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Abstract. We discuss the long time behaviour of the parabolic Anderson model,
the Cauchy problem for the heat equation with random potential on Z%¢ We con-
sider general i.i.d. potentials and show that exactly four qualitatively different types
of intermittent behaviour can occur. These four universality classes depend on
the upper tail of the potential distribution: (1) tails at oo that are thicker than
the double-exponential tails, (2) double-exponential tails at oo studied by Géartner
and Molchanov, (3) a new class called almost bounded potentials, and (4) potentials
bounded from above studied by Biskup and Konig. The new class (3), which con-
tains both unbounded and bounded potentials, is studied in both the annealed and
the quenched setting. We show that intermittency occurs on unboundedly increasing
islands whose diameter is slowly varying in time. The characteristic variational for-
mulas describing the optimal profiles of the potential and of the solution are solved
explicitly by parabolas, respectively, Gaussian densities. Our analysis of class (3)
relies on two large deviation results for the local times of continuous-time simple
random walk. One of these results is proved by Brydges and the first two authors
in [BHKO05], and is also used here to correct a proof in [BKO01].

1. INTRODUCTION AND MAIN RESULTS

1.1 The parabolic Anderson model
We consider the continuous solution v: [0,00) x Z% — [0,00) to the Cauchy problem for the heat
equation with random coefficients and localised initial datum,

Ev(t, 2) = AWw(t,2) +&(2)v(t, 2), for (t,z) € (0,00) x Z¢, (1.1)

v(0,2) = Ty(2), for z € Z°. (1.2)
Here ¢ = (£(2): 2 € Z%) is an i.i.d. random potential with values in [—00, o), and A is the discrete
Laplacian,

Adf(z)=Z[f(y)—f(z)], for z € 74, f: 74 - R
yn~z

The parabolic problem (1.1) is called the parabolic Anderson model. The operator A+ ¢ appearing on
the right is called the Anderson Hamiltonian; its spectral properties are well-studied in mathematical
physics. Equation (1.1) describes a random mass transport through a random field of sinks and
sources, corresponding to lattice points z with £(z) < 0, respectively, > 0. It is a linearised model for
chemical kinetics [GM90], is equivalent to Burger’s equation in hydrodynamics [CM94], and describes
magnetic phenomena [MR94]. We refer the reader to [GM90], [M94] and [CM94] for more background
and to [GKO05] for a survey on mathematical results.
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The long-time behaviour of the parabolic Anderson problem is well-studied in the mathematics and
mathematical physics literature because it is the prime example of a model exhibiting an intermittency
effect. This means, loosely speaking, that most of the total mass of the solution,

Ut)= Y wv(t,z), fort>0, (1.3)
z€74

is concentrated on a small number of remote islands, called the intermittent islands. A manifestation
of intermittency in terms of the moments of U(t) is as follows. For 0 < p < ¢, the main contribution
to the ¢'® moment of U(t) comes from islands that contribute only negligibly to the p*® moments.
Therefore, intermittency can be defined by the requirement,

: () »
s ey~

where () denotes expectation with respect to £. Whenever ¢ is truly random, the parabolic Anderson
model is intermittent in this sense, see [GM90, Theorem 3.2].

for 0 < p < q, (1.4)

However, one wishes to understand the intermittent behaviour in much greater detail. The following
has been heuristically argued in the literature and has been verified, at least partially, for important
special examples of potentials: the intermittent islands are characterized by a particularly high ex-
ceedance of the potential and an optimal shape, which is determined by a deterministic variational
formula. A universal picture is present: the location and number of the intermittent islands are ran-
dom, their size and the absolute height of the potential in the islands is t-dependent, but the (rescaled)
shape depends neither on randomness nor on t. Examples studied include the double-exponential dis-
tribution [GM98], potentials bounded from above [BK01] and continuous analogues on R? instead of
7.4 like Poisson obstacle fields [S98] and Gaussian and other Poisson fields [GK00, GKMO00]. A finer
analysis of the geometry of the intermittent islands has been carried out for Poisson obstacle fields
[S98] and the double-exponential distribution [GKMO5].

In the present paper we initiate the study of the parabolic Anderson model for arbitrary potentials,
with the aim of identifying all universality classes of intermittent behaviour that can arise for different
potential distributions. Our standing assumption is that the potentials (£(z): z € Z%) are independent
and identically distributed and that all positive exponential moments of £(0) are finite, which is
necessary and sufficient for the finiteness of the p'" moments of U(t) at all times. The long-term
behaviour of the solutions depends strongly and exclusively on the upper tail behaviour of the random
variable £(0). It is fully described by the top of the spectrum of the Anderson Hamiltonian A? + £ in
large t-dependent boxes.

The outline of the remainder of this section is as follows. In Section 1.2, we formulate and discuss
a mild regularity condition on the potential. In Section 1.3, we show that under this condition the
potentials can be split into exactly four classes, which exhibit four different types of intermittent
behaviour. Three of these classes have been studied in the literature up to now. A fourth class, the
class of almost bounded potentials, is studied in the present paper for the first time. We present our
results on the moment and almost-sure large-time asymptotics for U(t) in Section 1.4. In Section 1.5,
we give a heuristic derivation of the moment asymptotics, and in Section 1.6, we explain the variational
problems involved.

1.2 Regularity assumptions

We first state and discuss our regularity assumptions on the potential. Roughly speaking, the purpose
of these assumptions is to ensure that the potential has the same qualitative behaviour at different
scales, and therefore the system does not belong to different universality classes at different times. Our
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assumptions refer to the upper tail of £(0), and are conveniently formulated in terms of the regularity
of its logarithmic moment generating function,

H(t) =log <et‘f(0)>, as t 1T oo. (1.5)

Note that H is convex and ¢ — H (t)/t is increasing with lim; ., H(t)/t = esssup £(0). To simplify the
presentation, we make the assumption that if ¢ is bounded from above, then esssup £(0) = 0, so that
lim;,oo H(t)/t € {0,00}. This is no loss of generality, as additive constants in the potential appear
as additive constants both in }% log(U(t)P) and 1log U(t). The first central assumption on H is the
following:

H(t)

Assumption (H). ¢t — == is in the de Haan class.

We say that a measurable function H is in the de Haan class if, for some regularly varying function

g: (0,00) = R, the term g(¢) 1(H(At) — H(t)) converges to a nonzero limit as ¢ 1 co, for any A > 1.
In the notation of [BGT87] this means that H € II,. Recall that a measurable function g is called
regularly varying if g(A\t)/g(t) converges to a positive limit for every A > 0. If this is the case, then
the limit takes the form A¢, and g is called the index of regular variation. If o = 0, then the function

is called slowly varying.

When H(t)/t is in the de Haan class, then H is regularly varying with some index vy € R, see [BGTS87,
Theorem 3.6.6]. By convexity of H, we have v > 0. If H is regularly varying with index v # 1, then
H(t)/t is in the de Haan class, so that the statements are equivalent for v # 1. However, if v = 1,
then this does not necessarily hold, see [BGT87, Theorem 3.7.4].

