OFF-DIAGONAL LONG-RANGE ORDER
FOR THE FREE BOSE GAS
VIA THE FEYNMAN-KAC FORMULA
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ABSTRACT. We consider the path-integral representation of the ideal Bose gas under various boundary
conditions. We show that Bose-Einstein condensation occurs at the famous critical density threshold,
by proving that its 1-particle-reduced density matrix exhibits off-diagonal long-range order above that
threshold, but not below. Our proofs are based on the well-known Feynman-Kac formula and a
representation in terms of a crucial Poisson point process. Furthermore, in the condensation regime, we
derive a law of large numbers with strong concentration for the number of particles in short loops. For
all boundary conditions other than the free ones, we obtain the limiting Poisson—Dirichlet distribution
for the collection of the lengths of all long loops, in contrast to the situation for free boundary condition,
where the entire condensate sits in just one loop.

Our proofs are new and purely probabilistic (a part from a standard eigenvalue expansion), using
elementary tools like Markov’s inequality, Poisson point processes, combinatorial formulas for cardi-
nalities of particular partition sets and asymptotics for random walks with Pareto-distributed steps.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider a prominent and much-studied object, namely the free (i.e., ideal, non-
interacting) Bose gas in a large box in the thermodynamic limit, and its famous Bose—Einstein conden-
sation (BEC) phase transition. While in the physics literature the occurrence of this phase transition
is considered a fact long-established, in the mathematics literature this appears to us much less clear.
Furthermore, the well-known interpretation of BEC in terms of Brownian cycles (also called loops)
has been stated a lot, but (as far as we are aware of) seems to have never been rigorously proved, at
least not for all boundary conditions.

The main purpose of this paper is to close this gap and provide proofs for the occurrence of the
BEC phase transition using the well-known Feynman—Kac formula, and to draw rigorous consequences
about the relation between the long Brownian cycles and the condensate. In doing so, we will also
demonstrate the strength of using probabilistic methods — like combinatorics, Poisson point processes
and large deviations for random walks — to study the free Bose gas.

The most popular definitions of the occurrence of BEC [PO56] are in terms of a macroscopic
occupation of the zero Fourier mode and in terms of off-diagonal long-range order (ODLRO). The
latter is defined as the existence of an eigenvalue of order N for the 1-particle-reduced density operator
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2 ODLRO FOR THE FREE BOSE GAS VIA FEYNMAN-KAC FORMULA

(1-prdm), and it is this definition that we will be relying on in this paper. It is well-known (e.g., [Fey53,
Gin71]) that the Feynman—Kac formula allows for a reformulation in terms of an ensemble of Brownian
loops, each carrying a random number of particles (sometimes called ‘winding number’ [Uel06]). This
is suggestive of a connection between BEC and the appearance of a macroscopic part in the system
in long loops [BDZ08|. Feynman himself suggested the portion of particles in long loops as a new
order parameter, but warned that their physical relevance must be checked on a case-by-case basis.
Hence, we consider it a useful goal to rigorously prove this relevance by deriving ODLRO using the
Feynman—Kac formula, thereby rigorously showing that the mass of the condensate coincides with the
amount of particles in the long cycles.

While most of the mathematical literature (see Section 1.7 for a brief overview) focuses on the
case of periodic boundary conditions, presumably because it gives a mathematical simplification, we
wish to stress the relevance of considering different ones (e.g., zero, Neumann or mixed boundary
conditions): not only because they may be more akin to the conditions used for experiments but also
because, in the thermodynamic limit, they seem to influence statistical properties of the Bose gas that
are relevant for BEC, [HKKS01, HKS02]. We will be considering both diffusive (e.g., zero Dirichlet
and Neumann) and periodic boundary conditions, and comparing to the analogous formulas for the
so-called free boundary conditions, where the influence of the boundary is ignored (note, however,
that this does not come from a quantum mechanical model).

The organisation of the remainder of this section is as follows. In Section 1.1, we introduce the
free Bose gas. In Section 1.2, we present the main quantity of interest, the 1-particle-reduced density
matrix, and formulate our main result, Theorem 1.1, on the occurrence of off-diagonal long-range
order for large particle densities (the supercritical case) in dimensions > 3, and the non-occurrence
for low densities (the subcritical case). As a preparation for the proof, in Section 1.3, we present
the path-integral representation of the free Bose gas, and use it to rewrite the 1-particle-reduced
density matrix. In Section 1.4, we introduce a fundamental and crucial Poisson point process of
loop lengths, and present fine estimates for these lengths (Proposition 1.7). Some crucial assertions
about the number of particles in short, respectively in long, loops for diffusive and periodic boundary
conditions are formulated in Section 1.5, in particular the distributional convergence of the collection
of loop lengths towards the Poisson—Dirichlet distribution. Finally, in Section 1.6, we compute explicit
formulas for the limiting free energy. A literature survey is found in Section 1.7.

Section 2 is dedicated to the proof of the occurrence of ODLRO in the supercritical regime, for
periodic and diffusive boundary conditions, Section 2.1, and for the free case, Section 2.7. In Section 3,
we show that ODLRO does not occur in the subcritical case. In Section 4, we prove the estimates on
the distribution of the long loops. Remaining statements are proved in Appendix A.

1.1. The free Bose gas. For a fixed centred box A in R?, we consider an ideal bosonic system at
positive temperature 1/ € (0,400) (working with the Boltzmann constant kg = 1).

More precisely, we introduce the N-particle Hamilton operator H%’bc) = —% Zf\i 1 AEA’bC) acting on
the Hilbert space L?(AY) of square-integrable complex functions on A", with kinetic energy given by
the Laplace operator A9 in AN with a given boundary condition be. More precisely, we consider

oy

ot
where either A is a torus (periodic boundary conditions), or we impose what we call diffusive boundary
conditions, i.e.,

the diffusion equation
1
(x,t):—iAzb(x,t), t>0,z€A,

0
%(w,t) = u(x/L)yY(z,t) t >0,z € dA, where A = L[4 119,



ODLRO FOR THE FREE BOSE GAS VIA FEYNMAN-KAC FORMULA 3

for a given function u: [—3, 3]\ (-3, 3) ¢, [0, 00], which is either continuously differentiable or = +o0
on the boundary of the centred unit box (in the latter case, this is to be interpreted as ¥ (x,t) = 0),
see, e.g., [BR81, page 373]. We talk about Dirichlet boundary conditions for u = +o00 and Neumann
boundary conditions for v = 0. Intermediary values of u correspond to semi-reflecting, semi-absorbing

boundary conditions.

In this work, for the purpose of having a uniform presentation, fixing a boundary condition ‘be’ will
mean that we choose a function u or study the problem on the torus. We write be € {diffusive, per}.

The partition function of the system is given by the symmetrised trace
(A,be)
Z () = Tr(H+ 0 e PHN ) NeN,Be (0,

where I, : L2(AYN) — Lgym(AN) is the symmetrisation operator defined by Iy f(z1,...,znx) =
ﬁ ZaeeN f(Zo,,..., %5y ), and Sy denotes the set of all permutations of 1,..., N.

We study this trace in the thermodynamic limit, and will therefore choose A to be the centred box
AN of volume N/p, where p € (0,00) is the particle density. Since 8 > 0 remains fixed throughout

this paper, we omit this dependency from the notations. It is known that the free energy per volume,

log Zy;""*(8) ,

exists and does not depend on the boundary condition. In fact, it exhibits a phase transition in
dimensions d > 3 at the critical particle density threshold

1
f(p) = —— li
(P) BNgnoo ’AN’

pe =y (2mkB)~¥* = (218)"¥2((d/2)

keN

—00 ind<2
{ oo ma=s (1.1)

<oo ind>3,

where ((a) = Y ,cyk™ denotes the Riemann zeta function. Indeed, f is analytic in (0, p.) and
constant in [p.,00); see Section 1.6 for more details. Clearly, p. does not depend on the boundary
conditions.

1.2. Main results: ODLRO and limiting distribution of loop lengths. We would like to
identify the phase transition seen in the non-analyticity of the free energy as the famous Bose—FEinstein
condensation phase transition. For this, we need to introduce the 1-particle-reduced density matrix,
i.e., the kernel fy](\?’bc) : A x A — [0,00) of the following partial trace over N — 1 variables:

N (A,bc)

(Abe) —BH

'y = T(A,bc) Try_1 (H.,. oe N ) .
N

The operator T'y"? acts on L2(A). Its principal (i.e., largest) eigenvalue is given by

U}\jf\’bc) = sup (fs F%b@(f»'
FEL2(N): Ifll L2a)=1

We say that the system exhibits off-diagonal long-range order if J%\N’bc) = N in the thermodynamic

limit at some density p. The BEC phase transition at the critical density p. is then mathematically
defined as the occurrence of ODLRO for p > p., but not for p < pg.

The main purpose of this paper is to use the Feynman—Kac formula to prove that this property
holds for the above-mentioned boundary conditions. The novelty is twofold: firstly, we prove ODLRO
not only for periodic, but also for all boundary conditions (including Dirichlet and Neumann); this
was — to the best of our knowledge — missing in the literature. Secondly, our proof is intrinsically
probabilistic, as it uses the Feynman—Kac formula and works in the setting of an ensemble of many
Brownian loops with long and short lengths. Indeed, we also prove ODLRO for the mathematical
model of free boundary conditions. See also the discussion in Section 1.7.
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We denote by U = [—5, 5] the closed centred unit box, and by ¢{"”: U — [0,00) the L2(U)-

normalised eigenfunction corresponding to the smallest eigenvalue of %A U:be) - For example,
() = ¢P(z) = ¢{""(z) = 1 and ¢{""(z) = 242 H;i:l cos(mx;), for x = (x1,...,24). We

can now state our main result.

Theorem 1.1 (ODLRO for the free Bose gas with boundary conditions). Fix d € N, let Ay be the
centred box LU with volume LY, = N/p where U = [—5, 5] Fiz any periodic or diffusive boundary
condition be, and B, p € (0,00). Then the following hold:

(i) (Supercritical regime: p > p..) Assume that d > 3 and p > pc, then the kernel satisfies,
uniformly in x,y € Ly, as N — o0,

e p—peto(l) . :
I (@ y) = ‘Z—N| U750 (£5) + ¢z — yl) + o(1), (1.2)
with some function : (0,00) — (0,00) satisfying ¥(r) < Cr?>=4 as r — oo for some C > 0.
As a consequence,
(AN ,be)

On N(P_Pc)‘AN|a N — oo.
(i) (Subcritical regime: p < p..) For some ¢ >0 and all z,y € Ay, as N — oo,

W @, y) = O (el (1.3)
As a consequence,

oWV < O(1).

Note that the same results hold true for free (open) boundary conditions (see Proposition 1.5),
even though it is not a quantum mechanical model; see the definition of ’y(AN ofree) n (
bc = free.

1.7) below for

The proof of the theorem is in Section 2 for the supercritical regime, and in Section 3 for the
subcritical one. The main message of Theorem 1.1 is that the 1-prdm is asymptotically equal to the
‘overshoot’, the mass of the condensate, times the tensor product of the eigenfunction associated to
the smallest eigenvalue, up to an additive error that is small away from the diagonal.

1.3. Expansion in terms of the Feynman—Kac formula. It has been known for more than 50
years that the trace of the density matrix admits a path-integral representation in terms of Brownian
bridges (see, e.g., [Gin71]). This representation is sometimes called the Feynman—-Kac formula; it
appears in (A.1) below. The following lemma is the starting point of our analysis, and we consider the
objects that it introduces as important mathematical quantities that are worth being studied in their
own right; see our additional results on the behaviour of the loop lengths in Proposition 1.7 below.

