise weak convergence, see Section for more details. Convergence of a distribution
towards a set is defined by requiring that for any neighbourhood of the set, the probability of not
being in the neighbourhood vanishes.

The proof of Theorem [1.4{(i) is carried out in Section using Lemma Assertion (ii) is a
simple consequence of (i), since the functionals S and M are bounded and continuous on the set
Be = {¥ € A: M(¥) < C} for any C, and B¢ is compact in A (see Lemma [£.1)). Denoting the level
sets of the rate function I+ plog kmax by @o = {¥ € A: I(¥) + p(W)log kmax < a} for a € R, we see
that ®, N B¢ is compact for any o and C'. Thus, Varadhan’s lemma can be applied to prove Assertion

(i)
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1.6. Dropping the congestion term. Proposition [I.3] yields a rather implicit description of the
minimizers of in the case 8,y > 0. The cardinality of the set of minimizers is also unclear.
However, in the special case § = 0, where the congestion functional 9t is absent, the situation
is much better. Indeed, it turns out that the minimizer is unique and is explicitly given in terms of
the parameters of the model. Especially for the specific choice of Section [I.2.4] where & penalizes
interference , on base of this knowledge, we are able in [KTI8] to derive a number of relevant
qualitative properties of the trajectories, see Section for a summary.

In what follows, we call ¥ = (V) el With vx € M(WF) for all k € [kmax] an asymptotic routeing
strategy if we have erj‘l" movr = p. In we see that the first coordinate, X, of an admissible
trajectory setting ¥ is an asymptotic routeing strategy, and in we see that S(¥) depends only
on Y. We will therefore write S(X) for S(¥). Further, we write M = El,z:‘f‘ Z;:ll TV, in accordance
with but with no regard to the measures (fim)men,.- We define an entropic term J for asymptotic
routeing strategies as follows.

Emax kmax
IE) = Y Hapn e | 1) = 3 (W) + MW log u(W). (1.32)
k=1 k=2

Similarly to I'in (1.23)), J describes counting complexity in the high-density limit, but without reference
to the measures (m )m.

The following proposition summarizes the analogues of Theorem [1.2] Proposition and Theo-
rem in case § = 0, after dropping all the measures ji,.

Proposition 1.5. The following statements hold almost surely with respect to (X*)xo.

(1) The distribution of
IA(S) = (B k(5)) kelkmax] (1.33)

under Pg’g(A satisfies an LDP as A — oo with scale X\ on the set Ay = ],zr:f‘ M(WF) with
rate function given by Ag 3V — J(X) + u(W)log kmax, which we define as oo if 3 is not an
asymptotic routeing strateqy. Further, the rate function has compact level sets.

(2) For any ~ € (0,00),

lim ilog Z70(XA) = — inf (J(E) +18(%)) (1.34)

A—00 3 asymptotic routeing strategy

(8) Let v > 0 and kmax > 1. The variational formula on the r.h.s. of (1.34) exhibits a unique
minimizer ¥ = (Vk)kehmay] JivEN as

k—1

d ~
ve(dao, ... dag_1) = p(dzo) A(xo) [ mem(woww, Felbmad,  (135)
=1
where
1 iy T p(da) Ta( )
— ATV —'y E\Z0y--yTh—1 | 1'
(o) ,;/WZU W) ¢ el (1.36)

(4) For any v € (0,00), the distribution of ¥ (S) under Pl&A converges to the minimizer of the

variational formula in (1.34)).

Proposition is proved in Section |5} An interpretation of the equations (|1.35)—(|1.36]) can be found
in Section [L7.1l

Let us explain in what way Proposition [1.5| is the special case of the aforementioned results for
B = 0 and in what way it differs. It is true that the LDP in Assertion (1) directly follows from the
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LDP in Theorem (1) via the contraction principle [DZ98, Theorem 4.2.1] for the projection map
(2, (ttm)m) — X, however, with rate function given by

I(®) = inf I(T). (1.37)

(bm)meng : ¥=(2,(tm)men,) admissible trajectory setting
It is an elementary but tedious task to identify this as in ((1.32)) by identifying

(M(dr))m
d
pm (dx) = u(dx)%e_M(dx)/“(dz), m € Ny, (1.38)
as the unique minimizer on the right-hand side of (1.37)), given M = ) ;™% Zé:ll mv,. However, we
chose an alternative route for proving the LDP with explicit identification of J, which is a variant of
the proof of Theorem (1) From (|1.37) it is clear that the variational formula in ((1.34]) is indeed the
special case of (|1.24) for 5 =0, i.e.,

inf (J(E)+18(%)) =

3. asymptotic routeing strategy

(I(®) +7S(¥)). (1.39)

11
W admissible trajectory setting

Note also that the minimizer ¥ is unique. This raises the additional question whether or not the mea-
sures (P ,,(S))men, converge to the minimizer (fm)men, in under PZ:O)O for M corresponding
to the minimal v’s of . Since the congestion term, which gave rise to a strong compactness ar-
gument, is now absent, this question cannot immediately be decided using large deviations arguments,
but we nevertheless believe it is true. Moreover, this compactness property was also used in the proof
of Theorem [1.2] which is another reason that we had to redo the proofs of Proposition [L.5|2) and (3),

given our proof of Assertion (1).
1.7. Interpretation and qualitative properties of the minimizer(s).

1.7.1. Interpretation of the minimizer(s). In case 3,y > 0, Proposition tells us quite some infor-
mation about the limiting trajectory distribution and the limiting spatial distribution of users with
a given number of incoming hops under the measure sz(A Indeed, both have densities that are
u®k_almost everywhere positive. It is remarkable that the k-hop trajectories follow a distribution
that comes from choosing independently all the k sites with measures that do not depend on & (the
starting point according to A(z) u(dz) and all the other k£ — 1 sites each according to C(x) M (dz)),
exponentially weighted with the term ”)/J?k- Furthermore, all the measures of the users receiving m
incoming hops superpose each other on the full set supp(u), and at each space point x, this number m
is distributed according to some Poisson distribution, exponentially weighted with the term Sn(m).

As for the case § = 0,7 > 0, we have a unique minimizer, which exhibits all the properties
enumerated for 8,y > 0. In the k-hop trajectories, the starting point is chosen according to A(x) u(dzx)
and all the other k — 1 sites according to the measure p(dz)/u(W), weighted with ~ fx. Moreover, the
number of incoming hops at a given relay at the site x € W is Poisson distributed with parameter
equal to M(dz)/p(dz).

1.7.2. Qualitative properties of the minimizer. In our accompanying paper [KT1§|, we analyse the
joint routeing behaviour of our Gibbsian system in the high-density limit. We investigate qualitative
properties of the minimizer of the variational formula in , such as the typical number of hops,
the typical length of a hop and the typical shape of a trajectory, in case v > [ = 0 and the interference
term is chosen as in Section In this case, the minimizer is unique and has the form (cf. (1.35))

k—1 _

d _ ko Jw tdy—=zDu(dy)

ve(dso, A1) = p(dwo) Aao) TT AU i MRS ke o, (1.40)
o (W)
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where
Jw Ly—z;)p(dy)

kmlx d
Z/ Hu %) T ST g e W (1.41)
xo Wk—1 )

Further, the empirical measures of traJectorles IA(S) = (BAk(S))kelkmay] converge to this minimizer

under the Gibbs distribution PZ\’ Py

Y = (Vk) ke[kmay] Yields information about these empirical measures for large \.

almost surely as A — oco. Thus, qualitative information about

In order to obtain clear pictures and neat results, one needs to analyse the minimizer in extreme
regimes. That is, one has to carry out another limit after the high-density limit has been taken. We
consider the following regimes: (1) large communication areas, coupled with large transmitter—receiver
distances and large numbers of hops, (2) strong penalization of interference, (3) high local density of
the intensity measure on a subset of W. In these regimes, the probability of deviating from the typical
behaviour decays exponentially fast. This indicates that the behaviour of the minimizers is close to the
limiting one already for moderate values of the diverging parameter(s). In regime (2), this indication
is supported by numerical examples [KT18, Section 8]. We now survey the main results of [KT18]
about regimes (1), (2), (3) in words; for further details, see [KT18, Sections 3, 4, 5], respectively.

In regimes (1) and (2), the typical trajectory quickly approaches the straight line between trans-
mitter and receiver, and the probability of macroscopic deviations from this straight line decays
exponentially fast. Interestingly, in regime (1), the typical number of hops tends to infinity in a sub-
linear way, thus the typical length of a hop tends to infinity. In regime (3), we analyse the global and
local repulsive effect of a particularly highly populated subset of W. Here, we replace the intensity
measure g by pu* = p+ alLeb|a for some A C W with Leb(A) > 0, and we let @ — oco. The global
effect is that if £ is close to constant on W, then M*(W) tends to zero exponentially fast as a — oo.
Here, M*“ is the measure M of all relaying hops (cf. ) corresponding to the minimizer , in
case 1 is replaced by u®. As for local effects, we discuss under what conditions it becomes unlikely
for small A for a user to choose a relay inside a small neighbourhood of A than one outside a larger
neighbourhood of A.

1.8. Discussion.

1.8.1. The interference term and the congestion term. The interference term S(s) in - quantifies
the joint quality of the transmissions of the messages in terms of a sum of an 1nd1v1dua1 interference
term over all the N () trajectories and over all of their hops. The reason why we choose the reciprocals
of the SIRs is that the bandwidth used for a transmission is defined [SPW07] as
0
logy (1 + SIR(+))’

where p is the data transmission rate, and SIR is defined as in but without the factor of 1/A
in the denominator. This quantity is of order 1/A for A large, under the assumption that Ly = pu.
Thus, in the high-density setting A — oo, can be approached well by (a constant times) the
reciprocals of the SIR, since log(1 4+ x) ~ z as x — 0.

(1.42)

The reason that we took the sum over all the hops of a trajectory is that [SPWO07, Section 3] suggests
that in case of multihop communication, the used bandwidth equals the sum of the used bandwidth
values corresponding to the individual hops. See [BCI2| for another (single hop) setting where the
sum of inverse values of SIRs appears as a cost function to be minimized.

The congestion term Mi(s) in counts the number of ordered pairs of incoming hops arriving at
the relays in the system. This is certainly an important characteristics of the quality of service, as too
high an accumulation of many messages at relays results in a delay. Hence, it is natural to suppress
the occurrence of such events, in order to increase the value of the model for realistic modeling.
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An important property of this term is that it introduces dependence between the trajectories of
different messages, unlike the interference term. Indeed, while &(s) can be decomposed into a sum
of terms depending on the respective trajectories, each summand in 91(s) involves many different
trajectories. This is not only true in the special case of penalizing interference and congestion, but in
general in our setting introduced in Section

1.8.2. The entropy term. Let us now explain some important properties of the entropy term

km: 0 kms
max max 1

W) = Y Hope (v @ MEED) 437 Mo | pem) + (W) (1= D MOV)ET) == (1.43)
k=1 m=0 k=1

defined in (1.23]).

According to (i) and (iii) in (1.19), we have that M (W) < (kmax — 1)u(W), further, the first term
on the right-hand side of ([1.23)) is bounded from below. Moreover, since by (ii) in (1.19)), we have

- pm (W)
dem= > il 1, (1.44)

meNg meNg

it follows that >~ Hw (tm | pcm) is nonnegative. These together with elementary properties of
the relative entropy [DZ98, Section 6.2] imply that I(¥) is well-defined as an element of (—o0, 0]
and U — I(V) is a lower semicontinuous function that is bounded from below. More precisely, the
LDP in Theorem implies that the infimum of I(¥) over admissible trajectory settings equals
— (W) log kmax, which equals the almost sure limit of 1/X times the logarithm of the total mass kzﬁéﬁ)
of the joint a priori measure .