From the theory of regular functions we derive the existence of a function H which can be characterized
by two parameters, v € [0,00) and p € (0,00), and plays an important role in the sequel.

Proposition 1.1. Assumption (H) is equivalent to the existence of a function H: (0,00) = R and a
continuous auziliary function k: (0,00) — (0,00) such that

i L (tY) — yH ()

o (D) = H(y) #0, fory € (0,1) U (1, 00). (1.6)

The convergence holds uniformly on every interval [0, M], with M > 0. Moreover, with -y the indez of
variation of H, the following statements hold:

(i) & is regularly varying of index v > 0. In particular, k(t) = 71 s ¢ 1 0.
(ii) There exists a parameter p > 0 such that, for every y > 0,

. S y—=y . H(t) p
(a) zfvsél,thenH(y)—p1_7,andgr£m) po L
t)|

(
, =~ . |H(
(b) if vy =1, then H(y) = pylogy, and ey

Proof. See Chapter 3 in [BGT87]. More accurately, using the notation f(t) = H(t)/t and g(t) =
k(t)/t, (i) is shown in [BGT87, Section 3.0], see also [BGT87, Theorem 1.4.1]. The uniformity of the
convergence follows since the left hand side of (1.6) is convex in y, negative on the interval (0, 1), and
continuous in zero.

(ii) follows from [BGT87, Lemma 3.2.1]. The implication stated in (ii)(a) follows from [BGTS87,
Theorems 3.2.6, 3.2.7], and the implication stated in (ii)(b) is shown in [BGT87, Theorem 3.7.4]. O
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Note that k is an asymptotic scale function, and H an asymptotic shape function for H. While
v € [0,00) is unambiguously determined by the potential distribution, the parameter p could be
absorbed in either x or H. The latter option makes it possible to keep track of p in the sequel. If £
is unbounded from above, then & and £ + C have the same pair of H and k for any C € R If £ is
replaced by C¢ for some C > 0, then the pair (H k) may be replaced by (C7H n) In the case v # 1
one may choose k(t) = H(t) in (1.6), if ¥ = 1 one may take x(t) fl (s)/sds, see [BGT8T,
Theorem 3.7.3].

The three regimes 0 < v < 1,y =1 and v > 1 obviously distinguish three qualitatively different classes
of (upper tail behaviour of) potentials. However, in order to appropriately describe the asymptotics

of the parabolic Anderson model in the case v = 1, a finer distinction is necessary. For this we need
an additional mild assumption on the auxiliary function «:

t
Assumption (K). The limit x* thm ? exists as an element of [0, c0].
—00

Assumption (K) is obviously satisfied in the cases v # 1 and for potentials bounded from above in
the case v = 1. Indeed, when v < 1, then £* = 0, while when v > 1, then ¥* = oo by Proposition
1.1(ii)(a). When v = 1 and H(t)/t — 0, then, by Proposition 1. 1(11)( ), H(t)/k(t) — oo, so that
k(t)/t — 0. Hence, Assumption (K) can be a restriction only for potentials unbounded from above in
the case v = 1.

1.3 The universality classes

In this section, we define and discuss the four universality classes of the parabolic Anderson model
under the Assumptions (H) and (K). In particular, we explain the relation between the asymptotics of
the parabolic Anderson model and the parameters v and * introduced in Assumptions (H) and (K).

For the moment, we focus on the large time behaviour of the p*® moment (U(¢)P) for any p > 0. In
this paper we show that there is a scale function «a: (0,00) — (0,00) and a number x € R such that
H (pta(pt)~?) 1
10g<U( )p) = —4 2
pt pt o(pt) a(pt)
The scale function « describes how fast the expected total mass, which at time ¢ = 0 is localised at
the origin, spreads, in the sense that

oo ting OO 1o (Seczev(t:2) 12| < Ra(n))
L SR

Moreover, in the three classes where the mass does not concentrate asymptotically in a single point,
there exists R > 0 such that

(x +o(1)), ast?too. (1.7)

=0. (1.8)

ot)? | (X.ezev(t2) 1|z < Ra(t)})

lim inf og

ttoo t <ZzeZdU(taz)>
In three of the four classes the results (1.7), (1.8) and (1.9) are already contained in the literature,
and we only give references; a further class will be the subject of the remainder of the paper.

<0. (1.9)

Heuristically, a(t) also determines the size of the intermittent islands for the almost sure behaviour
of U(t). The order of their diameter is given as («a o 3)(t), where (3(t) is the asymptotic inverse of
t — t/a(t)? evaluated at dlogt, cf. Section 1.4.2 below. The numbers y are naturally given in terms
of minimisation problems, where the minimisers correspond to the typical shape of the solution on an
intermittent island. A rigorous proof of these heuristic statements, however, is beyond the means of
this paper.
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One expects that «(t) is asymptotically the larger, the thinner the upper tails of £(0) are. It will turn
out that when k* = oo, then (1.7) is satisfied with a(t) = 1. Therefore, we only need to analyse «(t)
in the case when k* < co. Analytically, if K* < oo, then a(t) may be defined by a fixed point equation
as follows:

Proposition 1.2 (The scale function «). Suppose that Assumptions (H) and (K) are satisfied and
K* < 0o. There exists a regularly varying scale function a: (0,00) — (0,00), which is unique up to
asymptotic equivalence, such that for all sufficiently large t > 0

K (ta(t) =) 1

ta®) ¢ a2 (1.10)

The indez of reqular variation is L~ and hence lim = 00. Moreover
d+2—dy oo ’

o
a(t)?
(i) Ify=1 and 0 < K* < o0, then limuo a(t) = 1/Vk* € (0,00).
(ii) Ify =1 and k* =0, or if v < 1, then limyo a(t) = 0.

Proof. To see that « is regularly varying and unique up to asymptotic equivalence we note that
f(t) = t(k(t)/t)~4? is regularly varying with index at least one. By [BGT87, Theorem 1.5.12], there
exists an asymptotically unique inverse g such that f(g(¢)) ~ ¢ for ¢t 1 co. This inverse is regularly
varying. By definition, ¢ — ta(t)~% satisfies f(ta(t)~?) = t and hence a(t) ~ (t/g(t))/¢ is regularly
varying. The index of regular variation of « is immediate from the defining equation and the fact that
k(t) is regularly varying with index .

Under the assumptions of (i), for large t, the mapping = — s(tx%?)/tz%? maps a compact interval
centred in x* to itself, and hence the existence of a solution to (1.10) follows from a fixed-point
argument. The stated properties of () follow immediately from the definition.

Under the assumptions of (ii), we look at the problem of finding s > 0 such that x(s)/s = (s/t)%/%.
For any fixed t, as we increase s the left hand side goes to zero and the right hand side to infinity.
Hence for sufficiently large ¢, there exists a solution s = s(¢), which is going to infinity as ¢ 1 co. Then
a(t) = (t/s(t))Y/¢ solves (1.10) and converges to infinity. O

Now we introduce the four universality classes, ordered from thick to thin upper tails of £(0). Recall the
general formula for the asymptotics of the moments (U (¢)?) from (1.7). Uniqueness for the variational
problems below is to be understood up to spatial translation.