Fix a centred box A € R%. We denote by g(A ) (z,y) the kernel of the fundamental solution to the
Cauchy problem for the heat equation 1A(A bc) g = 0 in A with boundary condition bec. By

tzA’b“) = / gli%bC) (x,z)dz, keN,
we denote the trace of the convolution operator with kernel g,c 4 . We write

mN: {m: (mk)keNENgl kakZN} (1.4)
keN
for the set of partitions of N.

We are now ready to present the key representations of the partition function and 1-prdm. The
proof is in Appendix A.
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Lemma 1.2 (FK-representations). Fiz a centred box A C R? and any periodic or diffusive boundary
condition be. Then, for any N € N and 5 € (0,00),

(A,be) tmk
7= 3 Tl 15)

mePN kEN

and
Z(Abc)
A,bc A,bc
v (@ Zg( b>xyZ(AbC), z,y € A. (1.6)

1.4. A crucial Poisson point process. In [ACK11], the observation was made that the ensemble
of Brownian loops in the Feynman—Kac formula can be conceived as a Poisson soup of sites, appended
with a mark that is the Brownian loop starting and ending at this site. As our second main reformu-
lation step, we will rewrite the quotient of partition functions in (1.6) in terms of probabilities with
respect to such a Poisson point process (PPP). Since we are not interested here in the entire loops,
but only in their lengths, the mark of a Poisson point will be just the length of the appended loop.
This leads to a reduced version of that PPP, which we might see as a kind of grand-canonical point
process on N.

Fix a centred box A C R%, boundary condition bc, and N € N. Let P<bC M be the distribution of a
Poisson point process (w;); on N with intensity measure given by

(bc N) Z kt(A bc)(;

is equal to |A[py ™, where

(bc N) (A,bc)
E t
IA\ <k

The total mass of V/(\bC‘N)

is the pressure in A.

The points w of the PPP sitting at £ € N are called the loops of length k. The number X of such
points is a Poisson-distributed random variable with parameter %t;f’bc), and the family (Xj)ren is
independent. The number N'{’(n) := Zgil X}, of Poisson points in A is then Poisson-distributed with
parameter p(bc M|A|. Since X} counts the number of loops of length k, we say that the total number
of particles of n that belong to loops starting in A is given by Nj(n) := Z,ivzl kX). We denote by
Poiy the Poisson distribution with parameter A > 0.

The following expresses the partition function of the bosonic system in terms of the above PPP.

Lemma 1.3. For any centred box A C R, N € N, B € (0,00), and any diffusive or periodic bc, we
have o)
Z§") = AP UM (N = ).

Proof. We drop all super-indices from the notation in the proof. We start from (1.5), that is

(t k:
AN | k/ — St Y TTB(X = m).
mePn k>1 mePn keN
From the independence of the X}’s, since >, kmj = N and Ny = ), kX, the claim follows. Indeed,
PANA=N) = Y Pa(Np = N|Xy, = my V) [[P(X5 = my)
k

mePN

= Z HIP’(Xk =my).

mePN k
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Combining this with Lemma 1.2 yields the following representation.

Corollary 1.4. For any centred box A C R?, N € N, any diffusive or periodic boundary condition bc,
and for any x,y € A, we have

Py (Ny =N —r)

1.7
Py (Na = N) D

N
W (@) =Y gl ()
r=1

This will be the starting point of our analysis.

The formula in (1.7) allows us to introduce what we call free boundary conditions. In place of

the heat-equation solution g,i%’bc) with some boundary condition bc, we consider the solution with free
(free)

boundary condition, i.e., the standard kernel g, 5 (z,y) = (27 Bk) /2 exp{—3|z—y|?/28k}. Substitut-
ing this in (1.7) is mathematically sound and simplifies and streamlines the formulas and asymptotics;
however, one needs to keep in mind that the kernel ’yﬁ\f,ree) does not come from any quantum model
and is not the trace of any symmetrised operator. Indeed, the restriction of gg;ee) to a box A does
not satisfy the Chapman—Kolmogorov equations, hence Lemma 1.2 does not apply to the free-bc case.
Nevertheless, we include the free-bc case into our analysis and tacitly introduce all objects like t;cA’bc),
I//(\bc>, the Poisson process, and so on also for bc = free, in which case, the above definitions are for

N = 4o00. The analogous result of Theorem 1.1 holds:

Proposition 1.5 (ODLRO for the free Bose gas with free boundary condition). For d > 3, let Ay be

the centred box LyU with volume LY = N/p where U = [—%, 1% Fiz 8,p € (0,00). Then the same
asymptotics of'y](\?N’fm) as in (1.2), respectively in (1.3), hold. In particular, the principal eigenvalue of

the operator TGN L2(Ay) — L*(An) with kernel 45" is asymptotically equal to (p — pc) |An|
in the supercritical phase p > p. and is of order one otherwise.

Our proof of Proposition 1.5 is in Section 2.7. It is based on an extended (‘spatial’) version of our
Poissonian representation and is pretty different from the proof of Theorem 1.1.

1.5. Particle numbers in short and long loops. One of the purposes of the present paper is to
analyse the behaviour of the statistics of the loop lenghts and the number of particles in the loops
in the Bose gas. These quantities play a decisive role in the understanding of the Bose gas and
are since decades under interest of many researchers. They are interesting mathematical objects,
worth to be studied on their own. After having introduced the crucial PPP in Section 1.4, we have
now a mathematical frame to talk about these quantities. Indeed, in the frame of the Feynman—
Kac representation of Section 1.3, we introduce a natural random variable with values in Py with

distribution
N

. LA g
mNa(mr)T:l:mHszliIlkW.

Thanks to the PPP formulation from Section 1.4, its distribution can be written as

PYV((X,)r € [Ny =N).

Hence, we can now talk about particle numbers in certain loops in the framework of the process
(X,)N_,. Denote the number of particles in loops of length between I; and l5 by

l2
11,1
N2 =3"rX,, Il eNp.

r=I1
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Since Feynman’s [Fey53| proposal to conceive the lengths of the longest loops as an order parameter,
a high interest lies on the question of whether or not macroscopically long loops occur, whether this
coincides with the occurrence of BEC, and whether or not the long loops themselves have something
to do with the condensate. Most of the answers that are given for the free gas in the literature apply
only to free boundary conditions. However, as we will see, the behaviour of the lengths of the long
loops differs significantly between the gas with diffusive or periodic boundary conditions, as well as the
model with free boundary conditions. In fact, while for the latter there is only one scale of the length
distribution, as their are not influenced by the box, for diffusive or periodic boundary conditions, in the
presence of a macroscopic box, the distribution of the loop lengths is significantly different for small
and large lengths. The critical threshold lies close to L?V, the square of the diameter of the box Ay.
For example, for Dirichlet zero boundary condition, the long loops are probabilistically suppressed
in a stretched-exponential way, while their probability under free boundary condition has polynomial
tails. Actually, we will put the threshold between short and long loops at

Ty = [L% log/?(N)], NeN.

Loops with length < Ty are called short, the others long. We denote the number of particles in short
and in long loops, respectively, by

NG = NV = Z kX, and  NE =NV = N Ry

E>Tyn
Our first result concermng the number of particles in short loops in the thermodynamic limit is the
following. We see that A |N Ay converges to pe, the critical threshold defined in (1.1). Actually, the
deviations of this quantity from its expectation are rather small: the probability of such a deviation is
stretched-exponentially small in N. To demonstrate this, we divide the short loops into finite length
and the remainder. For R € N, we introduce p{® = (274)~%? ZkRzl k=2 which converges to p. as
R — o0.

Proposition 1.6. Fiz any boundary condition be € {diffusive, per, free}. Fiz d > 3 and p € (p¢, 00),
and consider the centred box Ay with volume N/p. Then, for any € > 0 and any R € N, there exists
Ce r > 0 such that, for any large N,

N[l »R] (R>

P(bc ,N) <
[AN|

Moreover, for any (large) k > 0 and for any (small) € > 0, for diffusive or periodic boundary condi-
tions, for any large N,

(bc N) [R+1 TN] (R)
pc—p
<’ Ayl an e = peT)

while for free boundary conditions, (1.8) is true for NT;LTN] replaced with NTJI’N].

>5’NAN—N> <e Ce.rIAN|

_2
> e ) Ny = N) < eHlANITE (1.8)

That is, the particle number in loops of length in (Ry, Tn], respectively in (Ry, NJ, is o(|Ax]|) with
very high probability. The proof of Proposition 1.6 follows from Propositions 2.3 and 2.4, together
with Lemma 2.6.

Now let us turn to the particle numbers in long loops. The reader will see that, by combining
(2.13) and (2.14), one gets that E{* N)[‘A |NAN] — p A pe, hence, Na(’“g is o(|An|) under the free

be, N
measure P( eN)

Nay bemg equal to N = p|An]|, i.e., on having many more particles than in the ‘usual’ behaviour.
From Proposition 1.6 we see that NXE‘;”) will hardly contribute to this extremal event, so Nﬁ\si’:”) will
contribute practically everything. It turns out below that the probabilistically cheapest way to do so
is to create a finite number of macroscopically-large loops that altogether make up for the requested

. However, we are interested, for p > pc, in the behav10ur under the conditioning on
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amount (p—p.)|An|. However, the precise way to do this differs between diffusive or periodic boundary
conditions, and free boundary conditions.

For a realisation (XT),],V:1 of the Poisson point process, let L(IN) > L(QN) > ... > 0 denote the lengths of
all the loops in the process, ordered according to their size. Hence, L(IN) =max{r: X, >0} =7 >0,
and L™ = LY = = L()?')* > L<N) 41 and so on. In particular, » LY = Zivzl rXy,. On the
event {Nj = N}, the sequence (Li ))zeN forms a partition of N.

Let us recall that the Poisson-Dirichlet distribution with parameters 0 and 1 (denoted PD;) is
given as the joint distribution of the random variables (Y, HZ;%(I — Yi))nen, where (Y,)nen is an
i.i.d. sequence of Beta(1, 1)-distributed random variables (i.e., uniformly over [0, 1] distributed). Note
that the sum of the elements of a PDi-distributed sequence is equal to one, i.e., this distribution is
in fact a random partition. It is well-known in asymptotics for random permutations, as the joint
distribution of the lengths of all the cycles of a uniformly picked random permutation of 1,..., N,
ordered according to their sizes and normalized by a factor 1/N, converges weakly to PDy.

We obtain the following:

Proposition 1.7 (Lengths of long loops). Fiz any be € {diffusive, per}. Fiz p € (pc,0) and consider
the centred box A with volume N/p. Then, under PX”’N), conditional on {Ny = N}, as N — oo,

(L"™)ien — PD,.
[An|(p = pe)

However, for free boundary conditions [Vog23|, with high probability under the above conditioning,
there exists a single macroscopic loop with length ~ (p— pc)|An/|, and the length of the second-longest
is o(J]An]). In fact, the loop lengths starting from the second follow the limiting order-statistics for
i.i.d. Pareto-distributed variables on a scale o(|Ay]). In particular, we do not observe the Poisson—
Dirichlet distribution in the limit.

Proposition 1.7 says that ODLRO occurs for the same particle densities as macroscopic loop(s) occur,
and the number of particles in the long loops is asymptotically equal to the mass of the condensate.
However, the precise distribution of the macroscopic loop lengths depends on the boundary condition.

Our proof of Proposition 1.7 is in Section 4. It is based on our Poissonian representation and differs
significantly from other proofs in the literature for some special cases.

1.6. The free energy. From our results, we may easily identify the free energy for all boundary
conditions. For the proof of this statement, see Appendix A.