Let us now provide an interpretation of I(-). Let A > 0 and s € Sg_, (X?). Recall the empirical mea-

sure family Wx(s) = ((Bar(5)kepoma]s (Pam(8))men,) from (1.27) and the constraints (1.18)), which
are similar to the ones ([1.19)) but with u replaced by the rescaled empirical measure L) everywhere.

Informally speaking, for A > 0 large, I(V) asymptotically describes the following crucial counting
term:

1 #{s € Skmax(X)‘): Ry k(s) = vk, Vk € [kmax] and Py, (s) & i, Ym € Ng}

(V) ~ ——1 .
(W) b\ 0g N(}\)ZiEIA('S‘zlfl)

. (1.45)

where s in the denominator is an arbitrarily chosen element of the set in the numerator. In this way,
it fully describes the distribution of Wy(s) on an exponential level.

A major part of the proof of Theorem consists in making rigorous and verifying the corre-
sponding formal statement. In the beginning of Section [2] we will argue why taking “=" signs instead
of “~” in the numerator of the right-hand side of is not applicable. Instead, first, in Section
we will introduce a spatial discretization procedure and formulate a rigorous discrete version of these
“x” relations for fixed \ and fixed fineness parameter of the discretization. In Section we will
derive explicit combinatorial formulas for the cardinality of the trajectories in this setting. Next, in
Section we will conclude that 1/A times the logarithm of the quotient of the obtained counting
complexity and the term N (A)Zier* =171 tends to I(¥) in the limit A — oo followed by the fineness
parameter of the discretization tending to zero.

The characterization of I( V) that arises directly from this argument is not exactly but another,
however identical expression (3.3)). The reason why we chose as the definition of I(V) is that
it is given in terms of objects that are commonly used in large deviations theory: relative entropies,
multiples of total masses of the corresponding measures plus an additive constant. In particular, we
find it natural in that each u,, is compared to the intensity measure p multiplied by the weight
of a Poisson distribution at m. Indeed, in case 8 = 0, for the minimizer ¥ of the variational formula
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(11.35]), (%(x))mENo is the Poisson distribution with parameter %—Jf(ac) for each x € W. Roughly

speaking, the relative entropies plus the linear term p(W)(1 — ZZ“:“T‘ M (W)*=1) arise from 1/\ times
the logarithmic rates of certain multinomial expressions in the above mentioned discretized counting
procedure, after carrying out the limit A — oo followed by the fineness parameter tending to zero.

1.8.3. Rotation symmetry. Let us assume that 5 = 0 (cf. Section , and let us consider the special
setting of Section where & penalizes interference. If W = B,.(0) C R? is a closed ball and
w is invariant under rotations, then the measures (v) in are also invariant under rotations
of the entire trajectory, i.e., for any orthogonal d x d-matrix O, we have that vg(dzo,...,dxg_1) =
u,?(d:z:o, cooydzg_q1) = v (d(Oxp), ... ,d(Oxk_1)) for any k € [kmax]|. This is easily seen by an inspection
of the formulas for the entropy term J in and for the interference term S in , as the function
(z,y) = [ €|z — y]) p(d2)/L(Jx — y|) is invariant under multiplication of both arguments with the
same orthogonal matrix.

1.8.4. Non-Poissonian users. In fact, the main results of this paper hold for any collection of (random
or non-random) point processes ((X;)i—1,..n(\))r>0 on W for which L) = %Zﬁ(l)‘) dx, converges
weakly (almost surely, if random) to p as A — oo. Neither the independence or monotonicity in A,
nor the Poissonity of (N(A))aso is used for the proofs. For example, our results remain also true for
the deterministic set X* = W N ($+Z%) and p the Lebesgue measure on W.

1.8.5. The annealed setting. Of mathematical interest might also be the annealed setting, where we
average also over the locations of the users. In order to get an interesting result, we have to assume
that L) satisfies a large deviation principle on the set M (W) with some good rate function H. (In
the case of a Poisson point process with intensity measure Ay, H would be [HJP16, Proposition 3.6]
the relative entropy with respect to u, see ) Then the large-\ exponential rate of the annealed
free energy should be equal to the negative infimum over py € M(W) of H(up) plus the quenched rate
function terms from the right-hand side of with u replaced by uo everywhere. Also our other
results on the LDP and the form of the minimizer(s) should have some analogue, which we do not
spell out.

1.8.6. Eaxtensions of the model of Section |1.2.4 The main goal of this paper is to set up a model
where message routeing happens probabilistically, with a uniform « priori distribution weighted by
two penalization terms of different nature. Our results demonstrate how the interplay between entropy
and energy leads to an orderly behaviour of the system in the high-density limit on its own.

Section provides an example of the two penalization terms that can be interpreted in terms
of well-known objects in telecommunication. In Section [I.7.2] we summarized qualitative properties
of the minimizer of the variational formula in this special setting for 5 = 0. This special case can be
viewed as a snap-shot type model, where there is no time-dependence but all hops of all transmissions
happen simultaneously at the same time. Further, we assume that each user submits exactly one
message. However, one can relax these assumptions and make the model more realistic in various
ways.

First, one easily sees from the proofs in Sections that Theorems and as well as Proposi-
tion [1.5| can be extended to cases where users send out no message or multiple messages. This models
the standard situation in which large messages are cut into many smaller ones, who independently find
their ways through the system. For this, the trajectory probability space has to be enlarged: to each
user X; € X*, we attach the number P; € Ny of transmitted messages, and for each j € {1,..., B},
there is an independent trajectory X; — o. The empirical trajectory measure R) (-) must be aug-
mented by these trajectories. The main additional assumption then is that Z],zr:f‘ TR 1(S) converges
to some measure pg € M(W) with 0 # o < p. (Also the case that pg is not absolutely continuous
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with respect to pu is interesting, but will need additional work.) The interference term &(-) introduced
in ([1.13) also has to be changed. According to [BB09, Sections 2.3.1, 5.1], the SIR of the transmission
of one of the P; messages from X; to x € W should be defined as

01X — ) _
3 2 jen U(IX; — z]) P

One could also incorporate (possibly random) sizes of the messages, which would require an additional
enlargement of the trajectory space.

Second, the model of Section[I.2.4]can be made time-dependent. If one, e.g., introduces kyayx discrete
time slots indexed by [kmax|, and assumes the {th hop of any message trajectory to happen at time [
for any [ € [kmax], then the interference of a transmission at time [ is obtained from the starting points
of all hops that happen at the same time, see [GK00, Section I.A]. The SIR is defined analogously to
but with this notion of interference, which depends on the entire message trajectories rather
than only on the users. Further, the congestion term can also be adapted to the time-dependent
situation via counting numbers of incoming hops at each time step separately. This variant of the
model is indeed mathematically not far from the model treated in the present paper; for example the
entropy term does not change.

More realistic and mathematically much more demanding time-dependent versions of our model can
be set up in various ways; for example, one could allow for a much longer time horizon (for example,
of order A, and then dropping the factor of A in the interference term), which must come with the
possibility of messages standing still for many separate time units. Furthermore, one could allow
users to transmit multiple messages over time. One could also introduce mobility of users similarly to
[HJKP18]. The new notion of SIR comes with significant changes in the behaviour of the system in
the high-density limit, and we decided to defer such investigations to a later work.

1.8.7. Allowing an unbounded number of hops. If the upper bound kpax for the length of the trajec-
tories is dropped, then the a priori measure defined in has infinite total mass, and therefore the
entropy function I is not bounded from below. However, since the function fi in is bounded
from below, for any v > 0,8 > 0, the total probability mass of all the k-hop trajectories under the
Gibbs distribution is upper bounded by some geometrically decaying term in k. Hence, the definition
of the model is no problem for kp,x = oo and v > 0, 8 > 0. We believe that all our results of Section
about its limiting behaviour as A — oo remain essentially true (apart from the LDP under the a priori
measure). However, proofs will require an additional cutting argument, which might become rather
nasty. Our belief that the results remain unchanged is supported by the fact that also the minimizing
objects ¥ = ((Vk)llzr;ﬁ", (1m)°_o) defined in Proposition |1.3[enjoy a geometric upper bound for vy, (W*)
in k. Thus, these measures are also well-defined and form the set of minimizers of the variational
formula in case kmax = 0o. The assertions of [KT18] corresponding to the large-distance limit,
which we explained in Section m are proved also for kpax = 00, see [KT18| Section 3.3.3].

1.8.8. Relation to an optimization problem via Monte Carlo Markov chains. In the light of the Sec-
tion [1.8.1] it is certainly interesting to minimize the cost function s — ¥&(s) + SIM(s) for fixed
v, 8 € (0,00). (For game-theoretic properties of this optimization problem, we refer the reader to
IKT18, Section 7].) Computationally, this is in general a hard problem for high densities A\ because
the cardinality of S_. (X?) increases super-exponentially in N()\) < A. Thus, computing all values
of s = vS(s) 4+ M(s) and then extracting the maximum is only feasible for small A.

Now, our Gibbs distribution opens the possibility to optimize this cost function via the well-known
approach of simulated annealing. Furthermore, for A large, it is substantially less complex to realize the
Gibbs distribution using Monte Carlo Markov chains than to directly minimize the cost function. Thus,
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our Gibbsian ansatz provides an easier implementable joint strategy for the routeing of all messages,
preferring trajectory collections having low cost function values, already for moderate values of ~, 3.

Indeed, the recent master’s thesis of Morgenstern [MI1§] investigates the computational complexity
of realizing the Gibbs distribution Pz’i , numerically using Monte Carlo Markov chains, for A, 8,y > 0.

The author finds irreducible and aperiodic Markov chains on the state space S, .(X?), both of Gibbs
sampler and Metropolis types, having the Gibbs distribution as their stationary distribution. These
chains converge towards Pzi » as the number of Markovian steps tends to infinity. Using these chains,
the number of operations needed in order to simulate the Gibbs distribution up to a given error € > 0
in total variation distance is at most exponential in A. This is much more efficient than evaluating all
the trajectory collections. In a variant of the Gibbsian model where each user can receive at most a
given number my.x € Ny incoming hops, the number of necessary operations is even polynomial in A.

These Monte Carlo Markov chains can also be used in order to find the optimum of the cost function
5+ y6(s) + M(s) for a fixed A and a fixed realization of X*, using simulated annealing. Here, one
lets the transition probability of the t-th step of the chain depend on ¢ via replacing (v, 3) by (v, 5t)
such that -, 5; — oo sufficiently slowly as t — oo. [MI18, Theorem 7.1] shows that if one chooses
B = g% < cglogt for a suitably chosen ¢y = co()\) < A/N(\)2, then the Markov chain converges to
the uniform distribution on the set of minimizers of the cost function.

