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Abstract: We derive an annealed large deviation principle for the normalised local times of
a continuous-time random walk among random conductances in a finite domain in Z¢ in the
spirit of Donsker-Varadhan [DV75-83]. We work in the interesting case that the conductances
may assume arbitrarily small values. Thus, the underlying picture of the principle is a joint
strategy of small values of the conductances and large holding times of the walk. The speed
and the rate function of our principle are explicit in terms of the lower tails of the conductance
distribution. As an application, we identify the logarithmic asymptotics of the lower tails of
the principal eigenvalue of the randomly perturbed negative Laplace operator in the domain.

1. INTRODUCTION

We introduce the main object of our study in Section 1.1, present our main results in Section 1.2 and
give a heuristic explanation in Section 1.3. The proof of the main theorem is carried out in Sections 2.1
and 2.2.

1.1 Continuous-time random walk among random conductances

Consider the lattice Z¢ with E = {{x,y}: 2,y € Z% z ~ y} the set of nearest-neighbour bonds. Assign
to any edge {x,y} € F a random weight wy, .3 € [0,00). We will use the notation w, ,y = Wy = wWye
for convenience. Assume that w = (wzy){sy)er is a family of nonnegative i.i.d. random variables. We
refer to them as random conductances. One of the main objects of the present paper is the randomly
perturbed Laplacian A“ defined by

Af(a) = Y. wy(fly) - f(2), f2°—Rzez’. (1.1)

y€ZL: y~u

This operator is symmetric and generates the continuous-time random walk (Xt)tE[O,oo) in Z¢, the
random walk among random conductances (RWRC) or, as many authors call it, random conductance
model (RCM). This process starts at € Z¢ under P¥ and evolves as follows. When located at y, it
waits an exponential random time with parameter Zzwy wy (i.e., with expectation 1/ ZZNy wy>) and
then jumps to a neighbouring site 2’ with probability w,./ > 2y Wyz- We write Pr for the probability
and (-) for the expectation with respect to w.
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In some recent publications (see, e.g., [BD10]), the above walk is called variable-speed random walk
(VSRW) in contrast to the constant-speed random walk (CSRW), where the holding times have pa-
rameter one, and to the discrete-time version of the RWRC, where the jumps occur at integer times.
Substantial differences between these two variants appear, for example, in slow-down phenomena.
These are typically due to extremely large holding times in the former case, but to so-called traps
(regions of transition probabilities in which the path loses much time) in the two latter cases. A
further aspect is that continuous-time random walks may reach any point in finite time with positive
probability, in contrast to discrete-time walks. All these processes are versions of RWRC.

Let us mention some earlier work on RWRC. For the discrete-time setting, a quenched functional CLT
is derived in [BP07], assuming that the conductances take values in [0,1]. In [BBHKO08]| and [FMO06|,
the authors examine the probability for the random walk to return to the origin in the quenched
and annealed case, respectively. Here, the lower tails of the distribution of the conductances have
polynomial decay. The quenched functional CLT has been addressed for the CSRW in [MO08| and
for both the CSRW and VSRW in [BD10], the former considering conductances in [0, 1], the latter
requiring the conductances to be bounded away from zero. Weak convergence to some Lévy process
after proper rescaling is established in [BélO] for conductances bounded away from zero.

The main purpose of this paper is the description of the long-time behaviour of the walk in a given
finite connected set B C Z% containing the starting point. More precisely, we derive a large deviation
principle (LDP) for the local times of the walk, which are defined by

t
l(z) = / dx,(2)ds, ze 24t >0. (1.2)
0

In words, #;(z) is the amount of time that the walker spends in z by time ¢. The speed and the rate
function of this LDP are explicit.

One application is a characterization of the logarithmic asymptotics of the non-exit probability from B.
As this is standard and well-known under the quenched law P{, we will work under the annealed law
(Pg(-)) instead. One of our motivations are the seminal works [DV75-83| and [G77] on large deviations
for the occupation time measures of various types of Markov processes. Another one is the question of
the extremal behaviour of the principal eigenvalue of the random operator A¥ in B.

We concentrate on the interesting case where the conductances are positive, but can assume arbitrarily
small values. Here the annealed behaviour comes from a combined strategy of the conductances and
the walk, and the description of their interplay is the focus of our study. Losely speaking, the optimal
joint strategy of the conductances and the walk to meet the non-exit condition Xg, C B for large ¢
is that the conductances assume extremely small ¢-dependent values and the walker realizes very large
t-dependent holding times and/or trajectories that do not leave B. We will informally describe this
picture in greater detail.