Proposition 1.8 (Identification of the free energy). Fiz N € N and p € (0,00) and consider the
centred box Ay of volume N/p. Fixz any boundary condition bc € {diffusive, per, free}. Then, for

P # pe

1 eBulp)i

1 |
f(p) = — lim log Zy™" = u(p)p — = Y

— 1.9
B N—oo [An| fenJ (2 85)%/* (19)

where p(p) is defined by

PA pe = Zeﬁu (27 Bk) Y2,
keN

Note that the right-hand side of (1.9) is continuous in p € R. It is equal to —3~1~%2¢(d/2) for
P> Pe-
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1.7. Literature remarks. The occurrence of BEC, i.e., that a finite fraction of bosons are assembled
in the lowest energy state, seems to be an established fact within the physics community, and indeed the
physical literature on the free Bose gas with various boundary conditions is extensive, see, e.g. [Lon38,
ZUKT77,BL82, Ber83, WMH11, KPS20].

BEC is usually characterised, for the ideal gas, in terms of the phenomenon of non-trivial occupation
of the zero Fourier mode, i.e., that a finite fraction of the number of particles occupies the state of
zero momentum, as this can be expressed as the Fourier transform 73 "?(0), see [PO56]. In this
paper, the authors also provided ODLRO as alternative definition of BEC, arguing that, for periodic
boundary conditions, it allowed to extend the Fourier mode criterion to interacting gases. In [Gir65],
it was noted that this reasoning could also be extended to other boundary conditions, see also [CKO07]

and [BDZ08].

Furthermore, we were not able to find a rigorous proof (at least not for all boundary conditions) of
the occurrence of ODLRO (other than via the zero Fourier mode ansatz) for large enough densities
in the mathematical literature. Even in the probabilistic works that are often cited for proving BEC,
e.g., [Siit93, Stt02, Uel06, BCMPO05], the authors only work with periodic boundary conditions. Fur-
thermore, often the notion of BEC used there is either not based on ODLRO nor on zero Fourier mode,
but on the occurrence of long cycles in the Feynman—Kac formula in certain senses; or additional scal-
ings are introduced (e.g. mean-field cycle weights) which do not follow from the quantum mechanical
set-up. In [BCMPO05], among other interesting assertions, the phenomenon of ODLRO for the free
Bose gas with an additional exponential tilting, leading to a kind of mean-field model, was proved for
periodic boundary conditions, but the exponential tilting was simplifying the proof and is not easily
overcome. Moreover, the distribution of long loops was investigated in [BU08, BU11,BUV11], for
models of weighted spatial permutations that can be related to the Bose gas with periodic boundary
conditions. We would also like to mention the recent study of the infinite volume limit in the free
case [AFY21] and thermodynamic limit result [Vog23] relating the supercritical Bose gas to random
interlacements.

Hence, even though quite a number of authors showed a great interest in the Feynman—Kac approach
to the Bose gas, we were not able to find in the literature a probabilistic proof of ODLRO for all
boundary conditions. In the present paper, we therefore provide a proof for ODLRO for all boundary
conditions, using the Feynman—Kac formula, thereby closing what we consider a gap in the literature.
Furthermore, we provide rigorous assertions about the number of particles in long and short loops.

2. ProoOF oF ODLRO IN THE SUPERCRITICAL REGIME

In this section, we present the proof of the occurrence of off-diagonal long-range order (ODLRO)
above the critical threshold p., for all boundary conditions, that is, the proof of Theorem 1.1(i). Hence,
we assume that d > 3 and fix p € (p¢, 00) for the remainder of this section.

A survey on this section is as follows. In Section 2.1 we formulate, for diffusive or periodic boundary

condition, our main statement on the asymptotics of the kernel 'y%\N ’bc>(x,y), the proof of which is
finished in Section 2.5. A crucial tool box for bounding the solution g,i%‘bc) (z,y) to the heat equation

;ﬁA’bC) is provided in Section 2.2, based on spectral theory and eigenvalue expansions. In

Section 2.3 and 2.4, respectively, we derive some fine asymptotics for the number of particles in short,
respectively in long, loops. While the method used in Section 2.3 is based on standard probability
estimates, the material on Section 2.4 constitutes the core of novelty that we needed to derive in this
paper. Section 2.6 then finishes the proof of ODLRO for diffusive and periodic boundary condition
(i.e., Theorem 1.1(i)), based on all the preceding material of this section. Finally, Section 2.7 proves
Proposition 1.5 (i.e., ODLRO for free boundary condition), using ad-hoc methods.

and its trace t
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2.1. Asymptotics of the kernel for diffusive and periodic boundary conditions. In this
section we formulate Proposition 2.1 about lower and upper bounds for the kernel for diffusive and
periodic boundary conditions and give a survey on its proof. We drop the superscript ‘bc’. The main

result of this section is the following. Recall that U = [%, %]d is the closed centred unit box in R
Proposition 2.1. For any diffusive or periodic boundary condition be, fix p € (pe,00) and consider
the centred box Ay of volume L% = N/p for N € N. Then there is ¢ € (0,00) such that, for any

Kk, M >0, for all x,y € Ay, in the limit N — oo,

(1+0(1) "~ %( g1 (1) < A8 (2, y)

< (1 o) ()01 (25) + 7M7) + Car(le — yl) + e
where Cyy € (0,00) depends only on M, and v): (0,00) — (0,00) satisfies (r) < O(r?=%) as r — occ.

The proof is in Section 2.5. Here is a summary. Our starting point is (1.7) in Corollary 1.4. First,
we will use a standard eigenvalue expansion to approximate

95 (,y )~’1|¢1( Jor(J)e AT (2.1)

where )\; is the smallest eigenvalue of —3A® in the unit box U = [—3, $]¢, and ¢, is the associated

L?-normalised eigenfunction. In case of Dlrlchlet periodic or Neumann boundary conditions, we have,

2
AP ™ d. AP — g — \(New
1 - ? ) 1 — Y- M )

d
o7 (z) = 21/2 Hcos (7x;), PP (z) =1 = ¢\ ().
i=1
Furthermore, we decompose the total number of partlcles Njy, into the numbers of particles Ny bhm)
and NX‘;’;g) of short and of long loops, where Ty =~ N is the threshold between short and long. Under
the PPP, these two numbers are independent, and we can write, in terms of a convolution,

Py (Nao=N—7) Zp ( Nhort) k:) (N‘Ak;;@ —N-—r— k) . (2.2)

The random variable ﬁNfl‘\f“) is strongly concentrated on the value p. (Proposition 2.3). Further-

more, for NX‘;‘:g), Proposition 2.7 gives, for sufficiently large N — r — k, that

Y _2
Py (Nxcz\r;g) =N —r— k‘) ~ %e—klﬁ(N—k—T”M d’
N

for some constant v € (0,00). Using this once more for N — k in place of N — k — r, we see that
PA <N<Aljv“g> =N-—r-— k) ~ Py (N“‘mg) N - k> BTN

Using this in (2.2) shows that we obtain, again by convolution, the term Py (Ny = N —r) (i.e., the
denominator in (1.7)), times an exponential that precisely cancels the exponential term in (2.1). For
these 7, the summands in (1.7) have turned out to be asymptotically not dependent on r. The number
of the r’s that contribute to this procedure is ~ (p — pc)|A x|, which finishes the summary of the proof.

2.2. Preparation: eigenvalue expansion. We now express and approximate the fundamental so-
lution g(ﬁ[}; and its trace tgg ) = A g(A) (z,z)dx by using an eigenvalue expansion with respect to all

the eigenvalues and eigenfunctions of the Laplacian $A™ in the box A = LU with U = [—3, $]¢. For

large k, we give upper and lower bounds that depend on spectral properties and will finally give the
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main terms in Proposition 2.1, while for small k, we give upper bounds that will suffice to give the
error terms in Proposition 2.1.

We collect the relevant assertions in the following lemma. By Ay = )\(ch) > A1 we denote the
second-smallest eigenvalue of —%AW"“) in U.

Lemma 2.2 (Asymptotics and bounds for gig and t;). For any centred box A = LU and any periodic
or diffusive boundary condition (which we suppress from the notation), the following hold:

(i) ((Spectral) Asymptotics of g,(fAﬂ) for large k.) Fizc € (0,8(A2—A1)), then, uniformly in z,y € A
and ink>1, as L — oo,

o~ MkBL2 o1 (E)Lf;l (%) < gé’};(x,y) < o MABL™2 <¢1 (%)Lfl (#) n O(kfd/QefckL—2)> '

(ii) (Uniform upper bound for g,(%)) For any M > 0, there exist ¢, > 0 such that, for all L,

9 (@) < gl (ry). vy €Ak < MI.

(iii) (Asymptotics of t;CA) for large k.) For any e > 0 and all k satisfying kL=2 > ¢,
e MBRLT? t < o~ MBEL™? (1 + O(e—f‘(h—h)kL‘Q)). (2.3)
() (Asymptotics of ti" for small k.) For any kL=2 < o(1), as L — oo,

dj2 (n)
W ~1| <1+ O(VEL™), (2.4)

Proof. The scaling properties of the Laplacian make it easy to go from the unit box U = [—%,
the centred box A = LU = [-3L, $L]%:
950 (@,y) = L %gpyr2(x/L,y/L), @y €A keEN,
where we wrote g instead of ¢g'Y). In particular, writing t instead of t(V),
tzA):tkL72, keN.
Hence, it will be enough to prove the assertions for g*) replaced by g, /L and y/L replaced by x and
y, and kBL~2 replaced by t € (0, 00).

Pick an orthonormal basis (¢n)nen of L?(U) consisting of eigenfunctions corresponding to the se-
quence (Ap), of eigenvalues (ordered such that Ay < Ay < A3 < ...) then we have the spectral
(Sturm—Liouville) decomposition

gilz,y) =Y e u(@)daly),  tE(0,00). (2.5)

neN
Note that ¢q(z) > 0 for z € U \ OU.

(i) The lower bound already follow from restricting the sum in (2.5) to the first summand. Let us
turn to the proof of the upper bound. For any z € U and ¢ € (0, c0),

gi(w.2) = N G@)| <R Y eI (@) = 2 (gypale,a) — N6} @)
n>2

Iterating this m € N times yields

‘gt(:c,x) - e_tqub%(m)) < C’tQ_me_t)‘Q(m), z €U,
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with Cy = sup,cyy gs(z, ) > 0 and using the short-hand notation Aa(1 —27™) =: A\y(m). From (2.6)
we obtain that Cs = O (s‘d/ 2). Furthermore, we have, for all z,y € U,

g0(2, ) = M o1(@)or ()] < e D] eI [ (@)n(y)

n>2

\/Ze 2)‘"¢2 \/Ze 2/\n¢2

n>2 n>2

| /\

_t _t _t _
— 5 g (0,2) — NG (@)\ gy (yy) — e N GR(y) < Crypme 2,
Picking m such that A2(1 —27™) — Ay > ¢, this implies Assertion (i).
(ii) According to [BR81, Theorem 6.3.8], there are, for any M > 0, constants ¢, ¢/, ¢’ > 0 such that

ree ree —c" i 2
|9:(2.y) = 9" (@, )| < cqpye (wy)e WO gy € Ut € (0, M), (2.6)

This implies (ii).
(iii) Putting z = y and ¢ = kS in (2.5) and integrating over x € U, we obtain

b= [l a)de = Yot = e e < (14 Y ) o

neN neN n=2

This implies Assertion (iii), as for ¢ € [g, 00),

Ze—t An=A1) — g—t(h2=X1) (1 i Ze—t ()xn—Ag)) < e t2=A) (1 PO Ze—exn)

n=2 n=3 n=1
-0 (e—t()\g—)\l)) ,

using (2.7) for ¢ instead of t.
(iv) First note that it is enough to show (2.4) for Dirichlet, Neumann, and periodic boundary con-
ditions, as the following monotonicity holds, see [BR81, page 373]: for u; < uo,

g{) > ()

Hence, for any boundary condition wu,

Dir) Neu)

£ P < 1) < ¢

Hence, for the diffusive boundary conditions, it is enough to show the lower bound for Dirichlet
condition and the upper bound for Neumann condition.
In d = 1, the eigenvalues for the Laplacian —3 A" are given by

2 2

Dir) _ N2 (Neu) __ m 2 (per) __ (per) (per) 2 2
Al >—?n, Ape —?(n—l), AP =0, Ay = Aoty = 2n°n®, forn e N.