2. THE DISTRIBUTION OF THE EMPIRICAL MEASURES

Having seen in Section that the Gibbsian model can be entirely described in terms of the
trajectory setting W (s), i.e., of the crucial empirical measures Ry x(s) and Pj ,,(s) defined in f
, we now consider the question how to describe their distributions. We have to quantify the
number of message trajectory families s that give the same family of empirical measures. The plain

and short (but wrong) answer is
1
> ML e, 2.1)

si_l—l
$€S e (XN): R ()= Vb, P (8)=pim ¥m e 1> 1V (M)

where we recall I(¥) from and recall that ¥ = ((Vk) ke [kpax]» (Hm)men,). From such an assertion,
it is indeed not far to conclude Theorem but the problem is that this statement is not true like
this. Actually, there are very many W’s such that the left-hand side is equal to zero, for example if
any of the v;’s or u.,’s has values outside %NO. However, if we do not consider single ¥’s, but open
sets of U’s, then the idea behind is sustainable. Therefore, we proceed in a standard way by
decomposing the area W into finitely many subsets and count the message trajectories only according
to the discretization sets that they visit. In Section[2.I]we introduce necessary notation for carrying out
this strategy, and we comment on the relevance of the discretization procedure. Next, in Section
we derive explicit formulas for the distribution of the empirical measures in this discretization.

For the purpose of the present paper, where we consider the high-density limit A — oo, we later
need to take this limit and afterwards the limit as the fineness parameter ¢ of the decomposition of
W goes to zero. The outcome of these parts of the procedure is formulated in Proposition In
Proposition the consequences for the interference term and for the congestion term are formulated.

2.1. Our discretization procedure. Let us now head towards the formulation of the discretization
procedure. We proceed by triadic spatial discretization of the Poisson point process (X*)ysq, similarly
to the approach of [HIKP18]. To be more precise, we perform the following discretization argument.
Note that we may assume that our communication area W is taken as W = [—r,7]¢, by accordingly
extending p trivially. We write B = {37"|n € Nyp}. For ¢§ € B, we define the set

Ws = {[z —rd,z+r0]%: z € (2rdZ)¢NW}
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of congruent sub-cubes of W of side length 2ré and centres in (2rdZ)%. Note that W; is a finite
set, o is a centre of an element of W and any intersection of two distinct elements of Wy has zero
Lebesgue measure. Elements of W5 will be called d-subcubes. We will assume that for all § € B,
the d-subcubes are canonically numbered as Wl‘S - Wg 4, Which can be done e.g. according to the
increasing lexicographic order of the midpoints of the subcubes. Now, for Lebesgue-almost every
x € W, for all § € B there exists a unique WJ‘»S that contains z; let us denote this W;s by Wy, and the
set of all z € W for which Wy is well-defined by Wg.

Now, if v € M(W), then for any 6 € B, we define 1°(-) = v(- | F5) € M(W) as the conditional

version of v given F5 = o(Wj), that is, the measure on W that has in each box I/Vi‘s a constant

Lebesgue density and mass equal to v(W?). Since F5s C Fy for 6,6’ € B with §' < §, we see that
(199" = (1Y) = 1% by the tower property We also write L3 := (LA)‘S for A > 0 and 0 € B, where the
empirical measure L) was defined in . We proceed analogously for Wk, k e [kmax| instead of W.
Note that v® = v as 6 | 0, which can be shown by a martingale convergence argument, since the
union of all the Fs generate the Borel-o-field on W.

Now we are able to define what a standard setting is, the interpretation of which will be given right
after the definition. Roughly speaking, the measures v and u,, appearing in its definition will later
play the role of the measures appearing in , their d-approximations are defined as above, and
their (4, \)-versions approach them in the limit A — oo, followed by § | 0. The latter ones satisfy the
constraints of restricted to F?k respectively Fs, hence, the v and p,, will later turn out to be
eligible for the variational problem in (under some mild additional assumption, see Lemma.

Definition 2.1. A standard setting is a collection of measures

kmax ok 67)‘ kmax
¥ = (), (D)) aes, ()2 )sen s,

(2.2)
(k)5 (120,)55_0)sems (LS5 0) 5B 250, (M§’A)6GIB,A>O)

with the following properties: for any 6,0’ € B, X > 0, k € [kmax], m € No and i,ig,...,ix_1 =
1,...,67%, respectively, v, € M(W*) and i, € M(W), and
(1) Iud)\ L(S
(2) v k A e M(Wk) Further, ﬁm‘*l" 7T01/£)\ = 1>, moreover )\Vi”\(Wl% . X Wl‘i ,) € No.
5’ A S
(3) If &' <6, then v, (- | F&*) = v ().
(4) 6)\ /\—>oo yg'
(5) u d e M(W ) with the p'roperty that 37, 1o = U5 moreover )\ufﬁ’\(Wi‘s) € Np.
5 kmax S
(6) > ot = i M
(1) I8 <6, then i (- | Fa) = i ().
(8) i = 1oy
Remark 2.2. Immediate properties of a standard setting U are the following.
(A) If &' <5, then p® (- | F5) = p®(:).
(B) u®* A 18 since Ly = pu as A\ — 00,
(C) () = p(- | Fs5). In particular, p° LR L.
(D) )(-) = vi(- | F2F). In particular, v} 20 k.
. 640
(E) 113,(-) = pim(- | Fy). In particular, uh, =5 1.

Remark 2.3 (Standard settings and message trajectories). The properties of Remark explain
the meaning of the d-indexed coordinates of a standard setting. Let us now interpret how one can
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obtain the (5, \)-dependent coordinates of a standard setting starting from a fixed trajectory collection

5 € Sy (X)) Let
1
=3 > 8y (2.3)
iel*
denote the empirical measure of the starting sites of the trajectories, then Px(s) = Ly, by our as-
sumption that each wuser is picked precisely once in such a configuration. Hence, its §-discretized
version P‘S( ) equals p®*. Let us now choose VZ”\ = R‘;’k(s) (recall (L.5))). Then the requirement

ZZ‘“‘]" 7T0Vk = 1> = LS in holds by (1.18). Further, let us choose pud; = Py m(s) (recall ([1.17))).
Then the constraints y o_ o) = o i and y 2 Om,um = e lfl 71'11/2 in (6)) also hold
by . Note that all the other requirements of Definition are satisfied because of the tower
property respectively of the convergence of Ly towards p.

In the proof of Theorem it will be essential to verify that, for certain standard settings,
Sy mud,(W) converges to > oc_ mpiy, (W) as § | 0, which is not implied by Definition How-
ever, similarly to the de la Vallée Poussin theorem about uniform integrability, the super-linear increase
of m — n(m) yields the following handy criterion.

Definition 2.4. A controlled standard setting is a standard setting ¥ as in (2.2) with the following
extra property:

lim n(m)puSMNW) = Z nim)ul (W) < oo, for all § € B. (2.4)

A—00

Note that by part (D] of Remark we have Zﬁ';‘f‘ kvd(Wk) = Z],zr:f‘ kv, (W*) for any standard
setting. Using this, we verify the following lemma.

Lemma 2.5. Let ¥ be a controlled standard setting as in (2.2). Then ¥ = ((Vk)’,szf‘, (1tm)o0_) is an
admissible trajectory setting.

Proof. Part of Definition [2.1] claims that for all § € B and A > 0 we have Z e I/](z/\ = 1%, By
parts and of Remark |2.2) we have limg o limy o I/g)\ = 1}, in the weak topology of M(Wk),
for any fixed k € [kmax]- Similarly, by part of Definition and part (D)) of Remark we
have limg o limy o0 pd* = p in the weak topology of M(W). Moreover, since taking marginals is a
continuous operation, also lims g limy WOVZ’/\ = oy, for all k in the weak topology of M(W). Thus,
we have (i) in for (Vk)ﬁrff‘. In order to see that (ii) holds for (um,)3_,, one can additionally
use part of Definition together with and dominated convergence. Finally, by part @ of
Definition [2.1] in Definition[2.4] the fact that limy, o 7(m)/m = oo and dominated convergence,
we see that for any controlled setting ¥, we also have

o0 o8] kmax k—1 kmax k—1
o 5 _ T SA
E Om,um = 1513')1 E Om,um 161&)1 )\hﬁnélo E mu 161%1 ,\lggo kg 1 lg 1 my,” = kg 1 ZE 1 nz (2.5)
m= m= = = = = =

in the weak topology of M(W). This implies (iii) in (1.19) for U. Hence, ¥ is an admissible trajectory
setting. (]

A converse of Lemma also holds, in the following sense: for any admissible trajectory setting
U = ((v)fms, (11m)2_,), there exists a standard setting containing it, which can be chosen controlled
if > ey Mm)pm (W) < oo. This will be the content of Proposition a preliminary result for

Theorems u 2land |1 -
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2.2. The distribution of the empirical measures. In this section, we describe the combinatorics
of the system. For a standard setting ¥ as in Definition [2.1], let us introduce the configuration set

IN) = {5 € S (X | B 4(s) =007 ¥k, Pu(s) = b ¥im} (2.6)

for fixed § € B and A > 0. In words, J%*(¥) is the set of families of trajectories such that the
d-coarsenings of the empirical measures of the trajectories and the hop numbers are given by the
respective measures in the setting U. Note that Jo* (¥) depends only on the 6-A depending measures
in the collection W.

In case u® (W) > 0, we will refer to the entity s, i=1,.. S AudMW), as the ith user or ith
transmitter, the entity s*, i = 1,..., A\u®*(W), as the trajectory of the ith user, st | as the length
(number of hops) of s', si as the I-th relay of st (for 1 =1,...,s"; — 1), finally m;(s) as the number
of incoming hops at the relay sg.

The combinatorics of computing #.J%*(¥) is given as follows.

Lemma 2.6 (Cardinality of J%)(¥)). For any §,\ > 0, and for any standard setting U,

#JOMNT) = N\ (T) x N3, (2) x N3, (), 27)
where
e S (1176
AN W)
Nl = < A : ) (2.8)
’ =1 (()\l/k’)\(Wié X Wz(sl - X VV’L(Z 1))?1,.61..,%71:1)]]22?
5¢ S (1175
/\:“ (W)
Ng%,\(g) = < s )7 (2.9>
=1 ()\'u (W'L ))TTZENO
5~ d

N} (¥) <)\ 2t Zl ! 7Tl7/k (W16)> ﬁ ()\ 2= Om:um (szé)> (2.10)
T [Tm—o v (V) - =1 Im=o M (W) '

Il
—

i

Proof. We proceed in three steps by counting first the trajectories, registering only the partition sets
I/Vf that they travel through, second, for each m € Ny, the sets of relays in each partition set that
receive precisely m ingoing hops and finally the choices of the relays for each hop in each partition set.
Since every choice in the three steps can be freely combined with the other ones, the product of the
three cardinalities is equal to the number of all trajectory configurations with the requested coarsened
empirical measures.

(A) Number of the transmitters of trajectories passing through given sequences of §-subcubes. For
each configuration s € J**(¥) defined in (2.6), in each d-subcube WP, i = 1,...,5~%, there

(2

are \udMN(W7) users. Out of them exactly )\I/]i’/\(W;S X Wfl .. W? ) take exactly k hops,

1k—1
having their first relay in VVi‘sl, their second in Wg etc. and their (k: — 1)st relay in ‘/Vii_v for any
k € [kmax) and d1,...,0-1 = 1,.. .,07%. Such choices in different sub-cubes Wf corresponding
to the transmitters are independent Thus, the total number of such choices equals the number
NM( ) defined in . Note that for i =1,...,07¢,

kmax kmax

6/\ o o 6 4 6)\ 0
> Z A WP X W o x W) = map (W) = p A (W),
k=1 21, ,Zk 1= =1 k=1

where we used part of Definition hence the multinomial expressions in ([2.8)) are well-
defined.
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(B) Number of incoming hops. In this step, for any d-subcube Wi‘s, we count all the possible ways
to distribute the incoming hops among the relays (= users) X; € WZ-‘S, under the two constraints
that in W9 there are \u®* (W) potential relays, and for any m € Ny, exactly /\M%(Wf) receive
precisely m incoming hops. Such choices are clearly independent of each other for different 5—
subcubes. Hence, the total number of such choices equals the number N? 5 1(¥) defined in
Again, the constraint . ) from Definition implies that the multinomial expression is
well-defined. Clearly, all choices in this part are independent of the choices in part .