(1)‘7>1,0r'y:1and/€*:oo.‘

This case is included in [GM98], see also [GM90], as the upper boundary case p = oo in
their notation. Examples include the Weibull-type distributions, for which Prob{{(0) > =} =
exp(—pFz®) with a > 1. Here y = 2d, the scale function a(t) = 1 is constant, and the first term
on the right hand side in (1.7) dominates the sum, which diverges to infinity. The asymptotics
in (1.8) can be strengthened to

il ()
%Too t log (Y .ezav(t,z))

i.e. the expected total mass remains essentially in the origin and the intermittent islands are
single sites, a phenomenon of complete localisation. We call this the single-peak case. &

=0,
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) "y:l and K* 6(0,00).‘

This case, the double-exponential case, is the main objective of [GM98]. The prime example
is the double exponential distribution with parameter p € (0, 00),

Prob{£(0) > r} = exp{—¢"/?},

which implies H(t) = ptlog(pt) — pt + o(t). Here a(t) — 1/\/k" € (0,00), so that the size
of the intermittent islands is constant in time. The first term on the right hand side in (1.7)
dominates the sum, which goes to infinity. Moreover,

x= min {5 (@) —9w)* —» Y @) logg’(@) (1.11)

. zd
g: Z%—=R
Sg2=1 z,yezd r€Z4
T~y

where we write x ~ y if x and y are neighbours. This variational problem is difficult to
analyse. It has a solution, which is unique for sufficiently large values of p, and heuristically
this minimizer represents the shape of the solution. As noted in [GH99], for any family of
minimizers g,, as p T 0o, g, converges to dg, which links to the single-peak case. Furthermore,
as p | 0, the minimisers g, are asymptotically given by

P(lz/vpl) = (1 +o(1)) ™l 7=/2,

uniformly on compacts and in L!(R?). Consequently,

1
X:pd(l—ilogg—i—o(l)) as p | 0. &

)"yzlandm*zﬁ.

Potentials in this class are called almost bounded in [GM98] and may be seen as the degenerate
case for p = 0 in their notation. This class contains both bounded and unbounded potentials,
and is analysed for the first time in the present paper. The scale function «(¢) and hence the
diameter of the intermittent islands goes to infinity and is slowly varying, in particular it is
slower than any power of ¢. The first term on the right hand side in (1.7) dominates the sum,
which may go to infinity or zero. Moreover,

v= min { / Vg(@)|2 de — p / ¢*(2)log ¢°(x) dz }. (1.12)
geH1(R) R4
llgllg=1

see Theorem 1.4. This variational formula is obviously the continuous variant of (1.11), and
it is much easier to solve. There is a unique minimiser, given by

00 = (2)"" o (- 5a).

representing the rescaled shape of the solution on an intermittent island. In particular, y =
pd (1 — % log %), which is the asymptotics of (1.11) as p | 0. Hence, on the level of variational
problems, (3) is the boundary case of (2) for p | 0. <&

o

This is the case of potentials bounded from above, which is treated in [BKO01]. Indeed, in
[BKO1], it is assumed that there exists a non-decreasing function «(¢) and a nonpositive
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function H: (0, 00) — (—00,0] such that

. a(p)dt2? ~
ggi%—H(t ) =H(y),

uniformly on compact sets in (0,00). It is easy to infer from the results of Section 1.2 that
this assumption is equivalent to Assumption (H) with index v < 1 (recall that in this case
Assumption (K) is redundant), for a defined by (1.10) and

~ P
H(y) = 7,
(y) 1Y

Here a(t) — oo as t — «(t) is regularly varying with index 11—1—1277—7(17' The potential & is
necessarily bounded from above. In this case, the two terms on the right hand side in (1.7)
are of the same order, and (1.7) converges to zero. Moreover,

2 2
x = inf {/ |Vg(:v)|2dx—p/ de} (1.13)
geH1(RD) R4 R4 v—1
llgll2=1
In the lower boundary case where v = 0, the functional | ¢?Y must be replaced by the
Lebesgue measure of supp (g). In this case the formula is well-known and well-understood.
In particular, the minimizer exists, is unique up to spatial shifts, and has compact support.
To the best of our knowledge, for v € (0,1), the formula in (1.13) has not been analysed
explicitly, unless in d = 1. In Proposition 1.16 below, we show that (1.13) converges to (1.12),
as would follow from interchanging the limit v 1 1 with the infimum on g. This means that,
on the level of variational formulas, (3) is the boundary case of (4) for v 1 1.

Remark 1.3. The variational problems in (1.11), (1.12), and (1.13) encode the asymptotic shape of
the rescaled and normalised solution v(¢, -) in the centred ball with radius of order a(t). Informally,
the main contribution to (U(t)) comes from the events that

v(t [ a®)]) ~g
lo(t.T-a@Dl,
where g is a minimiser in the definition of x. To the best of our knowledge this heuristics has not been

made rigorous in any nontrivial case so far. Note that in case (1), formally, (1.11) holds with p = oo
and hence the optimal g is 1. &

Since the cases (1), (2) and and (4) have been studied in the literature [BK01, GM98], the possible
scaling picture of the parabolic Anderson model under the Assumptions (H) and (K) is complete once
the case (3) is resolved. This is the content of the remainder of this paper.

1.4 Long time tails in the almost bounded case

In this section we present our results on the almost bounded case (3). In other words, we assume that
k(t)/t is slowly varying and converges to zero.

1.4.1. Moment asymptotics. Our main result on the annealed asymptotics of U(t) gives the first two
terms in the asymptotics of (U(¢)P) for any p > 0, as t 1 oo. This is a substantial improvement
over the result for the almost bounded case contained in [GM98, Theorem 1.2], which just states that
log(U(t)?) = o(t) for p € N.
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Theorem 1.4 (Moment asymptotics). Suppose Assumptions (H) and (K) hold, and assume that we
are in case (3), i.e., v = 1 and k* = 0. Let p > 0 be as in Proposition 1.1(ii)(b). Then, for any
p € (0,00),

1 o H(pta(pt)™) 1
P log(U(t)P) = o) T alpi)? (pd(1 — +1og £) + o(1)), as t 1 oo. (1.14)

Remark 1.5 (The constant). Recall from (1.7) and (1.12) that the constant pd(1 — § log £) arises as
a variational problem; see Section 1.6. The variational problem plays an essential role in the proof.<&

Remark 1.6 (Intermittency). Note from (1.10) that the first term in (1.14) is of higher order than
the second term. Formula (1.14), together with the results of Proposition 1.1 and the fact that af-)
is slowly varying, imply that
log (Uley) > _ Hptalh) ) Higtalat) ) +o(t/a(t)?)
U@y palpt)™ ga(qt)™ (1.15)
t N
— q p
= e (pH(q) + 0(1)) for p,q € (0,00).