The d-dimensional eigenvalues are then of the form ”72 Zle n? for Dirichlet b.c., %2 Z’ijzl(ni —1)2
for Neumann b.c., and 272 Zle(ni —1)2 for periodic b.c., with n1,...,nq € N. They are simple for

Dirichlet and Neumann b.c., while they have multiplicity two in the periodic case (with the exception
of )\1 == O)
We first show the lower bound for Dirichlet boundary conditions. In the limit as ¢ | 0,

ir _ UDlr) _7'r OO_ Qﬁ d
(0P = 37 et (Zet )_(/1 emdx)

neN

> </Ooo tm? o dx — 1) ((2t7‘(’)_1/2 . 1)d _ (Qtﬂ_)—d/2(1 . O(\/i)) ’
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which implies the lower bound in (2.4). For periodic boundary conditions, we have, since the non-zero
eigenvalues have multiplicity 2,

(U,per) 7t)\£LU’p°r) —t2m2m2 d > f4t7r2ﬁ d
(U = 3 e =(1+23 e ) 2(1+21 e dr)

neN meN
_ 1 ! —4t7r2ﬁ d 1
_(1+ 2m—2/0 e dx) ><2m)d/2<1—0(\ft)),

where the last step was in the limit ¢ | 0.
We now show the upper bound for Neumann b.c.. For any t € (0, 00),

2

s d x2 d
téU,Neu) — (Z eftT(m71)2> — (1 + Z eft7m2>
meN

meN

S i
< (1+/0 e dx)d: (1+ \/;Tw)d: 1(;(:)2/;)7

where the last assertion is in the limit ¢ | 0.
For periodic boundary conditions, we see that

U t22 2 d o0 At 212 d
ti’per):<1+2267”m> <(1+2/ e”Tda:>
meN 0

B 1 \d  1+0(V1)
_<1+¢ﬂ) T(2tm)d2

with the same upper bound as above.

0

In the following, we will often use the estimates of the above lemma with some generic constant
C € (0,00) that may change its value from appearance to appearance; it may depend only on d, 3, p
and bc.

2.3. Particle numbers in small loops in the Poisson point process. We consider now the
Poisson point process (w;); on N that we introduced in Section 1.4. Recall that we call each Poisson
point w at k € N a loop of length k, and it contains k particles. Then X} denotes their cardinality,

and X} is Poisson-distributed with parameter %t;CAN ’Dir), and (Xj)ren is independent. Also recall that

a loop w is said to be short if its length is less or equal to Ty := (N% logl/Q(Nﬂ, and Nxhort) denotes
the total particle number in all the short loops in A € R?. Otherwise, w is called long, and NX""g)
denotes the number of particles in long loops in A.

In this section we study the number of particles in short loops and the entire particle number in
terms of a law of large numbers with exponential bounds for the probability of a deviation from the
asymptotic mean. We split into loops of bounded lengths and longer ones, and finally we consider
the total number of particles. In this section we use standard probabilistic tools for sums of indepen-
dent Poisson random variables with various parameters, mainly Markov’s inequality for exponential
functions.

Let us first turn to the loops of bounded length. With a parameter R € N, we recall that NR’R]
is the number of particles in loops of lengths < R in A (we call these loops R-short). In the next
proposition, we show that NR‘R] concentrates with stretched-exponentially small probability on p¢™ |A,
where p™ = (273)~4/? 25:1 k=42, which converges to p. for R — co. As in Proposition 2.1, we fix
a diffusive or periodic boundary condition and suppress it from the notation.
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Proposition 2.3 (Number of particles in R-short loops). Fix p € (pc,00) and pick the centred box
AN with diameter Ly such that L%, = N/p. Fix R € N, then

EyoV NG ~ P [An|, N — oo (2.8)
Furthermore, for any € > 0, there exists C. > 0 such that, for all N € N,
c 1 —C.|A
PxNN) ( —‘AN|N[1 T p] > ) < e CelAnl (2.9)

Proof. We abbreviate A for Ay. We use the Campbell formula E{<™ [N = Zf 1 t;A ) and note
that t;-A P A (2765)"Y? as N — oo by (2.4), which implies (2.8).

Now we prove (2.9). According to (2.8), we are considering the probability of deviations of N}
from its mean. We handle only the upper deviations, since the lower deviations are handled in the
same way (with negative s instead of positive s). By the exponential Chebyshev inequality, we have
that for any s > 0,

PY= (NG — o [A] > e [A]) < e INER= [ (BTN
R (2.10)
— o—selA exp Z} ( _1_ ) t(A o) |
=17

where we used Campbell’s formula in the second step. Note that % (esj —-1- sj) =0 (82) for s | 0.

Also using that ZJ 1 JA P~ pdP A, we see that
R
1, .
> = (e —1—sj)ti" =0 (s*[A]) .
— J
=1

J
By choosing s sufficiently small (not depending on A, but on ¢), the linear term in the exponential in
(2.10) dominates. This implies (2.9). O

NIV — NG NIV of particles in loops of

Now we control the deviations of the number
lengths between R + 1 and Tiy. Tt turns out that N} is strongly concentrated on (p. — p&™)|Al.
Even more, the probability of the deviations again decays exponentially, however, not in |Ax|, but in

|A N\lfd/ 2 but with an arbitrarily large prefactor. The proof is similar to the one of Proposition 2.3.

R+1 Ty -

Proposition 2.4 (Particles in short, but not R-short loops). Fiz p € (pc,00) and let A be the centred
boz with volume N/p. Fix R € N, then

EXe Y ING ™M~ (e = o) [AN], N = oo (2.11)

Furthermore, for any € > 0 and for any k > 0, we have, for all large N € N,
TN (e = )

P(bc,N)
An |An|

Furthermore, the latter assertion remains true if € is replaced by a sequence ey, tending to zero as
N — oo slowly (say at logarithmic speed in N ).

> a) < e RN (2.12)

Proof. Again, we write A instead of Ay, and we drop the superscript ‘N’ in the probability measure.
We use Campbell’s formula and split, for small § > 0,

EPO NI+ TN — Z T Z g0 (2.13)

_ 2
k=R+1 N376<k§TN
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By (2.4), we get that

N3-o N3-s )

3 Y (e ) (2.14)
~d/2 ¢

k=R+1 k R (2767) /
and on the other hand,
1
S <o(A) Y ———5 = O(A[TETY) = o(|A]) .
2 s 2_s (2mBk) /
Nd ™ °<k<Ty Na 2 <k<Tn

This concludes the proof of (2.11).

Now we prove (2.12). First we proceed with estimating the probability of deviation from below. We
use the exponential Chebyshev inequality with some « € (0, 00), to obtain

Pi\bc) <|/:l\|N[R+1 TN] < pe — ,OE;R) _ 6> < ealAI(pc—pgR)—e)Ei\b@[ —aN[ +1, TN]:| '

Then we use the Campbell formula and the estimate, for some small § > 0, according to Lemma 2.2(iv),
ty = (1 4+ o(1))|A|(27Bk) =42 for k < L?>79 to get, picking a = sL~2 for some s € (0, 00),

N NIA+LTN] I i tg
Ei\‘f)[ —a } :exp{ Z (e™® —1)E}

k=R+1

< exp {(1 +0(1)) Lié (efSkLi2 — 1) &1}
- k=R+1 (2mBk) 2 k
d

L
(27 3)*/?

where we estimated e — 1 < —(1 4 o(1))w for w € [0, sL~°] and Z,fi;:ﬂ k=42 > ¢(d/2)(1 4 o(1)).
Taking s = k/e yields the lower-deviations claim.

<exp{ ~ (1 +0(1)) SL72(d/2) ) = exp { = speL8? (14 0(1)) |,

To estimate the probability of the upper deviations, we proceed at the beginning analogously with
‘< pe — pP — ¢’ replaced by ‘> pe — p&¥ 4 €, and have now to handle positive exponential moments:

(be) [ aNFFHHTNI & ok _ 1k
{35 -0
A le exp Z (e ) .
k=R+1
The sum on k = R+1, ..., Ty is split into the some on k = R+1, ..., L27% and the remainder for some

small § > 0. For k in the first sum, we use again Lemma 2.2(iv) to write t; = (1+o0(1))|A|(278k) %2
For the exponential term, this time we use e — 1 < w + w?e® for w € (0, sL~°]. Hence, the first sum
gives

L2—5 ¢ Ld L2—5 L2—5

ak k -2 —d/2 27 —4 sL9 —d/2+1
> (=1 = (1+0(1) e [sL D AR I A ]
k=R+1 k=R+1 k=R+1

12—
< (1 + 0(1)) SLd_2 |:Pc _ péR) _}_L—QesL*fs Z k—d/2+1] _
k=1
Now we see that the last term in the square brackets vanishes as N — oo, by distinguishing d = 3,
d = 4 and d > 5. Hence, this part of the sum in the exponential term is not larger than (1 +

o(1))sL42(p. — o).
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Next, we turn to the sum on k = L?79, ..., Tn. We use (2.3) to estimate crudely t;CA’bC) <
Ce *BML™ < ¢ and obtain, putting o = sL~2, and recalling that Ty = L? logl/Q(N),
Tn Tn
> (e - 1)% < Ceslos P % < Cet= "M log (L7 log!/4(N)) ,

k=L2-% k=L2-5

which is o(L?~2). Summarising, we get

o 1 \ir+1Ty]
Py <|A|NA N> pe—pP + e
(R)_

< oSL2IAl(pe—pt &

£) o(1+0(1))sLI2(pe—pl™) (1 o(1))sL 2

Taking s = /e, the proof of (2.12) is finished.

The additional assertion is seen to follow from the above proof by taking s = sy = k/ey, tending
slowly to infinity in a way that all the steps in the above proof remain true. O

Putting together Propositions 2.3 and 2.4, we obtain the corresponding estimate for Ngfhm).

Corollary 2.5 (Deviations of the particle number in short loops). For any ¢ > 0 and for any k > 0,
we have, for all large N € N,

1
(bc,N) (short)
i ([t o

The latter assertion remains true if € is replaced by a sequence e, tending to zero as N — oo suitably
slowly.

> 5> < e‘""ANP?d/2 .

Let us now give a rough lower bound for the probability that the total number of particles is equal
to N, i.e., for the term in the denominator in (1.7). We fix a diffusive or periodic boundary conditions.

Lemma 2.6 (Lower bound for the denominator in (1.7)). Fiz p € (pc,00) and let Ay be the centred
box with volume N/p. Then, if A\; >0,
_2
P (Nyy = N) 2 e (rpedMldn 7o) -y o (2.15)
If \y =0, the lower bound is polynomaial: for any e > 0,

PYY (Nay = N) > [An[ 27075, N = cc.

Proof. We abbreviate A = Ay and drop the super-indices. Recall that Ny = Zszl kX, where
X1,..., Xy are independent Poisson-distributed variables with parameters ti,...,tn.