(C) Number of assignments of the hops to the relays. Assume that we have chosen one possible choice
in part and one possible choice in part . We now derive the number of possible ways of
distributing, for any ¢, all the incoming hops in W‘s among the relays in W‘s Let us call this
number M;, then we know from part (A) that M; = A =3 Zl 1T I/k (W5), since each such
hop is the [-th of some of the traJectomes for some [. The cardinality of the set of relays in W5

is equal to A\®A(W?P) = A% 1l (Wf), and in part (B]) we decomposed it into sets, indexed
by m, in which each relay receives precisely m ingoing hops. Let us call such a relay an m-relay.
Think of each such relay as being replaced by precisely m copies (in particular those with m = 0
are discarded), then we have XY >°_ Om,u,m (WZ‘S) virtual relays in W7. (Note that this is equal
to M; by @ Now, if all these m copies of the m-relays were distinguishable, then the number
of ways to distribute the M; ingoing hops to the relays would be simply equal to M;!. However,
since these m copies are identical, we overcount by a factor of m! for any m-relay. This means
that the number of hops into W is equal to M;!/ H;ozo(m!))‘”éﬁk(wf). Since all these cardinalities

can freely be combined with each other, we have deduced that the number of possible choices is
equal to the number N3 5(¥) defined in

We also see that all the choices in the three parts are independent of each other, i.e., can be freely
combined with each other and yield different combinations. Hence, we arrived at the assertion. O

3. THE LIMITING FREE ENERGY AND THE LDP: PROOF OF THEOREMS AND [ 4]

In this section, we prove Theorems and (i), that is, we derive the variational formula in
for the high-density (i.e., A — 00) exponential rate of the partition function, and we verify the LDP
for the empirical measures. Our first step is to derive the large-A exponential rate of the combinatorial
formulas for the empirical measures of Lemma [2.6] in Section Furthermore, in Section [3.2] we
formulate and prove how the interference term and the congestion term behave in the limits A — oo,
followed by 6 | 0. In Section given an admissible trajectory setting, we construct a standard
setting containing it. Using all these, in Section [3.4] we prove Theorem [I.2] and in Section we
complete the proof of Theorem (1)

For the rest of this section, we fix the set €2; C € of full P-measure on which we do our quenched
investigations:
O = {we O: Xi(w) € Wy Vi € N,

e IMw): X;(w) e W?
Jim #Hie M) < WEWT _ vy, vi=1,... 5 V5 e B}.
—00

(3.1)

That P(€2;) = 1 holds follows immediately from the Restriction Theorem [K93, Section 2.2] combined
with the Poisson Law of Large Numbers [K93| Section 4.2] and the fact that u is absolutely continuous.
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3.1. The asymptotics of the combinatorics. Let us fix a controlled standard setting ¥ as in ([2.2]).
Fix any w € Q1, and let the quantities I and X* refer to this w. Denote

6% kmax k—1

NL@ =TT IT IT~ver AP WD), (3.2)
i=1 k=1 I=1
For a measurable subset V of R and v, v € M(V), let us write Hy (v|7) = [, dv log if the densfcy
exists and Hy (v|v) = oo otherwise. (The difference between Hy (v|v) and the relatlve entropy ’HV(V]V)
defined in (1.20)) is the additive term (V) —v(V').) Let us recall M kaa" Zl Ly = Y oo Mfm

from (1.19) and ¢, = exp(—1/(epu(W))(eu(W))~™/m! from Note that the rate function I
defined in ([1.23]) has also the representation

knlax

) =Y Hyele | 1)~ Hu (M) + S H (i | ) — (3.3)
k=1 m=0

which we are going to use here. The equivalence between and will be verified in Section
of the Appendix. Recall , which implies that the third term in is invariant under replacing
H by H. We now identify the large-\ exponential rate of the cardinality of J%*(¥) both on the scale
Alog A and A:

Proposition 3.1 (Exponential rates of counting terms). Let ¥ be a controlled standard setting. Let
us write ¥ = ((Vk),lzm'“f‘, (tm)oo—g). We have

1
lim li —log —————= = —I(¥
g 5 los “No gy~ 1Y)

as an identity in [0,00]. Moreover if (V) < oo, then

lim

lim 1 WMWY =M
510 A—oo Alog A og #J°7(¥) (W) < oo,

almost surely.

Proof. Recall that ¥ is an admissible trajectory setting, according to Lemma In particular,
(V) € (—o0, 0] is well-defined.

We use Stirling’s formula Al = (A/e)*e°™ in the limit N 3 A — oo, which leads to

1 a™ - a;
lim —lo =— a;log —, 3.4
A—00 A g(aﬁ”,...,a?) ; ! ga (34)
for any integers a( ) ...,ay that sum up to a™ and satisfy ¢ 1 (A) /\—> a; for i = 1,...,n with positive
numbers aq,...,a, satlsfymg Yo ai =a.
From (2.8) we obtain that
1
o) = - Jim Xlog]\ﬁh(&)
[ 5—d 1 o o o
nax vp(W2 x W2 x...x W2 )
Z ST R x W) x . x Wi )log L kol

W (W7) ’

=1141,...,ig—1=1

where we also used that all the measures I/k A and O converge as A — oo to 1/,‘2 and u’, respectively.

Now we add the term Hl:l I (Wg) both in the numerator and the denominator under the log-

arithm and separate these two terms. In the former, we write its logarithm as Zl 11 log (W‘S)
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interchange this sum on [ with all the other sums on the zo,.. ,i,—1 and write the sums over
10y« 8—1, %041, - -, tk—1 N terms of the [-th marginal measure of Vk This gives
54k 6 o 6
max V(W7 x Wy X W)
=D Z VWP x Wi x .. x W, )log 5 o
i=1 k=1 i1,...ix_1=1 (W)Hllﬂ(W)
7% kmax k—1
+ Z Z ZW{I/}E(W?) log 1° (W?). (3.5)
i=1 k=1 I=1
In the same way as for I9, we obtain
o0
w?)
(W) = — lim ~log N2 5 (Wi i (V) 3.6
3(¥) = — lim +log N3,(¥ gmzoum Vlog 5 7, (3.6)

Using (3.1), on £ we have that the asymptotic behaviour of (| is the following
N, (T) = N(A AT S S w0 = (Ap(W))r+ed DT Shme S m W)

On the other hand, also by Stirling’s formula, we can identify the large-A rate of the quotient of the

counting terms in (2.10) and (3.2)) as follows:

1 NG,()
Lw lim —log —%
5 ()=~ lim Sloe o g

e (eu(W kmax Zl 1 T Vk (Wé))AZk’ 1 Ez/ 2w

- 1 —1 ‘
1m og H H?:;:O m!)\#m(Wi(S)
64 kmax k' —1 Emax k—1 (3.7)
~ S vk ) (e 5% S0 1+ o)
=1 k'=110'=1 k=1 [=1
5% ~o
+ D> i (W) log(ml),
1=1 m=0

where for the last term we used the fact that ¥ is controlled (see also Lemma , together with
dominated convergence. We can summarize the sum of the terms in (3.5)), (3.6) and (3.7) as

#J° (L)

— lim =1 = I}W) + I2(W) + I3V
P VNT7) 5 (2) + 13(2) + I57(2)
k 5—d 51176 D)
max Vo (W . x W
= Z VI(W2 x ... x W2 )log il - i)
k i Tp_1 5 W(S
k=1 ig,.csip_1=1 = M( iz)
5~ oo oo 5 (W) (3.8)
+ i (W7) ( log =57+ m(1 + log (W) + log(m!)
i—1 mzzo ( uo(W9) )
5% fEkmax k—1 0
max my (W
_ (Z ZWZVICE(W(S)> log Ek El(é{/‘sé k( )7
i=1 \ k=1 I=1 i

where in the first line on the right-hand side we changed the summing index ¢ into ig. Since we have

S (W) =" (W) = (W),
m=0 m=0
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and thus

5 (W S WS 1
;mzoum (w?) (log“ ((W )) m(1 + log p(W)) + log(m) ) = Z i, anog% .

we obviously arrived at the discrete version of the entropy terms in , more precisely, the entropy
of the measures in with respect to the o-field Fj, respectively f?k . Now, according to [GII
Proposition (15.6)], the limit of these entropies as 0 | 0 is equal to their corresponding continuous
version, i.e., the right-hand side of converges to I(¥). The first part of Proposition follows.

Moreover, if I(¥) < oo, then we have by continuity

lim i
510 Asoo Alog A

log #J°*(¥) = lim lim

log N, (¥
i i o 108 Vaa(2)

Emax k—1 674 kmax k—1 Fmax
= lim li W) = =D (k-1 k
im lim ; lz; 2 71'le w?) kzl lz;ml/k(W) ;( YJwe(WF) € [0, 00),

where in the last identity we used that by Fubini’s theorem, oy (W) = v (W*) holds for all k. Hence,
using that ¥ is an admissible trajectory setting, we conclude the second part of Proposition O

3.2. Approximations for the penalization terms. The limiting relations between the penalization
terms depending on the numbers of incoming hops in and (|1.22)), and between the continuous
penalization terms in ) and - are given as follovvs

Proposition 3.2. Let ¥ be a controlled standard setting. Let us write ¥ = ((yk)llzm“f‘, (tm)oo_y) for
the admissible trajectory setting contained in W. Then, almost surely,

lim i ‘ —M\p(:o, 3.9

R e A () (3:9)
and

lim i ‘ —s\p}:o. 3.10

I, e 36 =8 (3.10)

Proof. Throughout the proof, we perform our analysis on €. First, we show . Consider some
s € JYNW) for A > 0 and § € B. Additionally assume that ste W foraliel*andl=0,...,k
(which is always the case for s = S = (S%);c;x on Q).

Then P{(s) = p®* and vam(s) = u%) for all m € Ny, see the definition of JOMN W), (2.2) and
(2.3). Recall that m;(s) is the number of ingoing messages at relay X; for the trajectory configuration
s. Hence we have

M(s) = > nlmi(s)) = Y n(m)#{i € I*: mi(s) =m} =Y n(m)Pym(s)(W)
ielr

Il
=
2
2,
3
B
3

Il

>
gE
=
S
=
“z
3

for all such s. Note that by part of Definition and part of Remark we obtain that uf{f
tends to p,, as A — oo followed by § | 0. Now, (2.4) in Deﬁnition together with the fact that the
total mass of u’, equals the one of y,, for any m, implies the assertion in (3.9)).