In particular, we have intermittency in the sense of (1.4), and the convergence is exponential on the
scale t/a(t)?. &

Remark 1.7 (Interpretation). The fact that the minimisers of the variational problem (1.12) are given
by Gaussian densities can be interpreted in the sense that the solution (u(¢,x)) is asymptotically a
heat flow running in the ‘slow motion’ scale a(t). Observe that this heat flow is the solution of (1.1)
if the potential ¢ is replaced by a certain parabola in the same scale. This parabola is the optimal
potential in the sense of Remark 1.13 below. &

In spite of the simplicity of the variational formula (1.12), the derivation of (1.14) is technically rather
involved and requires a number of demanding tools. We use both representations of U(t) available
to us: an approximative representation in terms of an eigenfunction expansion, and the Feynman-
Kac formula involving the simple random walk. The heart of the proof is an application of a large
deviation principle for the rescaled local times of simple random walk. However, there are three major
obstacles to be removed, which require a variety of novel techniques. The first one is a compactification
argument for the space, which is based on an estimate for Dirichlet eigenvalues in large boxes against
maximal Dirichlet eigenvalues in small subboxes. This is an adaptation of a method from [BKO01]. The
second technique is a cutting argument for the large potential values, which we trace back to a large
deviations estimate for the self-intersection number of the simple random walk. This is of independent
interest and is carried out in Section 2. Finally, the third obstacle, which appears in the proof of the
upper bound, is the lack of upper semi-continuity of the map f — [ f(z)log f(z)dz in the topology
of the large deviation principle, even after compactification and removal of large values. Therefore,
in the proof of the upper bound we replace the classical large deviation principle by a new approach,
taken from [BHKO05], which identifies and estimates the joint density of the family of the random walk
local times. See Proposition 3.3 below.

An alternative heuristic derivation of formula (1.14) is given in Section 1.5. The proof of Theorem 1.4
is given in Sections 2 and 3.

1.4.2. Almost-sure asymptotics. We define another scale function 3 such that

B a1
B0 dlogt. (1.16)
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In other words, 3(t) is the asymptotic inverse of ¢ — t/a(t)? evaluated at d logt, which by [BGTS87,
Theorem 1.5.12] exists and is slowly varying. In order to avoid technical inconveniences, we assume
that the field ¢ is bounded from below. See Remark 1.11 for comments on this issue.

Theorem 1.8 (Almost sure asymptotics). Suppose Assumptions (H) and (K) hold, and assume that
we are in case (3), i.e., v =1 and k* = 0. Furthermore, suppose that (3 is defined by (1.16) and that
essinf £(0) > —oo. Let p > 0 be as in Proposition 1.1. Then, almost surely,

Loguey - ZWWUOVD) __1__,

t Bt) (b))~ a(B())?
Remark 1.9 (The constant). In Section 1.6, we will see that also the constant p(d — glog £ 4+ log 2)
arises as a variational problem. A remarkable fact is that the first two leading contributions to U(t)
are deterministic. &

(d—2log 2 +1log2) +0(1)), asttoo.  (1.17)

Remark 1.10 (Interpretation). Heuristically, a(3(t)) is the order of the diameter of the intermittent
islands, which almost surely carry most of the mass of U(t). Note that B(t) = (logt)'*°(!) and
a(B(t)) = (logt)°D, i.e., the size of the intermittent islands increases extremely slowly. The crucial
point in the proof of Theorem 1.8 is to show the existence of an island with radius of order «(5(t))
within the box [—t,¢]? on which the shape of the vertically shifted and rescaled potential is optimal,
i.e., resembles a certain parabola. To prove this, we use the first moment asymptotics at time [(t)
locally on that island. The exponential rate, which is 8(¢)/a(3(t))? has to be balanced against the
number of possible islands, which has exponential rate dlogt, cf. (1.16). &

Remark 1.11 (Lower tails of the potential). The assertion of Theorem 1.8 remains true mutatis
mutandis if the assumption essinf £(0) > —oo is replaced, in d > 2, by the assumption that Prob{£(0) >
—oo} exceeds the critical nearest-neighbour site percolation threshold. This ensures the existence of
an infinite component in the set C = {z € Z%: £(2) > —oo}, and thus (1.17) holds conditional on the
event that the origin belongs to the infinite cluster in C. In d = 1, an infinite cluster exists if and only
if Prob{{(0) > —oco} = 1. If we assume that £(0) > —oo almost surely and (log(—£(0) vV 1)) < oo,
(1.17) is true verbatim, while otherwise the rate of the almost sure asymptotics depends on the lower
tails of £(0); see [BKO1la] for details. The effect of the assumption is to ensure sufficient connectivity
in the sense that the mass flow from the origin to regions where the random potential assumes high
values and an approximately optimal shape is not hampered by deep valleys on the way.

We decided to detail the proof of the almost sure asymptotics under the stronger assertion that
essinf £(0) > —oo. See [BKO1, Section 5.2] for the proof of the analogous assertion in the bounded-
potential case under the weaker assumptions. The arguments given there can be extended with some
effort to the situation of the present paper. &

The proof of Theorem 1.8 is given in Section 4. It essentially follows the strategy of [BKO01].

1.4.3. Ezamples. We now explain what kind of upper tail behaviour is covered by the almost bounded
case, arguing separately for the bounded and unbounded case, denoted by (B) and (U), respectively.
Suppose the distribution of the field £(0) satisfies

r oo in case (U),

r 10 = esssup £(0), in case (B). (1.18)

log Prob{£(0) > r} ~ —ef), as {
Here f is a positive, strictly increasing smooth function satisfying f'(r) T co as 7 T oo in case (U) and
f'(r)r + oo as r 1 0 in case (B). Note that typical representatives of case (2) of the four universality
classes are f(r) =~ cr as r T oo, violating the condition in case (U); and typical representatives of
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case (4) of the four universality classes are f(r) = —ﬁ log |r| as r 1 0, violating the condition in case
(B). The cumulant generating function behaves like

H(t) =~ log / e exp{—ef(r)} dr ~ sup[tr — ef(’")] = tr(t) — /@), (1.19)

where r(t) is asymptotically, as t 1 co, defined via t = f/(r(t))e/"(Y). Note that r(t) 1 oo in case (U),
while 7(¢) 1 0 in case (B), as t T co. Hence, f'(r(t)) 1 co in case (U), while f'(r(¢))r(t) 1 co in case
(B). Rewriting the definition of r(t) as

tr(t)
o) = 23— o(tr(t))
e o(tr(t)),
Frr@)r(t)
we thus obtain that the first term on the right hand side of (1.19) dominates the second term.

Therefore, we can approximate H(t)/t ~ r(t), as t T co. We next assume that f'(r(-)) is slowly

varying at infinity. We then see that, using the fact that r(¢t) = f _1(log W) in the last equality,

H(ty) — yH (1) ~ ty (7 (log 5rts) — £ (log yrty))

~ty (f_l(log m +1logy) — f_l(log f’(f(t)) ))

t
N —1y/ t _ -
~t(ylogy) (f) (log f’(r(t))) = (ylogy) Fir@®)

Using Proposition 1.1, this means that the scaling relation in (1.6) is satisfied with x(t) = t/f'(r(t))
and p = 1. As f'(r(t)) 1T oo is slowly varying, we see that we are in case (3) of the four universality
classes.