We pick § € (0, %(1 - %)), R=Ry= N%_‘S, a sequence £y | 0, and estimate

N
Pay (Nay = N) =P( Y jX; = N)
j=1

z (X% =)

meE[(pc—en)IAl(pcten) Al ISR

X P(Xy_m=1)P(X; =0VYj ¢ [1,R]JU{N —m}).

Then, uniformly for any m in the above sum, we have N — m ~ (p — pc)|A|. First note that
E[>;<riX;] ~ pc|A| (see Proposition 2.4) and the standard deviation of 3, p jX; is o(|A|), hence,

me[(pe—en) Al (peten)|A P(2j<r JXj = m) tends to one as N — oo, if ey vanishes at a sufficiently
low speed. Moreover:
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If A1 > 0, we use Lemma 2.2(iii) to obtain

" BN (p—pe) AL~ (1+0(1))

~ —m_  __ G~ PALP—Pc o N .
N-m N-m °© ’ -0

The zero probability for the remaining Poisson variables is estimated as follows, with the help of
Lemma 2.2(iii) and (iv).

(A)
At
P(Xy = 1) = e om0 N

2 ] —
]P)(Xj =0 Vj ¢ [LRN] U {N _ m}) > e*Z;'V:RN %tj > e*O(Ld)ZJL:RNJ 1-d/24 5(1)

d _2
— o~ OUAI2) > g—o(lAl'" @)

the last step follows from our assumption that § < 2(1 — 2). This finishes the proof of (2.15).

In the case A\ = 0, we pick a small ¢ > 0 and adapt ¢ later. We use Lemma 2.2(iii) to estimate

o t) £ 1
P(Xy_pp=1) =e Nom'Nom Nom  Nom > O(4).
(X —m ) N—-m N-m~ N-m"™— (%)
In order to estimate the zero probability of the other Poisson variables, we estimate, using t; <
1+ O(e_ﬁ)‘Qde),

— YRy 5t > 1 N = 1 BA2jL™2 1 =2
Ny B N b _
e N7 _exp( OgN%_‘S C'Z L*zje L )
J=Rn
With an integral comparison, the second term in the exponential can be upper bounded by

[ da LemPram 4 ZJZRN % < C + édlog L, so we have

=N n At —(1-246) ~_—Cddlog L
e ]RNJ]ZN(d)Ce 8L

which is not smaller than |A N]_l_%_s, if § is picked small enough. O

2.4. Particle numbers in long loops in the Poisson point process. We are now interested in
the distribution of the number Nxong) of particles in long loops, i.e., longer than Ty = HA|% log!/? NT.
For these loops, we need to find precise asymptotics (i.e., up to a factor of 14 0(1)) for the probability
that NX""g) is equal to a large number. As this is rather subtle, we need to use finer and non-standard
means. In Proposition 2.7, below, we prove a slightly more general assertion, which will then be used
in the identification of the limiting distribution of the long loops.

We will be able to use some well-known fine asymptotics and limiting assertions about uniformly-
distributed random partitions from [ABT03]. For this, we need the density p: (0,00) — [0, 00) of the
distribution on (0, c0) with Laplace-transform

(0,00) 3 5 — exp <_ /01 (1 - eD dx> . (2.16)

For z € [0, 1], the value of p(z) = e™7 is explicitly known, where v ~ 0.5772 is the Euler-Mascheroni
constant.

Denote Nt = [N?/410g?(N)].

Proposition 2.7 (Distribution of the number of particles in long loops). Fiz p € (pc,00) and let Ay
be the centred box with volume N/p.

Then, for anyy € (0,00), in the limit as N — oo, uniformly in N*T < j < k < N such that k/j — v,

1 .
, 2 T Zf )\1 >0 s
P (NG = )~ plyge AN s T .17

if A\ =0.

S
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In particular, in the limit as N — oo, uniformly in NT <k < N,

f A1 >0
(bc N) <N(10ng — k) ~ e*’ye*ﬁ)\lk|AN|_% X T lf ! ’ (218)
%+ ifA=0.
Furthermore, there exists a C € (0,00) such that
_2
P (NG = k) < CHTNTAMHIANTE - e {1, N}, N € N. (2.19)

Proof. Recall from (1.4) the set By, of all partitions m satisfying ), im; = k of k. Denote by
fNH” {mePr:m; =0fori¢ [Ty +1,j]}

the set of all partitions of k with partition sets of sizes in [Ty + 1,7]. Again, we write A instead
of Ay, drop the boundary condition from the notation, and put L¢ = |A|. Assume that j,k €
(N*,N*++1,...,N} with j < k.

Recall that N[TN BT equal in distribution to Zi Th+1 TXT, where X1,..., Xy are independent
Poisson-distributed random variables, and X, has parameter - Lt Hence, the exact value of the

probability in question is

_ (£
j 1,(4) )

Py (NKN-H,J'] _ k> — o Zr=Tn+17rlr Z H [ (2.20)
my. T

mep,. [TN+1.4] r=Tn+1

We first compute the exponential prefactor in the first term of the right-hand side of the above
equation. By Lemma 2.2(iv), we have, uniformly in r € {Ty + 1,..., N}, the asymptotics t¥ =
e ML (1 4 e_CIOgl/Q(N)) for some ¢ € (0,1) and hence

J J 1

1 1/2 —2
S — —clog /2(N)y =2 —MrfL
> L e 3 Lo
r=TxN-+1 r=TxN-+1
1/2 jL—? 1
— (14 e clos (N))/ 1 nes g, (2.21)
(Tn+1)L—2 T
_ (1+ e’doglm(m) log TJ—N if \y =0,
o(1) if A > 0.

Hence the first term on the right-hand side of (2.20) is —(1 +o(1))if Ay =0 and 1+ o(1) if Ay > 0.
Therefore, for proving (2.17), it only remains to show that uniformly in N* < j < k < N such that
k/j—y € (0,00),

oY) ) -3
g | | e PMkIANTTE N — . (2.22)
T‘mT TN

mem [Tn+1,5] r= TN+1

Proof of lower bound in (2.22): Using the lower bound in Lemma 2.2(iii), and using that
ZZ*:TNH rm, = k for m € Pu ¥ we have

(/\)

3 H TmT > o MBKIA|72/ 3 H - ;rmw (2.23)

mepl [Tn+1.5] r= TN+1 Em[TN‘Fl Jl r=TN+1
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Consider the vector (Y;)1<,<j of independent Poisson-distributed random variables such that Y, has
parameter 1/r, then [ABT03, Thm. 4.13] states that

J
T:TN+1 ]

where we recall that we assumed that k/j — y. Hence, the sum on the right-hand side of (2.23) has

the asymptotics

] 1 S 1 g J piy) _ pi(y)
g | | =e~r=In+1 P g rY,=k| ~ ——=—= = , (2.25)
Ty +1.5) r=T, et =Tn+1 N N
7116213& N+Lil r=Tn+ r=In+

according to the asymptotics > -, % ~ logm as m — oo. This finishes the proof of the lower bound
in (2.22) and hence the lower bound in (2.17).

Proof of (2.19) and (2.18) given (2.17): We need to put j = k, noting that N{*"® = NB\TNH’N] =
NYNF on the event {N{*"® = k}, and that
(M)
P (NG = k) = PR (NV T — ) o™ Xmiea 710

since all X, with r > k are zero on the event {N{""® = k}. Now (2.18) follows from (2.17), noting
that the last term is asymptotic to k/N in the case Ay = 0 and to 1 in the case A\; > 0; see (2.21).

For deriving (2.19) use, for any r € {1,..., N}, just the estimate t, < Cle=MBriAI =" (see Lemma
2.2(iii)) in (2.20), then (2.19) follows, since >3] _5. | m, < ﬁ >t —ryg1 T < /(T +1). Indeed,
also using (2.25),

J
n _ —2/d _ N 1,0
PX)]C\I) (NX}Q = k?) < OF/TN = MBRIAT = 2y w7 D g rY, =k
r=Tn+1

< Ck/TNef)\l,Bk\Arz/d

Y

since t, > 1, according to Lemma 2.2(iii).

Proof of upper bound in (2.22): For deriving the upper bound, we need to use the stronger
upper bound in Lemma 2.2(iii) and need to show that the difference to the lower bound is negligible.
Indeed, we have, for some ¢ € (0,00), and all large L,

J (M) ym, J (1 + efc”L%)mr
(&)

Z H P Sef)\lﬁk‘A‘_Q/d Z H —

[TN+1,5] r=Tn+1 [TN+1.5] r=TNn+1

me‘Bk, mE‘Bk
MBkIA|~2/ T i L2\ :
e AT L | T (1+e*‘”" ) ]1{ 3 m:k}
N _T‘ZTN+1 r=TN-+1
A BKIA|~2/4 ] - d L2 d
< WL fexp [ D v T 1 Y v =k
N r=Tn+1 r=Tn+1

J

where the asymptotics uses that ZT:TN 1 % ~ %, and the last estimate uses the bound 1+ x < €*

for x > 0.
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Note that for » > N, we have e—erL™? < e=clog®(N) and hence the sum over r > N7 is negligible:

J
—er[—2 o Toe2 o2
E:Yre crL < E:Yre clog NSNG clog N:O(l).
r=N+ r>N+

According to (2.24), it suffices to show that

E ZiV:+T T1 Yye—ert™? . _ ” -
Ty 1> =k <P Y =k | (1401). (2.26)
r=Tn+1 r=TN+1

Note that by the independence of the Poisson point process variables,
J
Lh.s. of (2.26) ZEerTw " {Zry_z} Pl Y w=k-1

r=Tn r=Nt+1

Note that, on the event {Z?STN 1 7Yr =1}, we can always estimate

Nt Nt I
>0 Ve e N Ny = e, (227
r=Tn+1 r=Tn-+1 N N

We distinguish two cases, depending on the size of [ in the above sum.

Sum on [ < L?log®(N): Here, the bound in (2.27) is o(1), such that we obtain

N2/d10g8(N) " . o —2d Nt j
S e S (S ok
1=0 r=TNn+1 r=Nt+1

< (1+0(1)P XJ: rY,=k|. (228
r=Tn+1

Sum on [ > L? logB(N): We derive an upper bound for any [, which shows that the sum on [ >
L?1og®(N) is negligible.

Using the rough bound in (2.27), we obtain

. N+ N*

—erL ™2 l
E ezr T+ Yre TF ]1{ Z Y, = l} < exp (Teclog1/2(N)> P Z rY,=1]. (2.29)
r=Tn-+1 N r=Tn+1

Furthermore, use the exponential Chebyshev inequality to see, for any [ € N, and any a € (0,00),
estimating t, < 2 for r > T + 1,

N+t N+t
2 L + 1
P Z rY, =1 §e_alexp< Z ;(ew—l)) <e N+e4NO‘§e N+e4,
r=Tn+1 r=Tn+1

choosing @ = 1/N* in the second step, and using that e*” — 1 < 2ar in the summation. Using this in
(2.29), gives, for all large N,

Nt —cr -2 N+
B Xm0 S gy, =i} <exp (- —Nl+ [1 = log?/2(W)e~ce (M) )t
r=Tn+1
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Now we sum on [ > L?1log®(NV) and obtain, for all sufficiently large N,

: Nt Y, *CT'n_Q/d N* -7
Z E |e2r=rn+177° ]l{ Z rY, =1}| P Z rY, =k -1
1=L2log®(N) r=Tn+1 r=N+t+1

Now we build the sum of this with (2.28) and obtain that the left-hand side of (2.26) is not larger
than P(3~)_, o 7Y, = k)(1+0(1)), since this is itself asymptotic to p1(y)/j =< %, according to (2.24).
This concludes the proof of (2.26), and hence of the proposition. O

2.5. Proof of Proposition 2.1: asymptotics of the kernel. Fix a boundary condition be (diffusive
or periodic) and drop ‘bc’ from the notation. We abbreviate A for Ay and L for Ly. Furthermore,
we write P, instead of Pj\N’bc) for the probability with respect to the Poisson point process (X;)r=1,.. n

introduced in Section 1.4.