We continue with verifying (3.10). Let us fix an arbitrary controlled standard setting ¥. Our
goal is to prove that (3.10) holds for this ¥. Using that, for an admissible trajectory setting ¥ =
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(), (1m)5_p), S(W) depends only on (vg)i™%, we have for any A > 0, § € B, s € J%(¥) and
k € [kmax]
1
1 6(8) = S(W) = (Rap(s), fu(Las ) = e, fi(p, ))-
In the rest of Section |3, we will often have to verify convergence of certain (sequences of) measures
in the (coordinatewise) weak topology. In order to keep our arguments clear and short, for k € N,

we fix a metric di(-,-) on M(W*) that generates the weak topology on this space. It turns out to be
convenient to choose dj to be the Lipschitz bounded metric [DZ98, Section D.2] on M (W), that is,

di (v, vit) = sup{l(vii, f) = (. f)|: f € Lipy (WF)} (3.11)

for all k, where Lipl(Wk) is the set of Lipschitz continuous functions taking W* to R with Lipschitz
parameter less than or equal to 1 and with uniform bound 1. We have for k € [kpax]

160 = S| = | (Bak(s), filns ) = (i i )|

A
< |(Bai()s filLa ) = 0 FulLos D) + |00 Ful L) = 0 £(2, )
[ Fe(L8 0 = N Sl )|+ [ 002 s ) = s s D)) (3:12)

Now, we claim that all the four terms on the right-hand side tend to 0 in the limit A — oo followed
by & | 0. Indeed, for the first term, let ¢ € Lip!(WF*). Then we have

Fails)a) = 02 0) = | [ a)Baulo)an) - /Wkg@)Ri,k(s)(dy)\

< Z sup 19(y) = 9(2)| Rap(s) (Wi, x ... x Wi _))

. - $ $
10yeenyip_1=1 y,zEWiO ><...><I/V%71

< 6VdkR (s)(W) < 0V dkLA(W),

which tends to 0 as A — oo followed by ¢ | 0. It follows that Ry ;(s) — I/k tends weakly to 0 as
A — oo followed by § | 0. We note that for any a > 0, the restriction of fi to M<n (W) x Wk
is bounded, where we wrote M<, (V') for the set of measures on the space V' with total mass < a.
Indeed, since W is compact, M<, (W) with the weak topology is also a compact, metrizable space by
Prohorov’s theorem. Thus, the continuous function fi: M<o (W) x W* — R is uniformly continuous,
and therefore it is bounded. Now, since eventually Ly € M<g, (W), the first term on the right-hand
side of tends to 0.

As for the second term, note that for any § € B, L) — L‘f\ tends to u — % as A — oo, which tends
to 0 as § | 0. Thus, by the fact that f; is continuous and bounded on My, ) (W) x Wk and
eventually Ly, L‘f\, Vg”\ € Mo,y (W) for all 6 € B, the second term also tends to 0 as first A — oo
and afterwards 0 | 0. An analogous argument applies for the third term, using that L‘f\ converges
to pu as first A — oo and then 6 | 0 by part of Remark and the definition of u’, § € B.
The fourth term tends to zero since it easily follows from part of Definition and part @ of
Remarkthat 1/2”\ converges weakly to v, and fi is continuous as bounded on MQ#(W)(W) x Wk,

We conclude (3.10)) and Proposition O

3.3. Existence of standard settings. Recall that we equip A defined in (1.29) with the product
topology of the weak topologies of the factors M(W*), M(W), and that this is the topology of
coordinatewise weak convergence. For k € N, let d(-,-) be the Lipschitz bounded metric (3.11]) on



26 WOLFGANG KONIG AND ANDRAS TOBIAS

M(Wk), which generates the weak topology on this space. Then,

kmax [o@)
do(Uh, %) = " d(vh, 1) + D 27" (s i), W, 0P € A, (3.13)
k=1 m=0

is a metric on A that generates the product topology. For o > 0 and ¥ € A, let us write B,(¥) =
{U" e A: do(¥',¥) < g} for the open p-ball around ¥. We have the following.

Proposition 3.3. On Qi, for any admissible trajectory setting (see Definition , v =
((Uk) k> (bm)m), there exists a standard setting ¥ containing it. If > n(m)pum(W) < oo, then ¥
can be chosen to be a controlled standard setting.

Proof. We fix an admissible trajectory setting ¥ and construct ¥ as follows. As is required in Definition
the measures V](z for k € [kmax] and ,ufn for m € Ny are the §-coarsenings of the measures v, and

Lim, Tespectively, and p®t = L‘;. Now for § € B and A > 0, pick some measures ug)‘ and ,uilﬁ with

values in lNo such that the requirements 2) dopme woyg)‘ = o, . B) > O,um = % and @
> o mud; = kma" Zl 1 7Tl1/k A of Deﬁmtlon are met, such that I/k = 1) and ,ugiﬁ = 1, as

A — oo and such that the collection ¥ of all these measures is a standard setting containing ¥, which
is controlled if )~ n(m)pm (W) < co.

We claim that this can be done by taking suitable up- and downroundings of the numbers

LWa)

VAW X x WD ) = (W x L x W) /\(W‘S) TP (W) >0}, k€ [kmax),  (3.14)

1k—1 1k—1

for all ig,...,ix_1 =1,...,6"% and dividing by ), analogously for the p,,’s. Now, using the d-metric
defined in (3.13)), we prove that the convergences required in Definition hold for such W.

First, we prove the convergence of the -coarsenings W° = (1), (43,)m) to ¥ in the do-metric. We
claim that for any o > 0, there exists dp € B such that ¥° ¢ By(V) for all B 5 6 < §p. Indeed, for

k € [kmax], v € M(WF¥) and § € B we see that the distance between 14 and its d-coarsening is of
order § with respect to the Lipschitz bounded metric:

57d
dnp)= s |3 (f fom(ds) - Fapdan)|
feLipy(Wh) Ly S 1 YW W) Wi . x W)
§—a
< swp Y sup | f(@) = F)le (Wi <o x Wiy ,) < dun(WH)Vikd,
FELiPL(WE) o gy =1 TyEWR X xW)
where we wrote x = (zg, ..., xr_1); and analogously for p,,. Thus, we have

k’max

do(0, ¥%) < 5\/8[ > u(WRVE + i um(W)z—m]
k=1 m=0

Since Yoo pm (W) < 0o by (ii) in (L.19)), there exists a constant C, only depending on ¥, such that
U0 € B,(¥) for any 6 < Co.
Second, we ignore the up- or downroundings in the construction of ¥ and prove the following. For
§ € Band A > 0, let ¥'%* be the collection of the measures introduced in (3.14). We claim that on
Q1, we have
lim sup dg(\I/(S, \II"S”\) =0.

A—00
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Indeed, for any k € [kmax] and g, ..., i_1 = 1,...,67%, dy (l/k, I/k )‘) is bounded from above by
54 5 (1176 5 (1176
L35 oo | L5
sup 30 Wl x Wh)| S — 1 < v (W) shax| et — 1. (3.15)
fGLipl(Wk) io,...,ik,1:1 /’L ( Z'O) 0= /’L ( 7:0)

Similarly, for any 6 € B and m € Ny, dy(uS,, ,ug;)‘) vanishes in the limit A — oo. Thus,

kmax e}
- k=1 m=0 fo=1 Né(ng)

which tends to 0 on ©; as A — oo, according to (3.1)).

Now, if we add the suitable up- and downroundings, we only change distances in the d-metric by
an error term of order 1/\, which vanishes as A\ — oo. This implies that ¥ is a standard setting. It
also follows easily that if > n(m)um (W) < oo, then W is controlled. O

3.4. Proof of Theorem [I.2l Abbreviate
= ( H N()\)_(ril_l)> exp{ —v6&(r) — 5931(7«)}, A> 0,7 €S (XY,

ielr

and note that the partition function is given as

Z2PxN =3 0. (3.16)

Teskmax (XA)

Then Theorem says that its large-A negative exponential rate is given as the infimum of I(¥) +
YS(¥) + BM(V), taken over all admissible trajectory settings ¥. Throughout the proof, we assume
that the configuration X*» = X*(w) comes from some w € Q; defined in (3.1)).

Having proved Propositions and our strategy to prove Theorem is the following.
First, Proposition gives a standard way of constructing from an admissible trajectory setting W
satisfying I(¥) + vS(¥) + SM(¥) < oo a controlled standard setting ¥ that contains ¥. Then the
lower bound for the partition function is easily given in terms of the objects that are contained in any
such ¥ and using the logarithmic asymptotics for their combinatorics from Propositions and [3.2]
and finally taking the infimum over all such ¥, respectively ¥. The upper bound needs more care,
since the entire sum over r has to be handled. First of all, we show that the sum can be restricted
for all A > 0, modulo some error term that is negligible on the exponential scale, to the sum of those
configurations whose congestion exponent is at most CA for some appropriate large constant C' > 0.
This sum can be decomposed, for any § € B, to sums on configurations coming from a particular choice
of empirical measures on the d-partitions of W. The number of these empirical measures and the sum
on the partitions is negligible in the limit A — oo, and the asymptotics of the sums on 7 in these
partitions can be evaluated with the help of our spatial discretization procedure, using arguments of
the proofs of Propositions and [3.2) in the limit A — oo, followed by ¢ | 0. Using these, we arrive
at the formula .

Let us give the details. We start with the proof of the lower bound. For any admissible trajectory
setting ¥ such that I(¥) + vS(¥) + SM(¥) < oo, we pick a controlled standard setting ¥ as in
Proposition and recall the configuration class J%*(¥) from . Then, for any A > 0 and § € B,

0,
775X > Z D(r) > #) gy exp{ — sup (v6(r) + ﬁfm(r))}.

reJSA(¥) SUPreJM(g) l_IielA N()‘) r€JON(T)
(3.17)
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Hence,

(0N I\
lim mf —log Z7 'B(X’\) > liminf lim mf —log # 20 (L) a
A—oo A 510 d—oo A SUD,.¢ 76 () Hieﬂ N()\)—(tl—l)

1 1
—ylimsuplimsup sup —6&(r)— Slimsuplimsup sup —M(r)
510 A—00  reJoA (D) 410 A—00  reJoA(T) A

— (W) — 4S() — AM(W).

(3.18)
In the last step we also used Propositions and together with the fact that W is controlled. Now
take the supremum over all such ¥ on the r.h.s. of to conclude that the lower bound in
holds.

The upper bound of Theorem requires some additional work. We start from (3.16). For C > 0

we have
Z3P(X) = 3 P(r) + 3 (r). (3.19)
TE€Skmax (X)) : M(r)<AC TE€ESkmax (X*): M(r)>AC

Since the total mass of our a priori measure has a bounded large-\ exponential rate (see Section [1.2.2))
and &, 9 are bounded from below, we see that

log Z Y(r) = —o0.