1.5 Heuristic derivation of Theorem 1.4

In this section, we give a heuristic explanation of Theorem 1.4 in terms of large deviations for the
scaled potential £. Our proof of Theorem 1.4 follows a different strategy.

We use the setup and notation of Section 1.4.3 and handle the cases (B) respectively (U) simultane-
ously. Consequently, the definition (1.10) of «(t) reads

a —d
alt)? = % — [ (r(ta(t)™)). (1.20)

We introduce the shifted, scaled potential

alt) 1
£x) = al0? [¢((watt))) - LU0 ]

~ alt)?[¢(Lza(t)]) — r(ta(r) *) + A0S )],

(1.21)

for z € Qr = [-R, R]?. The process &, satisfies a large deviation principle, for every R > 0, on the
cube Qp with rate ta(t) 2 and rate function ¢ fQR e?@)-1 dz. Indeed, with By = [-R, R]? N Z4,

Prob{€ ~pon Qu}~ [ Prob{e(0) m L2874 p(ta(t)~?) — 2SO}

2€BRa(t)

~ [ exw{—ew[f(rtaw )+ 2ol ol reten=)]

ZEBRa(t)
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By a Taylor expansion around r(ta(t)~%), using that s = f'(r(s))e/"®) for s = ta(t)~* as well as
(1.20), we can continue with

£~ ~ - e(x) -
Prob{¢{, ~ ¢ on Qz} ~ exp{—a(t)d /QR exp[f(r(ta(t)™)) + OE f(rta(t)™) —1] dx}
Cexplo [ @14,
o= say f, )

t
~ __ e(z)-1
= exp{ NOE /QR e da:}.

The asymptotics of (U(¢)?) can now be explained as follows. Note that U(t) = u(t,0), where u(t, -)
is the solution of the parabolic Anderson model (1.1) with initial condition u(0,-) = 1. We can
approximate u(t,0) by w(¢,0), where (s, z) — wi(s, z) is the solution to the initial boundary value
problem (1.1) with zero boundary condition outside the box B; and initial condition w¢(0, -) = 1p,.
Let Ad(¢) denote the principal eigenvalue of A + ¢ in ¢2(B;) with zero boundary condition. Then an
eigenfunction expansion shows that

U(t)P = u(t,0)P = wy(t,0) ~ P(E)
This already explains why the asymptotics of the p*® moments of U(t) are the same as the asymptotics

of the moments of U(pt). We proceed by taking p = 1. Now the shift invariance and the asymptotic
scaling properties of the discrete Laplace operator yield that

X(e) = WD 4 2 (a(t) %€ (1 a() 7)) » LD 4 a() 20 E)),

where A\(¢) denotes the principal eigenvalue of A + %) in LQ(Qm(t)_d), with zero boundary condition.
Hence,

(1) ~ o090 (x| (tt),z ME)}): (1.22)

Using the large deviation principle for £, with R = ta(t)~¢, and anticipating that ¢ + A(¢)) has the
appropriate continuity and boundedness properties, we may use Varadhan’s lemma to deduce that

1 _ H(ta(t)~?) L
FlosU) ~ Tl - e,

where y is given by
— P(z)—1
X 13f { /Rd e dz /\(zp)} (1.23)

We show in Section 1.6 that y is equal to pd(1 — %log £). This completes the heuristic derivation of
Theorem 1.4. The interpretation of the above heuristics is that the moments of the total mass U(t)
are mainly governed by potentials £ whose shape is approximately given as

£() ~ WD) 1 o) (- at) ™)

where 1 is a minimiser of the formula in (1.23).
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1.6 Variational representations of the constants in Theorem 1.4 and 1.8

1.6.1. The constant in Theorem 1.4. Fix p > 0 and define x(p) € R by

s 2 2
x(e)= it IVl ~H(e)}. (124

llgll2=1

where H'(R?) is the usual Sobolev space, V the usual (distributional) gradient, and
) =p [ ¢(e)log P (o) (1.25)
Rd

By the logarithmic Sobolev inequality in (1.30) below, H(g?) € [—o0, 00) is well-defined for g € H'(R?).
Furthermore, we introduce the Legendre transform of H on L?(R?) and the top of the spectrum of
the operator A + ¢ in H'(R?),

L) = sup {(¢°)—H(¢>)} and A@W)= sup {(¥,¢°)—|Vyl3}. (1.26)
seLHED

Introduce the functions

d
1 d
gp(x) = (%) feblal® and Yo(z) =p+ r5 log% — p?|x|?, for z € R?, (1.27)

Note that the Gaussian density g, is the unique L?-normalized positive eigenfunction of the operator
A+, in HY(R?) with eigenvalue A(1p,) = p — pd + p%log 2. It satisfies £(1),) = p.

Proposition 1.12 (Solution of the variational formula in (1.24)). For any p € (0,00), the infimum
in (1.24) is, up to horizontal shift, uniquely attained at g,. In particular, x(p) = pd(1 — %log 2) is
the constant appearing in Theorem 1.4. Moreover, L is identified as

L() = 3/ sV @ g (1.28)
€ JRrd
and the ‘dual’ representation is
(o) = inf {L@)=A\W)}, (1.20)
$€EC(R®)
L($)<oo

where C(R?) is the set of continuous functions R? — R. Up to horizontal shift, the infimum in (1.29)
is uniquely attained at the parabola 1), in (1.27).

Proof. By the logarithmic Sobolev inequality in the form of [LLO1, Th. 8.14] with a = /7/p, we
have

Vol 2 o [ o(@)1og g*(a) da + pa(1 — 1og £). (1.30)
R
with equality exactly for the Gaussian density g, and its horizontal shifts. This proves the first
statement. In order to see that (1.28) holds, use Jensen’s inequality for any g € L?(R?) to obtain
2 29 29
g er er
(g*,0) —H(g") = pllgll3 / T log —- < pl|g13 log Ler 7 (1.31)
lgllz ¢ lgll2

Equality holds if and only if g2 = Cer? for some C > 0. The right side of (1.31) is maximal precisely
1
for gl =1 [ e»?. Substituting this value, we arrive at (1.28).
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To see the last two statements, we use (1.28) and the formula in (1.26) for A(¢)) to obtain, for any
Y € C(RY),

L) = A\ = . ,Tlnf 5 (1913 = #(6®) — » / 7 [% logg? — er¥ o). (1.32)

The term in square brackets is equal to § — e?~! for § = % — log ¢2. Since this is nonpositive and is

zero only for §# = 1, we have that ‘<’ holds in (1.29). Furthermore, by restricting the infimum over g
to strictly positive continuous functions and interchanging the order of the infima, we see that

inf {L() — A < inf inf Va2 — H(q?) — /2%_1 2 ¢-logg®~1
oty FO MO} < L, 8l (V91 ~#(s*) —p [ o [% ~toag® —¢ 1)
gll2=1.9

< inf [[Vgl3 —H(g%) = x(p),
gEH ! (RY)
llgllg=1,9>0

N

by substituting ¥ = p + plog g2, and we use that the maximizer g of the right hand side is strictly
positive. Therefore, equality holds in (1.29). We also know that, by uniqueness of the solution in
(1.24), the unique minimizer in (1.29) is ) = p+ plog gg = 1. O

Remark 1.13 (Interpretation). Both representations (1.24) and (1.29) may be interpreted in terms of
optimal rescaled profiles for the moment asymptotics of the total mass U(t). While the minimizer ),
in (1.29) describes the shape of the potential £ (see Section 1.5), the minimizer g, in (1.24) describes
the solution u(t, -), cf. Remark 1.3. &

1.6.2. The constant in Theorem 1.8. We now turn to the variational representation of the constant
appearing in Theorem 1.8. We define Y(p) by

X(p) = mnf{-X(¥): ¥ € C(RY), L) < 1}, (1.33)
where we recall that C(R?) is the set of continuous functions R? — R.