Our goal is to show that there exists ¢ € (0,00) such that, for any x, M > 0 and for any z,y € A,
in the limit as N — oo,

(1+o(1))(p - pc>|i|¢1<z>¢1<%>
N
(A) Pa (NA =N — T)
< ;gm (z,y) Py (NA = V) (2.30)
1

where Cys € (0,00) depends only on M, and v satisfies 1(r) < r2~¢ in the limit 7 — oo. Note that
the middle term of (2.30) is equal to 7](\?) (z,y) by Corollary 1.4. Hence, (2.30) implies Proposition 2.1.

Recall that Ty = [L?log"/%(N)], that N{*"® = N~ M = 52V
in long loops, and tho”) = Nj — Nxong) is the number of particles in short loops. Under Py, the
number of particles in short and long loops are independent, hence we can build a convolution for
Np = th"”) + NX‘”"” to obtain, for the probability term in the numerator,

17X, is the number of particles

N
PA(Ny =N —r) =3 Py (N{™ = k)P (N = N —k—7), re{l,..,N—k}. (231)
k=0
Noting that N{*** takes values only in {0} U {Ty + 1,..., N}, the k-sum can be restricted to k €
{N —-r}U{Tn+1—r,...,N —r}. We now apply twice (2.18) in Proposition 2.7 to get, for k and r
such that r < N —k — N, in the case \; > 0,

on — —k— 1-3 e’Y 1-3 on
PA(NK™ =N —k—7r) ~e MB(N—k—r)[Al dﬁ ~ MBI (NG — N — k), (2.32)
and in the case \; =0,
Y

PA(NY™ =N —k—7) ~ = ~Pa (Y™ = N k) .
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Hence, in both cases, we have (2.32). We write the numerator on the left-hand side of (2.30) as
Zg 2,y)PA (Ny =N —7)

= 3 R (NE =B (N = N k).
(k,r)EA

where A = {(k,r) e NoxN: k+re {N}U{l,...,N —Tyn}}. For some (large) M € (0,00), we now
split this sum into three sums, (I), (1), and (II1), on

Ay = {(k,r):r>ML* k+r<N-N*},
Ay = {(k,yr):r<ML* k+rec{0,1,...,N - NT}U{N}},
As = {(k,r): N—- Nt <k+r<N-Ty—1},
respectively. From Lemm 2.2(i), we obtain that there is some ¢ € (0, 1) such that, for any M > 0 and
any large N,
g5 @) < M L (0P (p) + 0. ez MIA g e,

Hence, on A; we can use this, the convolution in (2.31), and (2.32), to obtain

(I) = Z gg;) (177 y)PA (Nxhort) _ k) (N(long) N—k— 7“)
keNg,r>ML2:
k4r<N—N+
1+0(1)) . e
< T(¢1(z)¢1(%) O(e1¢)) 25

N—Ty—k— MIL?
|A| '

N
x> Py (N = k) Py (N{™ = N — k)

We need to show that the sum on & on the right-hand side of (2.33) is close to (p — pc)PA(Na = N).
It is clear that we can replace N — Ty —k — M L? by N — k. We use again this convolution to see, for
any € > 0, that (recalling that N = p|A|)

’Z IA\ A (NG9 = k) Py (NG = N — k) — (p—pC)PA(NA:N)’

<3 P (NE = K) P (NG = N — K)o

e[Al

<o 3 PA (NG = ) Pa (NE = N — K) + (pe + )P
k=—¢|A|

< ePpA(Np =N) + e_F"LUF2 ,

(short)

)

’ Al
with any £ > 0, for all sufficiently large N, according to Corollary 2.5.

If we pick x larger than (p — pc)BA1, Lemma 2.6 tells us that the last summand is o(PA(Npy = N))
as N — oo. Hence, (2.33) implies that

1 —Mc
(D) = 137 (61F)81 (1) + O™)) (0~ po)PANA = N)(1 + (1),
This yields the first term on the right-hand side of (2.30).
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The lower bound for 7§’ (z,y) in (2.30) follows from the preceding, using the lower bound for
9pr(x,y) in Lemma 2.2(i), since (/1) and (/1) are nonnegative.

Next, we handle the term (I7). For r < ML?, we use the bound from Lemma 2.2(ii), with some
suitable Cps € (0,00) and ¢ € (0,1),

g (@, y) < Cpge ML pd2emlemulf2er oy < M2 2y € A
sing first the convolution in (2.31), then (2. and finally once more the convolution, we fin
Using fi h lution in (2.31), th 2.32), and finally h lution, find
(IT) = > g (x,y)Pa (N = k) Py (N§™ = N —k —7)

keNg,r<ML?:
k+r<N—-Nt Or k+r=N

ML?
< CM ZP (short) _ k‘) Py (NXong) - N — k‘) Z r—d/2e—\x—y\2/2tzr
r=1
< CuPr(Np = ) (lz —yl)
where ¢ does not depend on M and satisfies 1(s) < Cs>~¢ as s — oo for some C € (0, 00, as follows
from the asymptotics (see [LL10, Lemma 4.3.2])

Zk 42e=r/k (d§/22_11) as r — 00. (2.34)

Hence, (II) gives the second term on the right-hand side of (2.30).

Finally, we handle the term (1/I). We want to show that

(1) S e g PN SR NG = k)
o = 9ar (T,Y)

PA(NA:N) N PA(NA:N)

keNp,reN:
N—-N*t<k+r<N-Tn-1

éo(l).

In the case A, > 0, we use that Py(Ny = N) > e MANL™*(1+o() from Lemma 2.6, PA(NG™® = k) <
CF/Trne=2BEL™ from Proposition 2.7, and 98r < C e MAL™* from Lemma 2.2(i). This yields

(II1)
PA(NA = N)
< Ce,\lﬁNL*Q(Ho(l)) Z ef)\1ﬁrL*2Ck/TNef)qﬁkL*QP(N(short) —N-—r—k)
keNo,reN: (2.35)
N—N*t<k+r<N-Tn-1
N-Tn-1 m
< Ce)\lﬂNL—Q(1+o(1)) Z e—)\lﬁmL—QP(N(short) =N — m) Z Ck/TN .
m=N-N+ k=0
+
Since Yo7, CF/TN = € e (’)(TN)C’TN = o),
CTN -1
Nt
th Of (235) S Ce)\lﬁNL_Q(1+O(1))60(Ld_2) Z e—)\lﬁ(N_j)L_QP(N(Short) :])
Jj=Tn

< Ceo(Ld*Q)e/\lﬁN+L*2efnLd*Q

)

where in the last step we used Corollary 2.5. After adapting the value of x, this gives the third term
on the right-hand side of (2.30) in the case A; > 0.
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For A\ = 0, we use that PA(Ny = N) > N~¢, for some ¢ > 0, from Lemma 2.6, and gz, < C from
Lemma 2.2(i). The claim then follows again from Corollary 2.5:

(I11)

< CON¢ P N(short) =N—r—k < CNC+16_KLd_2 .

k€eNg,reN:
N—-NtT<k4+r<N-Tn-1
After adapting the value of k, this gives the third term on the right-hand side of (2.30) in the case
A1 = 0, finishing the proof of Proposition 2.1.

2.6. Proof of Theorem 1.1(i) for diffusive and periodic boundary conditions. Let us finally
show that ODLRO follows from Proposition 2.1, i.e., let us prove Theorem 1.1(i) for diffusive and
periodic boundary conditions. Explicitly, we will show that the principal L?-eigenvalue of F(NAN el
behaves like
sup <f7F§<[\N’bC>(f)> ~ (p = pc)|AN], N — o0,
FEL2(AN): IfllL2(a ) =1
where Ay = LyU = [— LN, %LN]d. For deriving the lower bound, we may use the L?-normalised

test function fxy(z) = _d/2 ®9(x/Ly), and obtain, as N — oo, the following lower bound from the
lower bound in Proposmon 2. 1'

s TS9O (f /A / N (@ (2, y) i () ddy

> (14 o(1) ¥ O (15791 (1) dedy
VI Juw I

= (1 +o(1)(p = pc)|An].

Now we prove the upper bound. For any L?(Ay)-normalised function fy, from the upper bound in
Proposition 2.1, we get that

U TR < [ [ antan ™ ) )| dady

< (14 o) it /AN/AN]fN 0O () <>¢<bc)<y>}dxdy

{TA | }HfNHl‘f‘CM/ / lfn(@)Y(|Jz —y|) fn(y)| dedy

< (14 o0(1))(p— pc)|An| + o(1)|AN| + CM/ ’$‘2_dd$

< (L+0(1))(p = po)[An|+ O(LY) < (1 +0(1))(p — pe)[Anl,
after using the Cauchy—Schwarz inequality twice for both the first and second term, and using that

x— L d/2¢(bc>(az/LN) is L2(Ay)-normalised. For the last term, we used Young’s inequality:

/Rd /R h(lz — y)gly) dady < [|h]1, g € L*(R?),||glla = 1,h € L*(RY), (2.36)
This concludes the proof of Theorem 1.1(i) for diffusive and periodic boundary condition.

2.7. Proof of Proposition 1.5. In this section, we prove Proposition 1.5, that is, the equivalent of
Theorem 1.1(i) for free boundary conditions, i.e., for gi"*”(z,y) equal to the (free) Gaussian density
with variance t. In this case, we are not able to use an eigenvalue expansion as in the other cases,
however, we have other tools that are more explicit.

We formulate our main statement about the behaviour of the kernel of the one-particle-reduced
density matrix. Proposition 1.5 then follows from this in the same way as in Section 2.6.
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Proposition 2.8. Fiz p € (p.,o0) and consider the centred box Ay of volume N/p for N € N. Then,
uniformly in x/Ly,y/Ly € U, as N — oo,

(A ,free) (

N z,y) ~ p = pe+o(1) +P(|lz —yl),
for some function 1: (0,00) — (0,00) that satisfies ¥(r) < O(r*~?) as r — oo.

The main tool in our proof is again a Poisson point process of loops, however, we will need an
extended version of it that is more ‘spatial’. Indeed, we consider a marked PPP on A with marks
in N (called loops). The intensity measure of the process of points with mark k£ € N has constant

free

Lebesgue density = — ggp (x,z) = %(27rﬁk)_d/2, and the entire marked PPP is the superposition of
these PPPs over k € N. The number NX‘) of Poisson points in this process is Poisson-distributed with
parameter [A[pfe® = |A|(27B8)"%2¢(2 + 1), i.e., it has the same distribution as Y,y X, under the
Poisson process introduced in Section 1.4 with NV = oo and free boundary condition. Furthermore,
the sum over all marks in the PPP in A has the same distribution as Ny = > 2, rX, (again with
N = 00). We incorporate the extended PPP into the notation P> = P{"  which is consistent
with the notation that we introduced in Section 1.4.