TESkmax (X*): M(r)>AC

lim sup lim sup —
C—oo A= A

Thus, for C sufficiently large, the exponential rate of Z;\Y”B (X?) is equal to the one of the first term on
the right-hand side of (3.19)). We additionally require C' so large that

inf (v S(v M(V)) = inf (W S(w M(¥)). (3.20

¥ adm. traj. égtting, M(\I/)SC( ( )+’Y ( )+ﬂ ( )> W adm. glaj. Setting( ( )+’7 ( )+B ( )) ( )

Let us write Sy, .c(X?) = {r € Sk,...(X?): M(r) < AC} and Z;\”B’C(X)‘) =D resp . o(x») D).
The upper bound of Theorem follows as soon as we show that

1
li Zlog 277 (XM < — inf I(0) +~S(P) + AM(T)). (321
l)I\n_i}olp A 08 2 ( ) ~ U admissible trajec{c%ry setting, M(‘I/)SC( ( ) T ( ) + ﬁ ( )) ( )

For fixed A > 0 and 6 € B, let us say that a collection of measures ¥ = ((yi)‘)',zm?, (ufn)‘)m 0)
lies in G(5 A) = G(5 A) (X)) if all these measures take Values in +No only and satlsfy the con-
straints 3 pmax 7T()Vk =13, Y% oﬂm = L‘s and S Kmas SR ml/k =3y Om,um . We will write
JOA (@) for the set Jo*(¥) defined in (2.6). Then the union of Jo*(¥%*) over all U2* with
Yoo n(m)ud (W) < C is equal to

{(BS & (") ke bman]s (PR (1)) meny) : 7 € Sk (XM}

since these three equations characterize the tuple of the measures (R‘f\jk(S ))i’;‘}" and (P/‘\Sjm(S ))oe_g if
(Sz)’LEI)‘ € Skmax,C(XA)

Using this, we can estimate, for any ¢ € B,

,B,C
2PN = > D V) < HGEN sup > V).

EY ) 52
EAEG(5,0): M(TEN) <O reJOA(UON) YOREG(OA): MYOM)SC e 6.3 (wo )
(3.22)
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Hence,

1
lim sup-+ log Z:\Y’ﬁ’c(X/\)

A—00

1
< lim sup lim sup X log #G(9, \)

510 A—oo
#J&,)\(\Ijﬁ,/\) (323)
+ lim sup lim sup — log sup [ -
50 A-ooo WIAEG(5.A): MU <O Hnf, ¢ o gony [ N~

— yliminfliminf  inf l65( ) — fliminfliminf  inf 193?(7“) .
510 A—oo re SN (W) A 510 A=00 rEJOA(WOA) A
According to Lemma [3.4] below, the first term on the right-hand side is equal to zero. Now pick
a sequence (d,), and for each n a sequence (), ;); along which the superior limits as n — oo,
respectively j — oo, are realized. Now pick, for any n and j, a maximizer onAni Pick Ap so large
that N(\) < 2u(W)A for all A > \g. Hence,

kmax

U G(5 )\ ( H M<2N )) X MSQM(W)(W)NO, (324)
A>Xo,0€B

where we recall that M<, (V) is the set of measures on a space V with total mass < o. Note that

Moo (W*) is compact in the weak topology of M (W) for any k, according to Prohorov’s theorem.

Without loss of generality (using two diagonal sequence arguments), we can assume that for all n €
~0n \kmax

N, WonAnj converges coordinatewise weakly to a collection of measures Uon = ((I/k Jpmax, (Adn)ee_y)

as j — 0o, and Jon converges coord1natew1se weakly to a collection of measures T as n — oo. Then,
it is clear that W satisfies (i) from (L.19), and also that

km'lxk 1 ma k—
lim lim E E mUy, oA g g V-
N—r00 j—00

k=1 l=1 k=1 I=1

In order to see that (iii) holds for \TI, it remains to show that limy, o0 limj_,o0 D 0o mﬁf{{’)‘"’j =

> oo Mflm. For N € N and for any continuous function f: W — R, we estimate

<Z MmN = fim), f>

m=0

N 00
~5n7)\n' ~ ~6n7)\n ~
< 3 m (™ = D]+ Y oo [ (W) = fim(W))|.
m=0

m=N+1

The first term on the r.h.s. clearly tends to 0 as j — oo, followed by n — oo, for any fixed N. The
second term can further be estimated from above as follows

Il 3 ) sup =Yl () + W) < 21 (500 )

e n(m n(m)

By the assumption that (n(N)/N) — oo as N — oo, the right-hand side tends to 0. One can

analogously show that > >° /7?7’{ A tends to Yoo o Bm as j — oo followed by n — oo, and hence
condition (ii) from ((1.19) holds. Also we have > ", n(m)fm, (W) < C. Altogether, ¥ is an admissible
trajectory setting.

Now, using the arguments of the proofs of Propositions and (which also involve the coarsened
limits W for fixed n € N) for the subsequential limits j — oo followed by n — oo, we conclude that

#Jény)\n,j (E]énaAn,j) ~
reJom A n,g (FOn-An,i) Hie[*w‘ N(Anj)~

lim lim
n—00 j—00 inf
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and, using the boundedness and continuity of each f; on M<2M(W)(W) x Wk,

lim lim inf —6(r) = S(D).

N—00 j—00 ).c 7o, ”3(‘1/5" n.j) )\n]

Furthermore, the lower semicontinuity of M(W)No — (—00,00], (Vm)men, > men, Mm)vm (W),
together with Fatou’s lemma implies that

—f lim inf lim inf inf —M(r) < —BM(D). (3.25)

n—oo0  j—00 TGJén nJ(\I;én n ]) )\n]

Thus, we conclude that (3.21) (and therefore the upper bound in Theorem holds, as soon as
Lemma[3.4)is formulated and verified. This we do now. Recall that we are working with fixed w € Qy,
and that the notion of G(8,\) depends on w via G(8,\) = G(J, \)(X*(w)).

Lemma 3.4. For any 6 € B and w € Q;, we have

1
lim sup — log #G (0, A) = 0.
A—00 A
SN ke pt s o
Proof. For A > 0, let G1(6, \) denote the set of (v,"); ™7 satisfying part from Definition n It
is easily seen that its cardinality increases only polynomially in A\. Now, given (1/2’)‘)],22? € G1(0,\),
we will give an upper bound for the number of (Miﬁ)gg:o) such that the pair of these tuples is in

G (0, A). This is much more demanding, since there is a priori no upper bound for m. We will provide
a A-dependent one.

For any A > 0, U%* € G(6,)\) and j = 1,...,6~¢ we have that

9] kmax k—1
A Z mpd A (W) = A Z Zﬂ'll/ ) < (kmax — 1)N(A),
m=0 k=1 I=1
and the numbers ug’)‘(W]‘-s), ...,u( T 1) (A)(W]‘-S), are % times nonnegative integers. In particular,

1o (W9) = 0 for m > (kmax — 1)N(N).

Let € > 0 be fixed. We claim that for all sufficiently large A > 0, there are not more than
eN(A) ~ 5)\,LL(W) nonzero ones out of these quantities. Indeed, if there were at least [eN ()] nonzero
ones, denoted ,meo (W‘S) . ,u%’\[sN(mil(Wf) with 0 <mgp <my <...<mpyoy-1 < (kmax—1)N(N),
then we could estimate

(kmax_l)N(A) ’—sN(A)-I_l
(Fmax — DN = >0 dmpld (W) = Y dmal (WHA{ iy (WF) > 0}
m=0 =

[eN(N)]-1 [eN(A)]-1 [eN(A
= Z MmgSr WO W > < > S me> Z m~f<eN<A>><eN<A>—1>,
1=0

>

which is a contradiction for all A > 0 sufficiently large.

Now, #G(5,\) can be estimated as follows. Let us first fix (Vg)‘)?;ef‘ € Gi(0,N), ie.,
satisfying part (2) from Definition and let us count the number of (,uf,{\)gsmgx DN

such that ((u,‘jA)’,jm?,(M%A)(’“mflw(”)) lies in G(0,)). Out of the kpmaxd ¢N(X) quantities

m=0

ug’A(Wf),...,u(k)r‘na _I)N(/\)(Wf) =1,...,67% at most [eN()\)]d~¢ are nonzero. The number of
kmax N(A)§—4

[eN(X)]6—4 )

that the remaining kmaxd “N(A) — [eN(A)]6~¢ ones are equal to zero, according to part of Def-

inition we note that the potentially nonzero ones sum up to N(A), and each one has a value in

ways to choose them equals ( Having chosen [eN(A\)]0~¢ potentially nonzero ones so
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NA\)+[eN(A\)]d—3—1
[eN ()64
potentially nonzero ones. Since w € 1, we have N(\) = N(A)(w) = AM((W)+o0(1)) as A — oo (where

the o(1) term depends on w). Therefore, using Stirling’s formula as in (3.4]), we have the following
estimate in the limit A — oo

#G(5,)) < #C1 (5, /\)< max N (A)3™ )( () + [N~ d_1>

%No. For this, there are at most ( ) combinations, for any choice of the set of the

[eN(A)]o—4 [eN(N)]6~7 —
—d —d
_ o(\) _ (kmax — E)(S —d €l
e exp ( ( max 1 og kmax(s_d +¢eo lOg kmaxé_d>)
5—d 1
B d
xexp( Au(W)(eé log = d+10g1+€57d>)
Letting € | 0, we conclude that limsup,_, . %log #G(d, A)=0. O

3.5. The large deviation principle: proof of Theorem (1) In this section, we prove Theorem
i). The combinatorial essence of this theorem has already been proved in Proposition including
the relations with d-coarsenings. What remains to be done is to relate this to the coordinatewise weak
convergence on A. We will be able to use some of the arguments of Section

The lower semicontinuity of I+ u (W) log kmax was already discussed in Section the nonnegativity
in Section These together mean that I+ p(W) log kpax is a rate function.

We proceed with the proof of the lower bound. Let G C A be open. If infgI = oo, then there
is nothing to show, therefore let us assume that there exists ¥ € G with I(¥) < co. According to
Proposition there is a standard setting ¥ containing W. Since G is open, there exists ¢ > 0 such
that B,(¥) C G. Let us choose g € B and, for any B 5 6 < Jp, some \g = Ag(d) > 0 such that
To oA e B,y (V) for any A > A\g. Now we can estimate, for these ¢ and A,

POO

20 A (A(S) € G) = PYS

N (TA(S) € By(¥)) > P ‘;O ((T5(S))? = w)
_ # Z 1 < #J‘S’)‘(\Il‘sv’\)
XN | it e N kil sup, e goa oy Thiepy N7

Now, using Proposition and the fact that N(\)/A — p(WW), we obtain

lim inf % log P (U5(S) € G) > — (W) log kuax — 1(T).

A—00 AXA
Note that ¥ is not necessarily controlled because M(¥) < oo is not guaranteed. However, since for all
§eB,s=1,...,6% Xx>0, uf;{\(Wf)/uil(Wg) does not depend on m, we easily see that Proposition
holds for this ¥ as well. Now, take the supremum over ¥ € G N {I < oo} to conclude that the
lower bound holds.

We continue with the upper bound. Let FF C A be closed. Let us choose an increasing sequence
(An)nen of positive numbers along which the limit superior in ([1.30) is realized. For A > 0, let us put

= {0 e A: PY0, (W,(S) = ) > 0}.

AXA

If for all but finitely many n € N we have F'N O(\,) = &, then

limsup S log PYY | (U5(S) € F) = —cc. (3.26)

A
A—00 A X

Therefore, without loss of generality, we can assume that O(\,) N F' is non-empty for all n € N. For
§€Band A C A, let us write A° = {¥: ¥ € A}, where ¥’ is the coordinatewise §-coarsened version
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of ¥. Then we have

PO (W (S) e F) =P)?