Proposition 1.14 (Solution of the variational formula in (1.33)). For any p € (0,00), the function
Y, —plog &, with 1, as defined in (1.27), is the unique minimizer in (1.33), and X(p) = x(p)+plog .

Proof. Obviously, the condition £(¢)) <1 in (1.33) may be replaced by £()) = 1. In the represen-
tation

R(p) = inf {plog L) = A(®): v € C(RY), L)) =1}

we may omit the condition £(¢)) = 1 completely since plog £(¢)) — A(¢)) is invariant under adding
constants to ). We use the definition of A(¢)) in (1.26), and (1.28), and obtain, after interchanging
the infima,

~ . (e p
W= inf {IV6lE— sup ((wg?) —plog [ ar)} 4 ptogl  (13)
ey veem ‘

The supremum over 1 is uniquely (up to additive constants) attained at 1) = plog g? with value H(g?),
as an application of Jensen’s inequality shows:

plog/eﬂ(m) dr = plog/d:rgQ(a:) eiwm)flogg%m) > p/d$g2($) (%1/)(1’) - 10892(5”))

= <wa92> - H(QQ)
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%ence, X(p) = x(p) + plog £. Since g, is, up to horizontal shifts, the unique minimiser in (1.24),
Y, = plog gg + C is the unique minimizer in (1.34). By the above reasoning, 1), is the unique

minimizer of (1.33), where C' = —plog £ is determined by requiring that E(Jp) =1. O

Remark 1.15 (Interpretation). There is an interpretation of the minimiser of (1.33) in terms of the
optimal rescaled profile of the potential ¢ for the almost-sure asymptotics of the total mass U(t).
Indeed, the condition £(1)) < 1 guarantees that, almost surely for all large t, the profile ¢) appears in
some ‘microbox’ in the rescaled landscape ¢ within the ‘macrobox’ B; = [—t,¢]? N Z%, which is one of
the intermittent islands. The logarithmic rate of the total mass, 1 logU(t) & A, (€), can be bounded
from below against the eigenvalue of ¢ in the microbox, which is described by A()). Optimising over
all admissible v explains the lower bound in (1.17). Our proof of the lower bound in Section 4 makes
this heuristics precise.

The Gaussian density g, in (1.27) is the unique positive L?-normalized eigenfunction of A+1, —plog £
corresponding to the eigenvalue —X(p) = A(p, —plog £). Tt describes the rescaled shape of the solution
u(t,-) in the intermittent island. An interesting consequence is that the appropriately rescaled potential
and solution shapes are identical for the moment asymptotics and for the almost sure asymptotics.
This phenomenon also occurs in the cases of the double-exponential distribution and the potentials
bounded from above. &

1.6.3. Conwvergence of the variational problem in (1.13). We close this section by showing that the
variational problem in (1.13) converges to the variational problem in (1.12) as v 1 1. We define

v 27( ) 92( )

nf 2 g \r z 1.

X(pa }) geHll(Rd) {/d | g($)| dx p/d 1 dl‘}, ( 35)
llgllz=1

which is equal to the variational problem in (1.13).

Proposition 1.16 (Convergence of the variational problem in (1.35)). For any p € (0,00),

ggx(p, 7) = x(p)- (1.36)

Proof. The upper bound in (1.36) follows by substituting the Gaussian density g = g, in (1.27) into
the infimum in (1.35), and by noting that

2 2
. g (x) — 95 (z) 2 2
1 — " dr = 1 d
) A =/, 9,(x) log g, () dz,
by an explicit computation of the integrals involved.

For the lower bound in (1.36), we bound, for any v € [0,1) and g € H'(R%),

2Y(g) — g2 (v—1)log g*(x) _
/ 97(w) = g°(x) dr = / 92(33)6 ! dx > —/ g*(x) log ¢*(z) dz,
Rd I—v R 1—7v R

since e/ — 1 > 0 for every § € R. Therefore, x(p,7) < x(p) for every v € [0,1). O

The remainder of the paper is as follows. In Section 2 we present an important auxiliary result on
self-intersections of random walks, which will be used in the proof of Theorem 1.4 in Section 3. The
proof of Theorem 1.8 is given in Section 4. Finally, in Section 5 we use the opportunity to correct an
error in the proof of the moment asymptotics in case (4) from [BKO01].
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2. AN AUXILIARY RESULT ON SELF-INTERSECTIONS OF RANDOM WALKS

In this section we provide a result on ¢-fold self-intersections of random walks, for small ¢ > 1, which
is an important tool in the proof of the upper bound in Theorem 1.4. This result is of independent
interest. Let f4(z fo )) ds denote the local time at z of the simple random walk (X (s): s €
[0,%]) on Z<¢ with generator Ad startmg at the origin.

Proposition 2.1. Fiz ¢ > 1 such that g¢(d —2) < d and R > 0. Let a(t) — oo such that a(t) =
O(t*/4+2)=¢) for some & > 0. Then

1 1

lim sup lim sup o) log E[exp {Qa( gld+(2=d)g (Z U(x )q }ll{supp (4) C BRa(t)}] =0. (2.1)
010 ttoo t a7
Remark 2.2. The result is better understood when rephrasing it in terms of the normalised and
rescaled local times, L;(-) = Ta(t)%;(| - a(t)]). Then the exponent may be rewritten as
1
Ld+(2—d)g a t
aft) (Y @) = el
z€Z4

where || - |4 is the norm on L(R?). Hence, (2.1) is a large deviations result for the g-norm of L; on

the scale t/a(t)?. It is known that (L;: t > 0) satisfies a large deviation principle on this scale in the
weak topology generated by bounded continuous functions, see for example [GKS06]. However, (2.1)
does not follow from a routine application of Varadhan’s lemma, since the ¢g-norm is neither bounded
nor continuous in this topology. See [Ch04] for an analogous result for a smoothed version of L;. <

Remark 2.3. Our proof yields (2.1) also without indicator on {supp (/) C Bpgqa} if the sum is
restricted to a finite subset of Z%. It can easily be extended to a large class of random walks, also
in discrete time. The proof is based on a combinatorial analysis of the high integer moments of the
random variable > /¢;(z)?. This method is of crucial importance in the analysis of intersections and
self-intersections of random paths [KM02], and of random walk in random scenery [GKS06]. &

Proof of Proposition 2.1. By B we denote the box B = Bpy) = [~Ra(t), Re(t)] N Z%. In the
exponent on the left side of (2.1), we restrict the sum to x € B and forget about the indicator on
{supp (1) € BRra(t)}- In the following we write || - [|; for the norm in ¢7(B).