1.2 Main result
Our main assumption on the i.i.d. field w of conductances is that, for any {z,y} € E,
Way € (0,00) and essinf (wgy) = 0. (1.3)

More specifically, we require some regularity of the lower tails, namely the existence of two parameters
n, D € (0,00) such that
log Pr(wgy <€) ~ —De™", el 0. (1.4)

That is, the edge weights can attain arbitrarily small values with prescribed probabilities.
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Our main theorem is the following large deviation principle for the normalised local times before exiting
B. That is, we restrict to the event {Xjyy C B} = {supp(¢;) C B}. By

Ep:={{z,y}: z€ B,y 2%y~ z} (1.5)
we denote the set of edges connecting the sites of B with their neighbours both in B and outside.

Theorem 1.1 (Annealed LDP for 14;). Assume that w satisfies (1.3) and (1.4). Fiz a finite connected

set B C Z% containing the origin. Then the process of normalized local times, (%&)Do, under the
annealed sub-probability law (PE (- N{Xo C B})) satisfies an LDP on M1(B), the space of probability

n_ ) )
measures on B, with speed t"+1 and rate function J given by

2n
J(@?)=FKyp Y lgly)—g@)|"1,  ge’(Z%,supp(g) C B, |lgl2 = 1, (1.6)
{:C,y}EEB

1
where Ky p = (1+ %)(Dn) L

The proof of Theorem 1.1 is given in Section 2. More explicitly, it says
lim inf ¢~ 1 log <]P"“<%€t €0, Xy C B)> > — inf J(g%) for O € M;(B) open, (1.7)

t—o00 g2€0
limsupt_# log <]P"(§<%€t € C, Xy C B)> < — inf J(g%) for C € M;(B) closed, (1.8)
t—o0 g%eC

and that the rate function J has compact level sets. Our convention is to extend any probability
measure on B trivially to a probability measure on Z%; note the zero boundary condition in B that is
induced in this way.

A heuristic explanation of the speed and rate function is given in Section 1.3. It turns out there that
the conductances that give the most contribution to the LDP are of order t~'/(0+" and assume a
certain deterministic shape.

With the special choice O = C' = M;(B), we obtain the following corollary.

Corollary 1.2 (Non-exit probability from B). Under the assumptions of Theorem 1.1,

. y
tliglot 1+1 log <PO (X[O,t} C B)> = — n,DLn(B), (1.9)
where ,
. 21
Ly(B)= _inf > |g(y) — g(z)|"T. (1.10)
g2eM1(B)

From Theorem 1.1, we also derive the precise logarithmic lower tails of the principal (i.e., smallest)
eigenvalue A“(B) of —A“ in B with zero boundary condition.

Corollary 1.3 (Lower tails for the bottom of the spectrum of A¥). Under the assumptions of Theo-
rem 1.1,

11?3 eMlog Pr(\“(B) <€) = —DL,(B)"*.
15

Proof. A Fourier expansion shows that, Pr-almost surely,

|B| |B|
P§(Xjo,4 C B) Ze Ay v, 1) <Y e Bl < [BPem B,
=1
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where 0 < AY(B) = XY < --- < X\, are the eigenvalues of A“ with zero boundary condition in B and

| B

(Uf)izl,...,\B\ a corresponding orthonormal base of eigenvectors. We also have, Pr-almost surely,

|B|
o tAY(B) < Ze—tkf (v¥, 11)2 < Z P?(X[O,t] C B).
=1 z€B
Applying Theorem 1.1 to B — z and using the shift-invariance of w, we see that the expectation of the

right-hand side has the same logarithmic asymptotics as (Pg(X[oy C B)). Therefore, the two above
inequalities show that

log <e_t’\w(3)> ~ log <]P"6’(X[07t} C B)>, t — oo. (1.11)

Now de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9], together with (1.9) yields
the desired asymptotics. O

Theorem 1.1 holds literally true if Z¢ is replaced by an (infinite or finite) graph and B by some finite
subgraph. In future work we will be interested in extensions of Theorem 1.1 to B C Z% a t-dependent
centred box and A replaced by A¥ 4 & with £ = (£(2)),eze¢ an ii.d. random potential, independent
of w.