A, X0 An, X An (\Ij/\n (S) ern O()‘N)) = PO?O

s (01, (9))° € (FNO()))

#Jﬁ,/\n \IJ(S
<HFNON)  swp o —
VEFNO(Mn) kmax lnfreJa,A,L(\pa) Hiep‘n N()\n)r_l

(3.27)
It is clear that (F N O(M\,))° € G(6,\,) = (O(\,))? for all n € N and 6 € B, where G(8,\,) was
defined in Section [3.4l Hence, by Lemma [3.4]

1
lim sup lim sup — log #(F' N O()\n))‘S =0.
610 n—r00 )\n

It remains to show that
1 J&,)\n \I,(S
lim sup limsup—log[ sup # (%) - ] < — inf I(V). (3.28)
510 n—oo An Ve FNO (M) infrejd,)\n (W9) Hiep‘n N(An)r—l_l ver

One can do this analogously to the proof of the upper bound of Theorem starting from .
Indeed, using Prohorov’s theorem together with a diagonal sequence argument, we find ¥* € A that
the maximizer in converges to along a subsequence of §’s and A,,’s. The limit lies in F' because
F' is closed. Using the lower semicontinuity of I together with Fatou’s lemma, we conclude that the
left-hand side of (3.28)) is not larger than —I(W¥*), which itself is not larger than — infz I. This finishes
the proof of the upper bound in Theorem (1)

4. ANALYSIS OF THE MINIMIZERS

This section is devoted to the proof of Proposition In particular, in Section we show that
the infimum in is attained and, for any minimizer ¥ = ((Vk)llz‘;ﬁx, (m)$0_g), for any k € [kmax],
u®* is absolutely continuous with respect to v, and u is absolutely continuous with respect to each
tm. Further, for all k € [kmax] and m € Ny, there exist constants ¢, > 0, k € [kmax|, and ¢, > 0,
m € Ng such that vz (A) > cpu®*(A) for all A C W* measurable and pi,,,(A") > ¢, (A’) for all A’ C W
measurable. This is a prerequisite for perturbing the minimizer in many admissible directions. In
Section [4.2] we finish the proof of Proposition by deriving the Euler—Lagrange equations. For
the rest of the section, we fix all parameters W, u, v, 8 and kpax. Moreover, we use the following

representation of I from ([1.23)).

S S (ep(W))~"
(W) = Y Hypeln® MOE D)+ 37 Hyy (o | 1) = (W) log e (41)
k=1 m=0 ’

4.1. Existence and positivity of the minimizers. We start with the following lemma, which
follows almost immediately from the arguments of the proof of the upper bound of Theorem in
Section 3.4

Lemma 4.1. The set of minimizers of the variational formula in (1.24]) is non-empty, compact and
convex.

Proof. Recall that the three functionals I, S, M are lower semicontinuous and convex. Furthermore,
it is clear that we can restrict the infimum in to those ¥ that satisfy also M(¥) < C for any
sufficiently large C'. But, as we have seen in Section this set of U’s is compact. From this, all our
assertions easily follow. O
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Now we prove that, for each minimizer ¥, u®* is absolutely continuous with respect to vy, and g
is absolutely continuous with respect to each p,,, and the corresponding Radon—Nikodym derivatives
are even bounded away from 0. (Note that the opposite absolute continuities are true by finiteness
of the relative entropies in ) We need to show this only for kn.x > 1, as we explained after
Proposition [I.3] Let us start with verifying the absolute continuities.

Lemma 4.2. If kpax > 1 and ¥ = ((uk)]lzm"f‘, (tm)5_g) is a minimizer of (L.24), then u®* < vy, for
any k € [kmax), and p < p, for any m € Ny.

Proof. The essence of the proof is the following. The functionals M(-) and S(-) are linear in each f,
respectively vy, as well as the third term in I(+) in in each piy,. On the other hand, the function
x +— z log z has the slope —oco at « | 0. We show the following assertions about the minimizer ¥ step by
step as follows. Recall that M = ZmGNo My, = Zke[kmax] Zf;f mvE. We write > and >, respectively,

between measures in M(W*) if their difference lies in M (W), respectively in M(W*)\ {0}.
Fix a measurable set A C W such that p(A) > 0. Then we have:

M(A) >

(1)

(2) for any m1 < mg < mg such that i, (A) > 0 and fim, (A) > 0, also pm,(A) > 0.
(3) po(A4) >

(4) pm(A) > 0 for any m > kpax.

(5)

5) vp(A*) > 0 for any k € [kmax]-

Indeed, these steps are verified respectively as follows. In each of the steps, for ¢ € (0,1), we
construct an admissible trajectory setting W& = ((uk)imef‘,(,um)m o) such that I(W®) 4+ ~S(U°) +
BM(U®) < I(¥) + yS(¥) + SM(¥) for sufficiently small € > 0, and therefore ¥ is not a minimizer of
([T.24).

(1) If M(A) = 0, then in particular po(A) = v1(A) = p(A) and p,(A) = 0 for all m > 0. Also,
miva(A) = (W x A) = 0, according to the definition of M.
Let us define U¢ as follows: v§ = (1 — &)va + e(u®?)/u(W), vi = (1 — )y, for k # 2,
ps = (1 —e)ur +ep and pé, = (1 — &)y, for m # 1. Then we compute and estimate the three
terms of the entropy I(V) as follows.

kmax
Y Hyr (v | p @ (17)20D)
k=1
kmax ®2

k-1 EHR
< 3 Hwxonaor (1= [ (19 0) + Hwxa (L

kmax

<Y Hype(pe MPED) 4 0(e),
k=1

| 8,u®2> +O(e)

furthermore

Z i (4, | 1) — 16, (7 log O
' (4.2)

< Hp (1~ ) | 1) — (W) log P4 pyeroge + 0(e),

For the second term we used the convexity of the relative entropy in the form

Hy (1 =& +ep| p) < (A —e)Hw(m | 1) < Hw(pa | 1) + O(e). (4.3)
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This in turn follows from [HJKPI18| Lemmas 3.10, 3.11], which implies that, for any k € N,
£,m€ M(WPF) with n #0 and &€ < n,

(e (& [0) = Hy (1= )¢ [ )] = <.
It follows that, as € | 0,

I(P%) + ~S(¥°) + AM(T°) — [I(¥) + yS(¥) + BM(¥)] < O(e) + p(A)eloge, (4.4)

which is negative for all sufficiently small € > 0. Thus, ¥ is not a minimizer.

If M(A)> 0 but pm,(A) >0, tim,(A) >0 and py,(A) = 0 for some m; < my < me, then let
vi = vy for all k € [kmax] and let pf, = (1 =€) pimg + (@1 fim, + Q2fimy, ), piy, = (1 — 1€) thmy
Py = (1 — €02) thm,, Where a1, az € (0,1) are such that a; +ag = 1 and miag + maag = my.
Then, W€ is an admissible trajectory setting with M¢ = M. It follows similarly to the previous
computation that I(W¢) +~vS(W¥¢) + M (V) < I(¥) +~S(¥) 4+ SM(¥) for all sufficiently small
¢ > 0. However, instead of , we have

S i | ) — g (W) log T
m=0

< 3 Hwom | 19) = () 0g LU (@1, (4) + czpn (A)) < log e + O()
m=0 ’
ase | 0.

If M(A) > 0but ug(A) =0, let v; = (1 —e)yy for all 1 < k < Kkmax, py, = (1 — ), for all
m >0, uj = ep+ (1 —e)po and v§ = (1 — )y + ep. It is again sufficient to consider the
entropy terms in I. The summands on k£ > 1 can be estimated as follows.

Fmax Fumax
> Hye (i | pe (MO)E D) =" Hype (1= ey | (1 =) Tpe M*T)
k=2 k=2
Fumax
<Y Hyn(op | po MED) + 0(e).
k=2

The summand for £ = 1 can be estimated with the help of (4.3)). For the summand for m = 0,
we have

Hy (po | 1) = Hyna((L = €)po +ep | p) + p(A)eloge

< Hyna((1 = e)po [ ) + p(A)eloge + O(e) = Hw (po | p) + p(A)eloge + O(e).

while the remaining sum is handled as follows.

N Hw (4, | 1) — 15, (W) log (eﬂ‘(VTZ’))_m

m=1

= 3 (1= O | 1) — (W) 10g P o)
m=1

Thus, (4.4) holds also here, which implies the claim.

(4) If M(A) > 0 but p,,(A) = 0 for some mg > knax, let pg, = (1 — €)pm +eM/mg, 5, =

(1 — &) pum for m & {0,mo}, and v}, = vy, for all k € [kmax|. Then,

kmax kf—l k/'max k;_ 1

oo [o.¢]
Ezlmﬂfn =(1-¢) Z:lmum—i-zr;o Z Zml/k: Z ZWsz-
m= m=

k=1 1=1 k=1 1=1
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On the other hand, we have

0o . 00 5(kmax . 1) 0o
p= Dtz p= (=) Y pm == > (1= — (1=€) D pim = (1= €)puo.
m=1 m=1 0 m=1
Therefore, if we put p§ = p— > > 4 p5,, then pf > (1 —€)up > 0, in particular W€ is
an admissible trajectory setting. Now we can proceed analogously to to conclude that
I(W) + S(¥e) + SM(P¢) < I(¥) +~4S(¥) + SM(V) for sufficiently small € > 0.

The proof of is very similar to the ones of , and , thus we leave it to the reader. O

The proof of the following lemma is similar to the one of Lemma therefore we omit its proof.

Lemma 4.3. If kpax > 1 and ¥ = ((Vk)ﬁ‘iﬁx, (em)oo—p) is a minimizer of (1.24), then for each k €
[kmax], there exists c, > 0 such that for all A C W* measurable, v, (A) > cu®%(A) holds. Similarly,
for each m € Ny, there exists ¢, > 0 such that for all A" CW measurable, piy(A") > ¢, u(A") holds.

4.2. Deriving the Euler—Lagrange equations. In this section, we finish the proof of Proposition
According to the results of Section now we see that exhibits at least one minimizer,
and all minimizers have almost everywhere positive Lebesgue density on the corresponding powers
of supp p. Knowing this, we now carry out the perturbation analysis for the minimizer(s) of the
optimization problem in and derive the shape of the minimizers in most explicit terms.

We use the method of Lagrange multipliers in the framework of a perturbation argument. Let ¥ =
((Vk)’,sz‘, (tm)5°_) minimize (1.24). Fix any collection of signed measures ® = ((Tk)]g‘;‘}", (Om)o0_0)

such that only finitely many o,,’s are different from zero, the Radon—Nikodym derivative dj‘jgk is a
dom

simple function for each k, also ot isa simple function for each m, further they satisfy the following
constraints:

kmax o0 [ee] kmax k—1
(i) D mome=0, (i) > om=0, (i) Me:=) mom= Y » mT (4.5)
k=1 m=0 m=0 k=1 l=1

Then it follows from Lemma that, for any ¢ € R with sufficiently small [g|, ¥ 4+ @ = ((v +
67@22?, (m~+eom)oe_) is a collection of (non-negative!) measures that satisfies and is therefore
admissible in the variational formula in (1.24]). That is satisfied follows easily from .
Furthermore, using the notation of Section the non-negativity follows from the fact that each 7
respectively each oy, is a finite linear combination of measures of the form 14 du®* with A ¢ W*
respectively of the form 1pdu with B C W, and we have 14 d,u®k < c,;l]lA vy respectively 1pdu <
¢~ p dpy,. Since only finitely many such summands are involved, there is a constant C' > 0 such that
|| < Cyg and |0y, | < Cp, for any k € [kmax] and m € Ny, and hence it suffices to take |e| < 1/C.