In a first step we reduce the problem to a problem on asymptotics of high integer moments. Suppose
first that there are constants T, C' > 0 such that

t
k kq ik k[d+(2—d
E[||6:][59] < k*CHa ()M C=Dd - for any ¢ > T,k > O (22)
We now show that this assumption implies (2.1). Expanding the exponential series, we rewrite
d+(2—d)q —Lld+(2—d)q
E|exp {fa(t) s =g, }] = -Xn ~ (o) s+ =09 R[],
k=
Abbreviate k; = q[t/a(t)?]. Under our assumption,
kN k _
E[lI6:)|5] < (—) Cha(t) a4+ E-Dd for t > T,k > ki, (2.3)
q

and hence we obtain

B[ exp {0a() 7140, )] < 3 Lota i evig ) + 30 (T 2
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For all sufficiently small § > 0, the second term is estimated as follows:

EICO ST

and the exponential rate (in ta(t)~2) of the right hand side tends to —oc as 6 ] 0.
For the first term, we bound, using Holder’s inequality and (2.3), for k < ki,

E Ky \ ke Bt gt (2—d)g]\ k -
k) < ke < ((Ft\™ ok [d+@-d)g\ ke _ (Ft\* ko Eld+(2-d)q]
)] < Ellel] < (%) ctatn ) = (%) crawi .
Therefore, the first term in (2.4) is bounded by

k=0 q

This proves that (2.2) implies the statement (2.1). Therefore, it suffices to prove (2.2) with some
constants C, T > 0. We use C to denote a generic constant which depends on R, d and ¢, but not on
k and t, and C may change its value from appearance to appearance.

To prove (2.2), we write Ay for the set of maps §: B — Ny satisfying ) . p 3» = k. First we write

out
E[lali] = 32 B[] el =]

21,..,2,EB z€B

= > B[ [T @)™ #(z € B*: 5o = (s = )} 25
BEA r€EB ( )
=1 3 B[] e IT 55

BEA, =z€EB z€EB

Note that, for 8 € Ay, the numbers ¢f3, are not necessarily integers. We resolve this problem, in an
upper bound, by introducing a further sum over the set Ax(3) of all 5: B — Ny satisfying |5, —¢f.| < 1
for every x € B. Then, clearly,

]E[H et(x)qﬁw] < 3 E[H et(m)ﬁz]. (2.6)

z€EB EEAk(ﬁ) zEB

We fix 8 € Ay, and (8 € Ag(0) and denote k= Y 2eB B,. Writing out the local times, we have

B[] tu(w)™] HH/ ds| P{X(s7) = aVa € BYi=1,.... /L, }.

zeB r€B =1

The next step is to give new names to the integration variables s such that we can order the time
variables. Fix some function ¢: {1,...,k} — B such that |0 !({z})| = 8, for any x € B. We continue
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with, denoting the set of permutations of 1, ... ,7:: by &z,

]E[H et(x)ﬁz] - /[O’t]; dty ... dtz P{X (t;) = o(i)Vi = 1,...,k}

zeB

_ /0<t1<---<t-,;§t dty...dty S P{X(t) = oi) Vi) .

o6y

> ds~n{zs,<t} Hpsz i = 1)) (o).

oe€6y

where we switched from ¢ to ! and substituted s; = t; — t;_1 (with ¢ = 0), and we introduced the
transition probabilities of a continuous time simple random walk, p,(z,y) = P,{X(s) = y}. Here we
use the convention o(0) = 0 and p(0) = 0, the starting point of the random walk.

We estimate the indicator on the right hand side of (2.7) against e [[%_, =% for A = a(t)~2. Then
we integrate out over all the s;, to obtain

B[] )] < 5 T 6x(eleli=D)elol@y). 2.9
z€EB 066~z 1

where G is the Green’s function of the walk given by Gi(z,y) = [;° e *ps(z,y)ds. It will be
convenient to use a closed loop of sites, i.e., to change the convention ¢(0) = 0 to the convention

o(0) = o (k). Since
1{o(0) —O}HG/\ o(i — 1)), 0(0(i)))

G (0(0)
G (Q(U(%

= Yo (0) = o(k)}

\_/,
=
IS
—
R
—
i
=
=
SN—
<
Il
A

this change of conventions leads to a factor

G/\(Q(O) o(o (1)))
A(o(a(R)); e(0(1)))
which can be bounded by e°*) since sup, yep GA(0,4)/Ga(w,y) < %) where we recall that A =
at)™2, k> ta(t)"2 and B = BRa(s)-

We denote by P(f3) the set of maps v: B x B — Ny such that Y oyeB Yoy = DoyeB Yy = 3, for any
x € B. Then we can rewrite

B[] t@™] <@ 3= [ Gy > 3

T€EB ’YEP(E) z,yeEB weBk 0EG;
(wo=wp)

x M{ooo=wl{vsy = #{i: wi—1 = z,w; =y} Vz,y € B}.
We can evaluate the sums over w and ¢ using elementary combinatorics. Indeed, note that

#{o: poo=w}= H Ba!, (2.9)

z€EB
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since, given w and g, the left hand side equals the number of orders in which one can put k objects, of
which [, for each x € B are indistinguishable, into a row such that the same vector of elements arises.
Since one can only permute within those indices which belong to the same class of indistinguishable
objects, we obtain (2.9). This performs the sum over . To perform the sum over w for fixed ~, we
use [dHO00, p.17], to obtain

#{w: oy = #{i: wis1 =z, w; = y} Va yGB}<k H Be!
z,yeB %’y
Therefore, we obtain
B[] ] <0 3 T o+ 2] TT A
€B YEB my! €B
e YEP(B) Ty ¢ . (2.10)
)\t+0 Z Zz yGB'Ym'y H |:G)\($7y) ]qu’y H 7y ’me H /82,6z’
vEP(B) z.yeB Ty z,yeB z€B

where we use that n"e ™ < n! < n™. We next use that, since \Ex — Bz <1,

z,yeB zeB zeB

By our assumption on the growth of a(t), we have |B| < Ca(t)? < o(k) and hence eXewes =y < Ok,
Fix v € P(B). We use Jensen’s inequality for the logarithm to obtain

H[G)\(my)]%y ep{ Zﬁxz%,yl GAIBZ/)}

z,yeB Tzy :L'EB yeB :z:

Sexp{ Zﬁmlog(z (ﬂ7y) )}

:L‘EB yEB T

(2.11)

Recall that A = a(t)~2. Since (d—2)q < d, there is a constant C (only depending on R, d and q) such
that, for any xz € B,

Z Gawy-2(z,y)? < Ca(t t)d+2=d)g, (2.12)
yEB
This gives that
l ~
10 [Gx(x,y)q] S < Oka(p)arC-aak/a T] gy 0. (2.13)
zyeB Yo,y z€EB