1.3 Heuristic derivation

We now give a formal derivation of the LDP in Theorem 1.1. Given a fixed realisation ¢ =
{¢ay: {z,y} € Ep} € (0,00)F7 of the conductances, the probability that the normalised local time
resembles some realisation g? € My (B) is roughly

Pg (%Kt ~ 92) ~exp{ — tIsO(g2)}, (1.12)
where the corresponding Donsker-Varadhan rate function is given by
I(") = (- A%,9) = Y eaylol@) — g (1.13)

This is a formal application of the LDP for the normalized occupation times of a Markov process with
symmetric generator A¥ as in [DV75-83| and [G77]; by (-,-) we denote the standard inner product on
(3(Z%). Note that the event {X[, C B} is contained in {14, ~ g*}, therefore we drop it from the
notation.

Taking random conductances into account, we expect an LDP on a slower scale than ¢, as small ¢-
dependent values of the conductances lead to a slower decay of the annealed probability of the event
{%Et ~ ¢?}. Therefore, we rescale w by a factor " with some 7 > 0 to be determined later, and
approximate

Pr (t’“w =~ go) =Pr (V{x, y} € Ep: wyy = t_rgpmy) = H Pr (wmy = t_rgoxy)
{Ly}EEB
~exp{—t"H(yp)}, (1.14)

where the rate function for the conductances is given by

H(p)=D Y o (1.15)
{Z‘,y}EEB
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Here we made use of the tail assumptions in (1.4). Hence, combining (1.12) and (1.14),
<P6)(%£t ~ gz)ﬂ{tmz@}> ~ ]P)Bi SD(%ft ~ 92) Pr (w ~ t"“gp)
~ exp { — tItfrw(gz) — trnH(gp)}

_ 2 -
~ep{ = Y (P Teml9@) —9w)* + DR} (116)
We obtain the slowest decay by choosing r such that ¢'=" = ¢, which means r = (1+7)~!. Then the

right-hand side has scale t"%, which is the scale of the desired LDP. In order to find the rate function,
we optimize over ¢ and obtain that the choice ¢ = @ with

1 _2
ey = (Dn)nitlgly) — g(a)|” 1, {z,y} € Ep, (1.17)
contributes most to the joint probability. Therefore, we have the result

(Ps (3t~ g?) ) mexp { —t7t1(g) |,

where the rate function is identified as
2

. 27
J(9%) = inf [Lo(6") + H(@)] = Lo (") + H(@") = Kyp 3 lo(y) —g(@)[7T. (118)
The tail assumptions we have made on the environment distribution lead to a fairly remarkable inter-
action between the random influences of the environment on the one hand and the random walk on
the other. Under more general assumptions, e.g.,
log Pr(wzy <€) ~ —a(e), e—0

for some sufficiently regular nonincreasing function a: Ry — R, we would expect an analogous result
to hold. However, if a(e) is not a polynomial in €, the scale and rate function of a corresponding LDP
certainly would not have such an explicit form.

2. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. This amounts to showing the two inequalities in (1.7) and (1.8),
since the compactness of the level sets follows immediately from the continuity of J and compactness
of the space M;(B). The two inequalities are proven in the next two sections.

2.1 Proof of the lower bound

In order to prove (1.7), we need to control the transition from one realization of the environment to
another. To this end, we first identify the density of this transition on process level. We feel that this
should be generally known, but could not find a suitable reference. For ¢: E — (0,00) we abbreviate

P(x) 1= s (@, y). We also write ¢y instead of p(z,y).

Lemma 2.1. Assume that p,1: E — (0,00) are bounded both from above and away from zero. Denote
by S(t) the number of jumps the process X = (Xs)sc(0, makes up to time t and by 0 < 11 < ... < Ty

the corresponding jump times. Fiz some starting point x € Z* and put 7o = 0. Then, for all t € [0, 00),

X‘r- 7X7" (1 —T; 5 — —(t— > —
2,(%) =[] <:/0)EX:~1 Xl.ie (ri=ri-D)[P(Xr, ) w(Xm)])e (t=rs(0) [P(X0)—5(X0)]
i=1 -1 FhT

is the Radon-Nikodym density of Py with respect to ]P’f with time horizon t.
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Proof. We will write ®; instead of ®;(X). Obviously, ®; > 0 almost surely. We start showing that,
for all £ > 0, the expectation of ®; under PY is one. Then, we use Kolmogorov’s extension theorem to
show the existence of a measure P, such that P,(A) = E%(®;14) for all A € F;, where (Ft)iefo,00) 18
the natural filtration generated by X. It remains to show that the process X under P, is a Markov
process and that it is generated by A¥, which implies P, = P¥.