The difference in our approach now in the case of free boundary condition is that we will split the
PPP into the i.i.d. sum NXU =D cAnzd NSL)rU of numbers of Poisson points in unit cells in A. Each

(1)
of these NZ+U

given by j E_I/C(% + 1), for any j € N. Hence, the main probabilistic tool will be to find polynomial
asymptotics for deviations of a random walk with this step distribution. Hence, we begin with a
summary of some existing results on random walks with heavy-tailed steps.

is easily seen to have a Pareto distribution, i.e., the probability that it is equal to j is

Proposition 2.9. Let d > 3. Suppose (Z;);

; 45 a collection of i.i.d. N-valued random variables such
that, for some a > 0,

P(Zy=j) ~ aj ¥ gs i — .
Write Sy, = > | Z;. Suppose that E[Z,] = a > 0. Then, for every c € (0,1) and any k € N satisfying
en<an+k < %n,
P(S,=an+k) ~nP(X; =k) asn — oo,
Furthermore, there exists € > 0 and C > 0 such that for all k > n'=¢

P(S, =an+k) < CnP(Zy = k) for all large n € N.

Proof. See [Ber19, Theorem 2.4] for the case d = 3, [DDS08, Corollary 2.1] for d = 4, [Don97, Theorem
2] for d > 5. O

From this, we deduce the following:

Lemma 2.10. Fiz p > p.. Recall that Ay is the centred box of volume N/p, N € N. Then, locally
uniformly in w € (pe, 00), as N — oo,

1
(w — po)¥/2+L (278 |AN )72

Piv? (Nay = w|An]) ~

Proof. From the definition of the above marked PPP, NXIJ)V is Poisson-distributed with parameter

|An|p'®). Using the Markov inequality for a suitable stretched-exponential function, one derives
that

free ree

P (NG, = 1A

1/2
> \AN|5/6) < e~ ANIVE
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for all large enough N. Furthermore, note that, conditionally on {le])v = k}, the total length Ny, of
the loops is given by the sum S, = Ele Z; of i.i.d. random variables with distribution

1 1 ; 1 d

(free) g g
= e 39 (4 T) = 2
pliree) j B C(%l+1)

In particular, a = E(Z1) = ¢(4)/¢(4 + 1). Furthermore, recall that p. = ((2)(278)~%? = ap™*) and
therefore, for k € N satisfying |k — |[Ay|p?| < |AN|5/6,

wlAn| = ak + (w — po)|ANn| + o(|AN]) -

P(Z; =j)

This means that we can apply Proposition 2.9, and obtain

ree —d ree
Py (Nay = w]An]) = o|An|%?) + > P (N = k)
keN:
k—| Ay [p(Free) |<| Ay [?/6

X P(Sk = ak 4 (w — pc)|An| + o(|An])
~ > PUO (N = k)P (Z1 = (w — po)| L)
kEN: |k—|Ay[plfree) |<|A [/
1

(w — po) Y21 (2B |AN) Y2

~ [AN|pTOP (Z1 = (w — pe) |An]) ~

We are now ready to compute the asymptotics of the kernel for supercritical densities.

Proof of Proposition 2.8. We shorten A = Ay . The idea of the proof is as follows. We start from (1.7)
(which holds by definition also for free boundary conditions), and recall that N = p|A|. We restrict
the sum on r € {1,..., N} to a neighbourhood of (p — pc)|A|, and show that the remainder of the
sum is negligible, since the expectation of Ny is asymptotic to pc|A|. For r =~ (p — pc)|A| we may use
explicit formulas for the g-term (here the dependence on x and y vanishes), and Lemma 2.10 for the
two probability terms.

We put pe = p—pc € (0,00) and observe that géiiee) (z,y) = (2rrB)~Y2e~l==ul*/2rB_ Fix ¢ > 0. Note
that there exists a. such that a. — 0 as ¢ | 0 and for all k£ with (pe —¢) |A] <7 < (pe +€) |Al,

(free)

9pr (T, Y)
(27pe [A] B) /2
Indeed, since |z — y|* < L%, we have that |z — y|* /r = o(1) uniformly in the k’s specified above. Note
that (N.4v),cpynza 18 a family of i.i.d. random variables with mean p. under PXr;e). Hence, by the

strong law of large numbers,

- 1| < a., x,y € A. (2.37)

tim P (N3 — pe Al > ¢ [A]) = 0. (2.38)
N—o0
Using (2.37), we can bound
> g @ PR (Na = plA ~ k)

kEZ
[k—pelAll<e|A|

< (2mpe [A] B)™% (1 + ) P (N — pe Al < e Aw])
< (2mpe A B) " (1 + ) |
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and an analogous lower bound, using (2.38). Hence, employing Lemma 2.10,

PA™ (Na = p|A[ = k)
(free) A
gk ( 7y) Tee Spe(1+0(1>+a€)7
2, P (Na = plA])
|k—pe|All<e|Al

and an analogous lower bound (cf. (2.38)). Recalling N = p|A|, making N — oo and ¢ | 0, we see that
this part of the sum has the claimed asymptotics. We conclude the proof by showing that the sum on
k € N with |k — pe |A|| > € |A] is negligible. We split this in the upper part and the lower part.

Large k’s: Since ggree) (x,y) <O (k_d/Q), we see that

plA‘ ree ree
Z gg};ee>( z,y) PX (: (?IA = plA| - k?) (\A] d/2) Pz{ )<f(N)A < (pc —€)|Al)
Py (Na = p|Al]) Py (Na = p|A])
k=(pe+e)|A| A A
o(|A|7%2) < o)
=0 )

~ P (N = plA])
using (2.38) in the first step and Lemma 2.10 in the last step.

Small k’s: For k < (pe. — ¢) |A|, we have by Lemma 2.10 (applied to w = p and to w = p — k/|A|
with b > ¢) that

Py (NA = p|A| — K
A(freE)A plAl ) C(pe*|k) 1d/2
Py™ (Na = plA])
for some C, depending only on p and p.. Hence, using C' as a generic positive constant that depends
only on p and p. and d, we have that for all N € N,

e —€)|A Tee

(p E)| | (free) PX ) (NA = p|A| - k)
Z g,ﬁk) ( 7y) (free)
=1 Py (Na = p[A])

S 1Al (pe—e)IA|
< C Z g(free) $ y pe/2) 1— d/2_|_0 Z L~ d/2 —1— d/Q
k= Pe|A|
+ ng(free)
keN
The last term behaves as |z — y|?>~¢ for |z — y| — oo, as follows from (2.34). O

3. No ODLRO IN THE SUBCRITICAL REGIME

We now show that, for any particle density p below the critical threshold p., there is no ODLRO, in
any dimension d. Our main result in this respect is the validity of (1.3), that is, the following.

Proposition 3.1. Fiz p € (0,p.) and consider the centred box An of volume N/p, N € N. Then, for
any boundary condition be € {diffusive, per, free}, there exist constants C,c € (0,00), such that, for
all sufficiently large N,

. o _ 1/2
YN (2, y) < Cemclo Yl CemeMWIE gy e Ay

Indeed, since = — el is integrable, Young’s inequality (see (2.36)) directly implies that the
principal eigenvalue of the operator F( NP9
does not exhibit ODLRO.

The idea of our proof of Proposition 3.1 is the following. We will make a change of measure of
our crucial Poisson point process to a transformation that exponentially suppresses long loops. This
process has very nice properties, since the arising sums can essentially be handled as if they were only

is even bounded in N, and this implies that the system
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over a bounded summation set. In particular, the number of particles will turn out to satisfy a local
central limit theorem, allowing us to estimate the transformed partition function with high precision.

We now prepare to prove Proposition 3.1.

We first introduce a transformation of the PPP (X}, )ren introduced in Section 1.4, with an additional
chemical potential @ < 0. The intensity measure of this PPP is given by

Buk
(bc) __ (A,bc)
Vpy, = E /~c ——t; 7 O

We denote its distribution by P(bC ") Then P(bC "M has Radon-Nikodym derivative with respect to
(be,N) __ p(bc,N)
Py =P,; given by
dpiye™) (be)__(be) (1)
oM A - Ny
dP(bC 5 — olAlpalg —PA) PR (3.1)

where we recall that N Xl) = Y ren Xk is the number of Poisson points in the process, and the respective
pressure and density in finite volume are given by

PR A 2 Z

where t(A ) — =/ g(bc) (z,z)dx.

ePuk 1d

(A bc) and E{)LN) |A| Z eﬁ“k (A be) ﬁ 5 p(bc ,N) ’
o)

Then p — p(bc M () and p p(bc M () are (approximate) power series that converge locally uni-

formly for u € (—o00,0) in the thermodynamic limit as N — oo, coupled with Ay — RZ This is
formulated as follows.

Lemma 3.2. For any boundary condition be, for the centred box A with volume N/p, as N — oo,

Buk
. (be,N) __, (free) — © d/2
ngnoo Payw =P ) = ,CGZN BRoR
hm p (be, N) p(free)(lu) — Z eﬁ“k(Qﬂ'ﬁk)idﬂ )
keN

locally uniformly for p € (—o00,0). The result also continues to hold for the p-derivatives. For the
pressure p\” (1), the convergence is locally uniform even in (—o0,0].

t(A ,bc)

Proof. The proof is an easier version of the proof of (2.8). Indeed, recall that AN A it converges

towards ¢g(0,0) = (2w 8k)~%2, and observe that the factors %eﬁ“k provide a summable majorant. [J

As a consequence, the quantity

e (p) € (—00,0)  defined by p (uiv™ () = p, (3.4)
converges in the thermodynamic limit to the chemical potential u = pu(p) defined by p™(u(p)) = p.

The good control on the pressure and the density from Lemma 3.2 also gives us the tools to handle
the limiting distribution of the particle number Ny = Zivzl kX in the Poisson points (loops):

Lemma 3.3 (Local CLT for the particle number). For any boundary condition be, for the centred
box AN with volume N/p, as N — oo, the particle number Ny, satisfies a local central limit theorem

under P*;IBN In particular, there is C € (0,1) such that for any N € N and any k € {0, ..., |AN|1/2},

“HANTY2 < PYOY) (Nyy, = plAn] — k) < ClAN] T2
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Proof. We abbreviate A for Ay. Note that Ny = > )~za Noyv, where we recall that U = [—%, %]d.
Under IP’X’;) o the family (N2 1) caqza is an independent collection of random variables N1y (how-
ever, not identically distributed) with r-th moment given by

(be) N’ Buk.r—1 (A ,be)
B pun No10] Ze k / 95" (@, x) dz, r € N.

Lemma 3.2 gives the convergence of >\ 74 EX’;)’MN N7, ] as N — oo for any € N towards the
values for the limiting objects for the free boundary condition, ), ePrkpr=1(27Bk)~%2. Now the
Lindeberg central limit theorem (see [Kal97, Theorem 5.12]) implies the central limit theorem for Ny .,

that is, the distributional convergence of
ZZGANﬂZd[NZ+U EE\I\:MN[NHUH
(ZzeANmZd[Eﬁic\]),uN[Nz—kU] EX};),MN[NZJrUPDl/Z
Nay — Np
(Cenynze By iy N2 = ERY L [Nar0]2)12

towards a standard normal variable (recall (3.4)). Note that, again by Lemma 3.2, the denominator
is asymptotic to C|Ax|'/? for some C' = C(p) € (0,00) as N — oo.

Furthermore, as the third and fourth moments are bounded and converge uniformly (this follows
from Lemma 3.2), we also have the local central limit theorem, i.e., that the density of the rescaled
sum is uniformly close to a Gaussian density, see [Cra70, Chapter VII, Theorem 26]. This implies the
last assertion. O

We can now finish the proof:

Proof of Proposition 3.1. For any p € (—00,0), we can make the following change of measure:
PG (NA = Al —8) 0 PR (N = p[A] = B)
PG (Na = plA]) P (Na = plA])

Again, we write A for Ay. We start from Corollary 1.4, which reads, using (3.5),

(bC N)
(A bc) Zg(/\ bc) x y k’ﬁﬂ (NA = P’A| )
PMM(AZPMD

We will use this for i replaced by puy = ;LX’N) (p) (see (3.4)). For the sum on k < |A|1/2, we can use the

local central limit theorem of Lemma 3.3 in both numerator and denominator, and for the remaining
k, we use a crude bound on g and on the numerator, but again the local CLT for the denominator.
Let us turn to the details.