From minimality, we deduce that

0
0= a2

We calculate the latter two terms as

0 (yS(\I} + @) + BM(T + ecb)) =7 Ym0+ 8 Y nmon(W),

ke [kmax] mENO

. (I(\If + D) +AS(U + ) + AM(U + sq>)). (4.6)

Oe LZO

where, as before, we used the notation (v, f) for the integral of a function f with respect to a measure
v. Abbreviating M =} i Z;:ll mv and using the representation (3.3)) of I(-), we see that

(U +ed) = Z <Tk, 1+ log d(i;g’“> — <]\4<1>7 1+ log (ii]\/j[> + Z <Jm, 1+ log d?éj:/:)>’
(4.7)

% e=0
ke [kmax] ’H’LGNO
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where we recall that ¢, = e~ /(W) (ep(W))~" /m!. Summarizing, we obtain from (4.6]) that

0= <(b) ((hk)ke[kmax}) (gm)m€N0)>7 (48)
where
oz dvg _ du (ep(W))™™
hk*’Yfk+2_k+10gd(ﬂ®M®(k—1)) and g, = Bn(m )+1+logd——logT.

We conceive ® as an element of the vector space
[T M) x M)
ke[kmax]
where M is the set of signed measures equipped with the weak topology, and (k) ke[kumax]> (9m)meN,)

as a function on sze[kmax] Wk x WNo, The condition in (4.5) means that ® is perpendicular to any
function in

F = kel 1y (Vm)meNy ) : Pk Wk — R, ¥, : W — R bounded and measurable for any k, m,
Pk ) k€ [kmax] o) ¥

-1

3g>§>6: W —R: <)0k5(x07"'7x]€—1) :A(.’Bo)+ C(xl)v
=1

and ¥, (x) = g(m) — mCN'(x) for z,xzg,...,xp_1 € W}

Ed

We have shown that, if ® is perpendicular to any simple function in F, then it is also perpendicular
0 (k) kelkmax]» (9m)men, ). Since F is a closed linear subspace of AL, it follows that it contains this

element. That is, there are three functions Z, B , C on W such that, for any k respectively m,
hi(zo, ..., TK_1) :Uo + ZC’ xy) and gm(z) = E(x) — mé’(w), T,20,...,Tp_1 € W.

Using an obvious substltutlon, this is equivalent to the existence of three positive functions A, B, C
such that

v(dao, ... dzg_1) = p(dzo) Alzo) [ ] (C(a) M (dzy))e e@ormian) ke [hya], (4.9)
pm(dz) = p(dx) B(x) (Cl@)uW)” e~ Anim), m € Np. (4.10)
From (i) and (i) in (L.19), we can identify A and B as

1
— Y (@0, eesi— 1)
Aro) E /Wk 1 | | ()M (dx; )e (4.11)

k€[kmax]
Furthermore, condition (iii) says that
11 p(dz) 1 B . .
ot ~ oy vt \eapmy) ~TCM. me W, (#13)

where p(a) = > cn, M1 e fn(m) /5 eNo a—fe_ﬁ’](m) for o € [0, 00) and

D ke man] i 2 T2 M(day) Fi(2o, 21, -, 2p—2, @)
ke lhmas] Jwn- 1Hf 11 M (dz;) e™ Vi (@0, k1)

I(dM,z) = /Wﬂ(d 0) , (4.14)
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where
71 _
Fy(zo, 1, .., Tk—2,2) = Z e*m(xo’yl), (4.15)

y! is the vector of length k — 1, consisting of z1,...,2;_9; augmented by x at the I-th place, and
M(dz) = C(z)M(dz). This ends our derivation of the Euler-Lagrange equations for any minimizer

 of (L.24).

This description of C' and M is rather implicit and involved, therefore we cannot offer any simple
criterion for the uniqueness of the minimizers of ((1.24). Also, the question of continuity of the tilting
functions A, B and C is open.

Since I++vS+ M is convex, it follows that any admissible trajectory setting W satisfying (4.9))—(4.15))

is a minimizer of (|1.24)).

5. PROOF OF PROPOSITION [I.5]

We proceed analogously to Sections [2| and [3] and thus we start with part , i.e., with verifying
- We use the discretization argument from Section [2.1] u again. We now provide the definition of
a transmission setting, the analogue of Definition [2.1] of a standard setting with no reference to users
receiving given numbers of incoming hops.

Definition 5.1. A transmission setting is a collection of measures

2 = (T = @), (DR )sem () E ) sem a0, (1) scm a0 (5.1)

such that for any 6,6 € B, X > 0, k € [kmax] and s,50,...,5,-1 = 1,...,0"%, respectively, vy €

M(W*), and parts (), (), and of Definition |2. 1| hold.

Recall that Definition implies parts , , and @ of Remark Further, it is easy to
see that for any transmission setting 3, ¥ is an asymptotic routing strategy.

The following lemma describes the combinatorics of the choices of message trajectories in the system.
We recall the empirical measures (R 1 () ke[kma. from (1.5)).
Lemma 5.2. Let Y be a transmission setting. For § € B and X\ > 0 let
KOND) = {5 € S (XN : R4(5) =107 Yk =1, .., Kinax }-

Then we have #K‘S’A(Z) = NL(Z) x N(;/\( ), where Né/\(E) equals NM ) from (2.8) for any
standard setting W containing X, and

5—d

de ﬂ.yé)\ 5

NEV(E) = [T (W) Tt S mvie ™ V)
j=1

Proof. We proceed in two steps by counting first the trajectories, registering only the partition sets
Wf that they travel through, second, the choices of the relays for each hop in each partition set.
Since every choice in the two steps can be freely combined with the other one, the product of the
two cardinalities is equal to the number of all trajectory configurations with the prescribed coarsened
empirical measures.

(A) Number of the transmitters of trajectories passing through given sequences of 6-subcubes. This is
equal to the corresponding quantity in the proof of Lemma hence it equals N 617 A(2).
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(B) Number of assignments of the hops to the relays. For each i = .,07% there are
Ao pmax Zl 1 ml/k(W5) incoming hops arriving to the relays in Wf in total Each incoming
hop arriving at VVZ can choose any of the Ay’ /\(I/VZ-‘S) users as the corresponding relay. Such
choices between different hops in I/Vf are independent, moreover all the choices in Wf are inde-
pendent from all the choices in VVJ‘-S for j # 4. It follows that the number of assignments equals
N (D).

We also see that all the choices in the two parts are independent of each other, i.e., they can be freely
combined with each other and yield different combinations. Hence, we arrived at the assertion. O

Using the arguments of the proof of Proposition the next lemma immediately follows.

Lemma 5.3. Let X be a transmission setting. Then

0,
lim lim —log#L@

310 A—o0 A NY,\(D) = —J(%) € (=o0,00], (5.2)

where Ng,)\(;) equals N(?)\( ) from (3.2)) for any standard setting ¥ containing ¥. Moreover, if the
r.h.s. of (5.2) is finite, then

kmax
51¢0 A—co Alog A og # (—) (W) ; (k )Vk(W)

Now, the identity in follows from the proof of Theorem using transmission settings instead
of standard settings and replacing Proposition by our Lemma There is one more major change
in the proof. Indeed, instead of the compactness of {¥: ¥ adm. trajectory setting, M(¥) < y} for
all y > 0 in Section [3.4] and the fact that any level set of I + S + SM is contained in a larger level
set of M, one shall use the following argument. Using that S is continuous on the set of asymptotic
routeing strategies, and that J is lower semicontinuous, bounded from below and it has compact level
sets [DZ98), Section 6.2], it follows that each level set of J + S is included in a larger level set of
S. Now, for all y € R, the set {¥: 3 asymptotic routeing strategy, S(3) < y} is compact, because it
is closed and contained in the set {3: ¥ asymptotic routeing strategy, ka‘”‘ kv (WF) < 4/} for all
sufficiently large v’ € R, and such sets are compact by Prohorov’s theorem. These together allow us

to conclude (|1.34)).

From this, parts and of Proposition can be derived analogously to how Theorem was
derived from Theorem in Section The additional fact that the rate function J+ u(W) log kmax
has compact level sets holds because relative entropies with respect to fixed reference measures have
compact level sets [DZ98, Section 6.2].

Lastly, we verify , i.e., we prove that is the unique minimizer of . The fact that the
set of minimizers of the variational formula on the right-hand side of is non-empty, compact
and convex follows similarly to Lemma [£.I] again by Prohorov’s theorem and the compactness of
the sets {X: 3 asymptotic routeing strategy, S(¥) < y}, y > 0. Further, an argument analogous to
Lemmas and shows that for all minimizers ¥ = (V) re[kpnay]» We have that vy, < u®* < v, and

dd’gfk is bounded away from zero, for all k € [knpax|. Deriving the Euler-Lagrange equations similarly

to Section it follows that (L.35)—(L.36) hold for any minimizer ¥ = (Vk)ke[kmax] of (L.34). This

also implies that the minimizer ¥ is unique. Thus, we conclude Proposition [l

APPENDIX A. REPRESENTATIONS OF THE ENTROPY TERM

We defined the entropy term ¥ — I(¥) via the formula (1.23)), which we interpreted in Section [1.8.2]
It is easy to see that (1.23)) is equivalent to the representation in (4.1)), which we used for analytical
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investigations. Now we show that ((1.23)) is equivalent to (3.3]), which arises from the combinatorics in
Section B.11

Recall that for £ € N and &,n € M(W*F), we have Hyx(€|n) = Hyw(Eln) — EWF) + n(WF).
Further, for an admissible trajectory setting ¥ = ((Vk)ke[kmax]> (Hm)meN, ), Tecall the measure M =

Z‘g}" f:ll TV = Y oo M. Starting from the definition of I(-), in (1.23), we compute

k 00 k
max max 1
(W) = > Hipe (v | 1® MEED) 37 Hay (o | pem) + p(W) (1= D MOW)E) ==
k=1 m=0 k=1
Kkmax kmax Kkmax 9]
= Hypr (v | p@ MEEDY = "0 (WF) + u(W) Y MO+ Hw (i | p16m)
k=1 k=1 k=1 m=0
k
max 1
+ u(W)(l -y M(W)k—l) -
k=1
Ekmax 0o 1
= ; Hypi (vg | p@ MEFD) 4 ZOHw(um | Hem) = =

where we used ([1.44]), and the fact that 222‘]" v (WF) = (W) by (i) in (1.19). By the definition of
the measure M, it suffices to show that

Kkmax kmax
> Hype(ve | @ MEED) = 3 7 Hypn (1t ") — Hw (M ). (A1)
k=1 k=1
Clearly, if any of the sides of (A.1)) is infinite, then so is the other side. Else, we verify (A.1]) as follows
kmax
ZHwk (Vk | n& M®(k_1))
k=1
k
max dyk; d(,u ® M®(k—1))
= de TQOyeovyLh—1 [logirco,...,xk_l —log xo,...,ﬂjk_l}
> [, dn ) 1o ok ) e )
k k—1
o= dyy, dM
= ; /Wk dvg (2o, - - -, TK—1) [108; W(»’Uo, ooy Tp—1) — log ( 11 a(«’ﬂl))}
k Femax k—1
max dyk max dM
= d ey 1) log —— ce Tp_1) — dxz;) log —
> [ o) tog L o) >3 ] muntaz)log ()
kmax
=3 Hyp(ln®) — Hiy (M]p).
k=1
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