Let us start by showing that the expectation of ®; under PY is one. Consider the discrete-time process

H 7'1 19 )e (Ti—Ti,1)[g5(X7—i,1)—TZ(X‘I'Z-,l)] .
T,L 17X )

=1
We have, for z € Z°,

V(7] = Z T/me Pay / P(z)e P (@) =0 g5 = $° &wy) ~ 1.

y~x
Combining this equation with the strong Markov property, we see that (Z,), is a martingale with
respect to the filtration (F,, )nen generated by the jumping times and that

n

(X, X

TS(t)+1)

X, X- _ -
EY [z( ¢ S(t)“)e—(TS(t)H—t)[SO(Xt)—iﬁ(Xt)] ]:t] — Eﬁt (Z1] =1 (2.1)

]P’f—ahnost surely for all € Z?. Then, we obtain
EY[®] = EY[Zsy+1), €27,
by inserting the first term of (2.1) under the expectation and using that ®; is Fy-measurable. Con-

sequently, it remains to show that Ef[ZS(t)H] = 1. As S(t) + 1 is an unbounded, but almost surely
finite stopping time with respect to the filtration (F,, )nen, the optional sampling theorem yields that

n

Ef[ZS(t)_H] < 1. On the other hand, for all integers k& > 0,

EY[Zswy+1] > BY [ Zsyr1s@yr1<r) = B[ Zsyrinr] — BL [ Zklgysr] = 1 — EY [Zellggysi)-  (2:2)
To show that the last term is arbitrarily close to one for large k, we recall that on {S(¢) > k}

k

max

7 < < z€Z?, y~w (:Dilfy) etmax{‘¢zy—¢zy|i {z,y}€E} =: ay,
Mingczd yogz Yay

SO Ef[Zk]lS(t)Zk] is bounded from above by ak]P’f(S(t) > k). As all jumping times are exponentially
distributed with a parameter smaller than v := max,.zq ¥(z), we may estimate

P (S(t)

The tail of an exponential series is super-exponentially small, which means aka(S(t) > k) — 0 for
k — oo. Since (2.2) was true for all k, we see that Ef[ZS(t)H] =1

For arbitrary k € N and ¢1,...,t; > 0 define { = maXie(i,... k} ti and a measure Qy, 4, on (Zd)k by
Qtl,...7tk (‘Tla cee 7xk) = E%[q)f]l{th =:E1,...,th=xk}]7 T1,-..,Tk € Zd-

We verify without much effort that EY[®;, 14] = E%[®;14] for all A € F; and ¢, s > 0, which implies
consistency of the family of measures above. Thus, by Kolmogorov’s extension theorem, there exists
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a measure P, with finite-dimensional distributions as above, and we have P,(A) = E%[®;1,4] for all
t >0 and A € F;. We show that the process X under P, satisfies the Markov property, i.e.,

Eu[lix,, .- 7] =Px,(Xs =y) Pyas. forall y € 2% st > 0 (2.3)

where E; denotes expectation with regard to P,. Note that Py, is defined as we have considered an
arbitrary starting point x in what we have shown so far. Indeed, for all A € F;

By [Bolix,, .=y | Filla] = Eo[lix, =y 1] = BV [@py 5N, —yy 14
= By [EY [®erslx, =) [Fe)14]
()

= Ef [(I)tEgb(t (@ ]l{Xs:y}]IlA]

= E, [Ex, [1fx,—y]14],

where equation (%) is due to the fact that X satisfies the Markov property under PY and
<I>t+8<I>;11[{Xt+S:y} depends only on X[, . Consequently, we have shown (2.3) and X is a Markov
process under P, with a unique infinitesimal generator. Elementary calculations show that

%(Ef F(X)@)] - f(2)) =5 A f(a)

for arbitrary = € Z% and f: Z% — R. This implies P, = P{ and the proof is complete. O

Now we use Lemma 2.1 to compare probabilities for two environments that are close to each other.

Corollary 2.2. Let ¢,9: E — (0,00) with 0 < )3y — & < @py < gy + € for some € > 0 and all
{z,y} € E. Moreover, let F' be some event that depends on the process (Xs)sepo,q up to time t only.
Then

By () 2 1By (1),

Proof. Let ®; denote the Radon-Nikodym density of Pg with respect to Pg_e up to time ¢t. Employing
the representation given in Lemma 2.1, we have

o, > H< (ri—mi—1)[@(Xr;_y)— 775(Xri,1)+2d€]> e—(t—TS(t))[@(Xt)—lz(Xt)-i-?fk]

> H < 7'1_7'1 1 4d6) e_(t_TS(t))4d5 Z e—4d8t'

The desired inequality follows immediately. ]

Remark 2.3. If the event A is contained in {supp({;) C B}, it suffices to require 0 < gy —e < @gy <
Yy + € for some € > 0 and all {z,y} € Ep.