By Lemma 3.3,
@, bc) kﬁuzv P(bfﬂz) (NA p Al = k) (A,be) kBun
Z g P(bc ,N) _ A = Z gﬂk («T7y)e . (36)

Furthermore, using Lemma 2.2(ii) for the case of boundary conditions, for some ¢ > 0,

2
(A,be) lz—y|

9an (x,y) <e 2Bk keNx,yeA.

. . . 9 _lz—ul? kB 1kB
Hence, the right-hand side of (3.6) is not larger than C Zk<‘A|1/2 e 28k e"PEN_ Now reserve e2"PHN
for convergence, and use a quadratic extension for the remaining terms in the exponent to see that,
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for sufficiently small ¢’ € (0,00), any N, and all z,y,

2
x —y| 1
o Sk — ey

1/lz—yl 1 2 /
%(m _kﬁ\/%> +lo =yl (V=pn/c—c)) > 0.

This implies that
Lhs. of (3.6) < Y etfmveclomsl < geele-yl, (3.7)
k<|A|}/2
for some C' € (0,00) that depends only on 8 and the infimum of the sequence (un)n

Let us turn to the sum on k > ]A|1/2. Here we estimate |A\1/2 gsk(z,y) < C for any z,y € A, using

Lemma 2.2(i) for the case of (diffusive or periodic) boundary conditions. Using again the local CLT
for the denominator and the simple bound 1 for the probability, leads to the estimate

plA| P(bc M (Ny = plA|
=plA = k‘)
(A,bc) k A Abc) 1/2 k
k:|A|1/2 AuN Na = P k_|A|1/2
Z ekBuN < Ce—ClA\l/2 ,
k2|A|1/2

where we have used the formula for the remainder sum of a geometric series, for a suitably picked
C (larger than the maximum of (1 — e®#¥)~1 over N), and ¢ > 0 picked smaller than the infimum
of |Bun| over N (recall from Lemma 3.2 that puy — pu € (—00,0) defined by p®(u) = p). Since
|z —y| < \/[A], we see that the upper bound in (3.7) is not smaller than this bound. Hence, combining
it with (3.7), we have derived the claim, for suitable C, ¢ € (0, c0). g

4. DISTRIBUTION OF THE LENGTHS OF THE LONG LOOPS

In this section, we prove Proposition 1.7. Fix p > p. for the whole section and write p. = p — pc.

We will show that, for bc € {diffusive, per}, the finite-dimensional distributions of Iy |(L(-N))ZEN

under Py, (-|Nay, = N) converge to the ones of the Poisson-Dirichlet distribution of parameter 1.
The latter ones are known [ABTO03] to have, for any s € N, the s-dimensional probability density

2 1—(z1+4...+xs) -
() () = 2 ( ! S> <z, <---<zx1 <1 x; <1
f ( ) Hlel‘ip I, P > dg > > L1 > 7; T > 1,

where we recall the definition of p: [0,00) — [0,00) from the beginning of Section 2.4 (see
around (2.16)), in particular recall that + is the Euler-Mascheroni constant. Note that f(*) is contin-
uous and bounded on its domain, since p is.

We will prove converge in distribution via locally uniform convergence of densities in the interior of
the domain of f(*). The main step in the proof of Proposition 1.7 is the following.

Proposition 4.1. Consider the centred box An with volume N/p. Fix s € N and 0 < x5 < z5_1 <
< <1with0 < x4 ... +x5 < 1. Then, for all positive integers mg < mg_1 < ... < myq,
depending on N, with m;/(pe |AN|) = x; for alli € {1,...,s} as N — oo,

. spmo) (TN _ - — (%)
dim (pe [Ax]) PAN<LZ mi, Vi€ {1,...,s N) FO (@, ..z,

From this, the weak convergence of (pe|An|)~1(L{")i=1,. s towards the first s-dimensional dis-

tribution of the Poisson—Dirichlet distribution follows, according to the Portemanteau theorem.
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From Scheffé’s theorem, see [ABTO03, Corollary 5.11], the convergence of the entire sequence
(pe| AN|)"HLM) e follows, that is, Proposition 1.7.

Proof. We can take N so large that ms < ms_1 < ... < mq, as the x;’s are different. As usual, we
write A = Ay, and drop the superscripts bc and N.

Abbreviate A = {LEM =m,;, Vi € {1,...,s}}. For N large enough, it is independent of (X, ),<7y -
Hence, we can decompose as follows.

P9 (A|Ny = N)

Z PX)C) (N(short) =N — k)
Py”(Ny = N)

P(bc) AN N(lOﬂg) =kY)+o0 AN s y
A

keN: ||11%|pr|§€1\;
where the sequence (ex)y is picked in (0,1) tending to zero such that the remaining sum on k on
P (NG = N — k) /PP (N = N) is o(|An|®), using the last assertion of Corollary 2.5.

Hence, it will be sufficient to show that, uniformly for all k = ky satisfying ‘\Tkl — pe| < en,
m (pe |A])*PLO (AN = k) = £ (... 2,).
N—oo
We write the probability explicitly in terms of the Poisson point process (Xr)fy:TN +1- We abbreviate
[7] = {1,...,j} for j € N, and we write m = )
as follows:
AN {NUre = [}

= (N Xm =131) 0 ( N {X, = 0}) N {N¥ e — )

icls] Ti- We can decompose into independent events

1€[s] re[N\([ms]u{m;: i€[s]})
Hence,
(be) [Ty +1ms—1] _
oo 7 o £\ PR (NG — k)
P(bC) AINGme) — L)y — o~ i\,:m5+1 %t,,. ( m; ) 4.1
A ( ‘ ) Zg] m; PS{)C) (N(long) — k) ( )

Now we carry out the limit as N — oo and recall that k/|A| — pe, m;/|A| = x;pe for i € [s] and hence
m/|Al = pe D e(s) Ti- We may then use (2.3) for all the tw*?, and Proposition 2.7 for the two terms in
the last quotient. We need to distinguish the cases Ay > 0 and A\; = 0.

In the case A\; > 0, every t\*° vanishes as N — oo in a stretched-exponential way, such that the first
term on the right-hand side of (4.1) tends to one, and the second is

t(b? oM Bmi L2 e~ MpmL?
L~ g = )
icls] i icis] |4\ Pe i€[s] 7

Now, recalling that p(1) = e™7, the last term on the right-hand side of (4.1) is

(bc) [Tn+1ms—1] __ - —M\ — —m)L—2
P <NAN —k—m> N ﬁp(kmln)e A1B(k—m)L
P (NCone) = ) ﬁp(l)e”‘lﬁm_2
-~ e,\iﬁmLﬂewp((l _ Z CBz)/st> .
1€[s]

In the case A\; = 0, we have that t\>” converges very quickly towards one, hence, using the asymptotics
S 1 ~log N, the first term on the right-hand side of (4.1) is

r=1r
N 14 (bc) N 1 m
ei Zr:ms ;t”‘ ~ ei Zr:ms T~ 78

N
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Furthermore, the second is asymptotic to ([A|pe)™*/ [];e[s %, and the last one is

(bc) [Tn+1ms—1] — =
PR (NPT —km) et

ms

S A (- D))

1€]s]

This finishes the proof of Proposition 4.1 O

APPENDIX A. PROOF OF THE REMAINING STATEMENTS

Proof of Lemma 1.2. We drop the super-indices for the boundary conditions during the proof, and
keep N, 3, z,y fixed. By ,ugff )y we denote the canonical Brownian bridge measure from x to y with time
interval [0, 8] with boundary condition bc in the box A. Its total mass is equal to uiy (1) = 9s(x,y)
for x,y € A, where we write u(f) for the integral of a function f with respect to a measure p.

The proof of (1.5) is well-known (see e.g. [ACK11, Proposition 1]), but let us give some hints. The
starting point is the Feynman—Kac formula

t=gp 3 fane e (@ o

ceGN

N' Z /AN xl""7xN>gg(xi’in)v

c€GN

which follows from an application of the symmetrisation operator I} to the well-known trace formula
for e P2 (recall that Sy is the set of permutations o of 1,..., N). Now decompose every permutation
o into its cycles and use that (gs)se(0,00) IS @ convolution semigroup, ie., [, ga(x,y)gs (y,2)dy =
gp+p (x,z) for all z,z € A and 8,6 € (0,00) (this is why (1.5) does not hold for free boundary
conditions). Iterating this £ — 1 times in a cycle of length k gives that tj is the contribution to this
cycle. If my(o) denotes the number of cycles of length k& in o, then the number of ¢’s such that
my (o) = my, for all k is given as N!/ [ cn K™ my!.

We now turn to the proof of (1.6). Introducing the product measure

M(BN) 7®M£i)7vz7 u = (’U,l,...,UN),'U: (’Ul,---,'UN) EAN’

we can identify the kernel vy (see [Gin?l] and also [BR81, Theorem 6.3.14]) as

(B N
v (z,y) = 7y N‘ Z /AN )[]1] du, (A.1)
where we write o (v1,...,UN) = (Vg(1), - - - ,’UU(N)).
In this expression, we see N Brownian bridges that connect the N + 1 points z, y, u1,...,uy in such

a way that z is only a starting site, y is only a terminating site, and each w; is both. In particular,
there is a bridge (concatenation of bridges with time horizon [0, §]) starting in = and terminating in
y. Say r € {1,..., N} is the length of such a path, containing  — 1 points of {ui,...,uny_1}; we can
then split the permutation of 0 € Sy into 7 € &, and ¢’ € Sy_,, and with the help of the Markov
property of the bridges, rewrite

N
YN - ZL Z ' gr‘ﬁ T y Z /AN , 'z(zﬂUNu T) ® du“

r= 1 c€EGN_,
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Where we recall that ggg(z,y) is the total mass of py . Abbreviate A(m) = [[,en zrpm- Similarly
to (1.5), we then get

Zi\legTﬁ(ajﬂy) ZmemN - A(m )Hk 1 t
Zme‘ﬁw A(m) Hk:l b *

which ends the proof. O

v (z,y) =

Proof of Proposition 1.8. According to our representation in Lemma 1.3,

(Apbe) ALY e
ZyN(B) = A PR (Nay = plAly) -
For p > pc, the probability term vanishes as N — oo, but exponentially fast in |Ay|, as we proved in
Lemma 2.6 for for the diffusive or periodic boundary condition. Hence,

1. . 1 e
f(p) = —5 Jim pi" = —gp0” = =67+ ),

as we can easily deduce from Lemma 2.2(ii) and (iii). The right-hand side is equal to the right-hand
side of (1.9). For free boundary condition, the entire argument is even more immediate.

For p < p., we make a change of measure using (3.1):

(bc) (bc)
olAlpy PX)BN) (Ny = plA]) = elAlpA,H(,})efﬁu(p)p\/\lpxif(g) (NA = p|A]) .

P(bc ,N)

In Lemma 3.3, we showed that () (Na = p|A|) is of order |A|~'/2 (i.e., vanishes, but not expo-

nentially fast in |A|) and hence

L . 1
f(p) = 5 Jim_ (P — Br(p)p) = ~gPute) +1(e)p,
which is equal to the right-hand side of (1.9). O
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