Let us now show (1.7). Fix an open set O C M;y(B). As the event {X|g C B} is contained in
{%@t € O}, we omit it in the notation. Observe that the distributions of %Kt under P§ and ﬂ%ﬁtkr
under P'“ coincide for all 0 < 7 < 1. Hence

log <P‘(§<%€t € O>> = hgnlnf log <]P’ e <%€t € O)>,

lim inf
t=00 ¢+l
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which will simplify the application of a classical Donsker-Varadhan LDP for random walks in fixed
environment later. Choose an element g? € O arbitrarily. For M > 0 define ¢): Ep — (0,00) by

1 -2 .
o9 (z,y) = 4 PO lg(y) — g(o)] 7T i g(y) — g(x)] > 0,
M M otherwise.
Next, we introduce the set
A={p: Eg — (0,00)| ) —e <o < W}, (2.4)

where € > 0 is picked smaller than 1 5 ming, 9053} By dint of Corollary 2.2,

(20 <0)) > ()i )

1
> ;IelfAPgGet € 0) Pr (tiw € A)

(9) _
> e HEPEN T (L € O) Pr (thw € A), (2.5)
Using the tail assumption in (1.4), we see that
1 1
: p (9)
tlggozlogPr(t"weA) —H(pyp),

where H is given in (1.15). Furthermore, we apply the lower bound of the classical Donsker-Varadhan

LDP (see [DV75-83| or [G77]) to get

—e’

o1 S0(9)_5 1 .
htrggolf n log Py <;ft € O) > — lIolf IcpS\Z)
where I, is given in (1.13). Hence, from (2.5) we obtain
C t 1 : (9)
lltII_l)g)lf log <]P’ n‘“(tﬁt € O>> > —4de —11(1)f1¢5\3) . — Hey)
> _ 3 _ (9)
> —4de ngf Ieog&) H(pW)

> —4de — Iwg\?(g ) — H(¢$),

since I(p(g) S Iw(g) and g2 € O. Now we send ¢ to zero and M to oo, to obtain
M~ M

o1 0
htrglnf— log <P6n“(%€t € 0)> > 7 (g)( 2 — H(pw) = —J(g%),
where ©@ = limy/_oo ¢4 is glven in (1.17), and we used (1.18). The desired lower bound follows by

passing to the infimum over all g2 € O.

2.2 Proof of the upper bound

In this section we prove (1.8). Let us first fix some configuration ¢ € (0,00)% and start with an estimate
for the probability ]P’g(%ﬁt € ). This approach has actually been used by other authors before, but we
provide an independent proof for the sake of completeness.

Lemma 2.4. Fiz an arbitrary set A C My (B). Then
©
]P’g( (NS A> Lwfexp {t sup Z = f(x)h2(x)} (2.6)

N h2€A f(x)

ming
for arbitrary f: Z% — [0,00) with supp(f) = B and t > 0.
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Proof. We consider the Cauchy problem

Owu(z,t) = APu(z,t) + V(x)u(x,t), reZi t>0, @7
u(x,O) :f(‘r)v erda .
with
A?f
V=—">"7"1
i

Obviously, u(-,t) = f(-) solves (2.7). On the other hand, by the Feynman-Kac formula, any nonnegative
solution wu satisfies

u(z,t) = E? [efo (Xs)ds (Xt,t)}, z ez t>0. (2.8)

Therefore, we may estimate

AP f(Xs) )ds

7(0) = B e B 570 x|

> B |:e_Zz€B Eon gt(x)f(Xt)]l{%fteA}]

| AYf(x)
z min f exp{‘tiz‘éim; Ty @R (H e A),

which is a rearrangement of the assertion. O

Now fix some closed set C' C M1(B). As a closed subset of a finite-dimensional space, C' is compact
with respect to the Euclidean topology. We are going to apply a standard compactness argument,
which is in the spirit of the proof of the upper bound in Varadhan’s lemma [DZ98, Thm. 4.3.1]. The
idea is to cover C' with certain open balls, where ‘open’ refers to the Euclidean topology.

Fix § > 0. For ¢% € C define
dg = min {[g(y) — 9(2)|: {z,y} € E, g(x) # g(y)} € (0,00),
where we recall that g2 is defined on the entire Z? and is zero outside B. Consider the open ball in

M, (B) of radius §, := min{dj,d} centered at g°. Fixing a configuration ¢ € (0,00)¥, we can apply
Lemma 2.4 with f(-) := g(-) + /941 p and obtain

1+./6 g + \/ ]lB
p(1 2 g
Py <t€t € Bs, (g )) < . exp {thze?sif(g%;@ T+ /o (w)}. (2.9)

In what follows, we show

wp S A% V) @)

W2 () < —I,(¢%) (1 — 757), (2.10)
h2eBs, (9?) e 9(T) + Vi, ?
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where we recall from (1.13) that I,(g%) = 2 (wyrer Paylg(z) — d(y))? = —(A%g,g). To that end, we
replace h? by (g + /d,15)% and control the error terms.

sup ZAG&Q—F\/?I[B h2(x)

h26359( 2)sﬂeB + \/

-y ° ”fjf (9(2) + V)
reB

+ 1/0415)(x)
v o 3 SIS G2 - ) - 2yee 4] @

h?€Bs,(9°) zeB

The first sum is easily estimated against the standard Donsker-Varadan rate function:

> A9+ VOAR@) (o simye (A%(9+V/0418), 9 + /0, 113)

zeB g($) + \/579
< (A%g,9) = —I,(9%),

where we have used the symmetry of the operator A¥ and that ¢ = 0 outside B. In order to estimate the
last term in (2.11), we treat the contribution of every summand within the square brackets separately.
We begin with the first part and observe that |h%(z) — ¢?(z)| = |h(z) — g(z)| |h(z) + g(z)| < 26, for
all h? € By, (g?) and = € B. Thus

ASD(Q"‘\/(Tg]lB)(x) R2(x) — o (x
S )

{z,y}eE () +v/% {z,y}eE
z,yeB r€B,y¢B
x J—
< Z %yfg( ) 69(y)’25g+ Z 0y 20,
{z,y}€E V"9 {z,y}€FE
z,yeB z€B,y¢B

1
The last step is due to the fact that 05 < g(z) — g(y) whenever g(x) — g(y) > 0. Secondly,

Aw(g—k\/_IlB _9
D E RN

< Z Paylg(x) \\ 2\/_9 - 2‘79 \ Y vn2V/9(@)

{zy}eE: Vi ) Vo vyl
z,yeB xeB,ygB
{z.y}eE: dg {zy}eE:
z,y€B z€By¢B

< 25%@(92).
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1
Here, we have used d4 < d4. The only part left is

A?(g + /3,15)(x) s

1 1
< Y palel@) —g()l - S+ D Puyly
{z,y}€kE: ‘g(x) + \/(Tg g(y) + \/g‘ {z,y}eE:
z,yeB z€B,y¢B
1
< D) emlyla) - g(y)\zﬁ% + ) @aydy
{z,y}€kE: 979 {z,y}ekE:
z,yeB r€B,y¢B

< F1L,(g%).
Combining (2.11) with the last three estimates, we obtain (2.10) and in particular

Pg(% < 35(92)) = L;/(Tg [T exp{—tenlox) —gw)P—757)}. (2.12)

\/79 {z,y}€FE

The balls Bs, (¢%) with g2 € C cover C and since this set is compact, we may extract a finite subcovering
of C'. Denote by (g?)z-:y,,,,N the centers of the balls in this subcovering. Then, applying (2.12) for

1
@ = tnw, we obtain

1 1
lim sup- log <P6n“<%€t € C’>>
t—oo t

< max limsupllog<Pt%w(l€ € B (92))>

TN feo t 0 \T"t = Py \Ji

. 1 14n 2 1
< max > thUP;log<eXp{ — 7 waylgi(y) — gi()] (1—754)}>-
T {z,y}€EB feo

According to de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9], the tail assumption
(1.4) is equivalent to the condition that, for any M > 0 and {x,y} € E,

14n

7 wayM}) = ~ Ky pM i, (2.13)

1
tll)nolozlog<exp{—t

1
where we recall K, p = (1+ %)(Dn)ﬁ from Theorem 1.1. Thus, with & so small that 1 — 751 > 0,
we obtain

1 1 21 /.
hfl sup - log <]P)Mw<%€t < C>> < | max Z —Ky pl9i(y) — gi(2)] o (1—761)t
o -7 {zy)eEp

< —(1—761)T7 inf J(g?)
g2eC

with J as in (1.18). Since we may choose § arbitrarily small, the proof of (1.8) is complete.
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