We substitute (2.13) into (2.10) and summarise (2.5), (2.6) and (2.10). Using that |75— qk| < |BJ, we
obtain

1—gqg

E[||€t||gk] S’EEC’“&( )[d+(2 d)q)(k+1(B)) Z Z Z H[ %,y) ¢ _ = (2.14)

772
BEAL 3 BEAL(B) ,-),ep(ﬂ) z,y€B =ﬁw ( ﬁm)ﬂz/ﬂm

Note that, by our growth assumption on a(t) and since k > t/a(t)?,

k< < (qk)™*CIBIEIBl < (gk)T* etk
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The product is estimated with the help of Jensen’s inequality for the logarithm, together with the fact
that y — vﬁf’y is a probability measure, as follows:

1—g ~ ~
(%%c,y)T Y,y qg—1 ~ 7, Bx(iﬁy)
~ = =expy — /833 ﬁ log k77
mgB[(%ﬂw);_Q(%ﬂw)ﬁz/ﬁm] q wEZB y% B Vay }
X exp{— Z ﬂxlog% + E Z Bxlog &}
z€EB 1 zEB k
< exp{— Z Bz log% + ! Z Zf; log &}
zEB 1 zEB k

Now recall that ¢G, — 1 < Ex < qB; + 1 < 2¢qB, for B, > 0 to bound

Zﬁ$108?<z qﬂx—l log Qﬁx = Zﬁwlog k —f—Z]Og

z€EB zeB zeEB

k
—I—qklo =,
gk

so that we arrive at

—Zﬁxlg + = Zﬁxlog%<klogk+ Zlog

z€B :cEB z€B

qﬂw

k
< klog%+0k+C|B|logk < CE,

since gk /E converges to one and since |B|logk < Ca(t)¢logk < o(k). Hence, we have estimated the
product on the right hand side of (2.14) against C* uniformly in 3 € A, 8 € Ax(8) and v € P(B).
Our growth condition on «(t) implies that each of the sums can be estimated against e°¥). Tndeed,

IP(B)| < kIBI® < eCal)*logk < colk)

for any 3 € A(B) and for any § € Ag. Furthermore, |A,(8)| < 2/B < ) for any 8 € Ay, and
finally |Ag| < kBl < (%) Therefore, we obtain

]E[||€t||§q] < CF Rk o ()l d)dlk o (1) CIBI < pRaoha gy (g)Fldt+(2=d)d]

)

where we again used our growth condition on «(t). This completes the proof. O

3. THE MOMENT ASYMPTOTICS: PROOF OF THEOREM 1.4

Our analysis is based on the link between the random-walk and random-field descriptions provided
by the Feynman-Kac formula. Let (X(s): s € [0,00)) be the continuous-time simple random walk on
Z¢ with generator A. By P, and E, we denote the probability measure, respectively, the expectation
with respect to the walk starting at X (0) = z € Z<.

Let V: Z? — [—00, 00) be a potential that is non-percolating from below, i.e. there exists A € R such
that the level set {z € Z?: V(z) < A} does not contain an infinite connected component. Then, see
e.g. [GM90, Lemmas 2.2 and 2.3], there exists a unique nonnegative, continuous solution u" of the
initial-value problem

Owu(t,z) = Nu(t, z) + V(2)u(t, 2), for (¢,2) € (0,00) x Z¢,
L,

)
u(0,z2) = for z € 7.4, (3-1)
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and the Feynman-Kac formula allows us to express u" as

uV(t,z) =R, [exp { /0lt V(X(s)) ds}], for z € Z4, t > 0. (3.2)

By [GM90, Theorem 2.1] the random potential ¢ is almost surely non-percolating from below. Hence,
uf is the solution of the parabolic Anderson problem in (1.1) with initial condition u(0,z) = 1 for all
z € R%, and the main object of our study is U(t) = u(t,0). Introduce the vertically shifted random
potential

a d
6i(2) =€) — B (7)o (3:3)

Note that t is a parameter here, and & should not be seen as a time-dependent random potential. Fix
€ (0,00). Then Theorem 1.4 is equivalent to the statement

2
lim —a(pt)

lim == log (u®" (t,0)") = —x(p), (3.4)

where x(p) is defined in (1.24). We approximate u®t by finite-space versions Let R > 0 and let
Br = [-R, R]* N Z% be the centred box in Z? with radius R. Introduce uY, : [0,00) x Z¢ — [0, 00) by

u¥ (t, 2) exp {/ (s)) ds}]l{supp (4) C BR}], (3.5)

where (;(z fo )) ds are the local times of the random walk. Note that u) < uV < u" for
0<r< R < 0. In the ﬁnlte space setting we can work easily with elgenfunctlon expansions: We
look at the function

PRty 2) =, [ew”“’t)ﬂ{swp (¢;) C Br}1{X(t) = Z}] for y, 2 € Z, (3.6)

and the eigenvalues, \; > Ao > A3 > --- > )\, of the operator A+ V in KQ(BR) with zero boundary
condition, where we abbreviate n = |Bgr|. We may pick an orthonormal basis of corresponding
eigenfunctions e;. By convention, ej vanishes outside Br. Note that }_ .z ph(t,y,2) = uk(t,y).
Furthermore, we have the eigenfunction expansion

PRty 2 Zet Fer(y)ex(2). (3.7)

In particular,

= Z ek (e, ey (2). (3.8)
k

The following proposition carries out the necessary large deviations arguments for the case p = 1, and
is the key result for the proof of (3.4).

Proposition 3.1.

. : a t 2 t
(i) Let R > 0. Then hrgfoup (t) log <u§za( )(t,0)> < —x(p)-

2
(i) lim inf lim inf@b <u%a( )(t,0)> > —x(p)-

Rtoo tToo

The proofs of Proposition 3.1(i) and (ii) are deferred to Sections 3.2 and 3.3, respectively.
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3.1 Proof of (3.4) subject to Proposition 3.1
Proof of the lower bound in (3.4). All we have to do is to show that, as ¢ 1 oo,

<ugpt (t,0)7) > eolta(pt)=?) <U%;(pt) (pt, ())>, (3.9)

To prove this, we repeat the proof of [BK01, Lemmas 4.1 and 4.3] for the reader’s convenience. We
abbreviate r = Ra(pt), V = &pt, u = vV, u, = u) and p, = p). Note that |B,| = eolte(pt)™?)

Now we prove (3.9). First we assume that p € (0,1). Use the shift invariance of the distribution of
the field V' and the inequality >, 2% > (3, z;)P for nonnegative z; to estimate

< (t,0)P > <\; | Z (t,z)p> > eo(ta(pt)‘2)< Z u(t,z)P> > 6o(ta(pt)‘2)<( Z u(t,z))p>_ (3.10)

z€B, zEBy

By || - || we denote the norm on ¢?(B,). According to Parseval’s identity, the numbers (e, 1)2/||1||
sum up to one. Using u > u,, the Fourier expansion in (3.8) and Jensen’s inequality, we obtain

(X w2)") 2 "“"2p<(z o Trﬁnz )p> el <Z " ellkﬁll2 )

2€B, (311)
s 0 5 ) 0 )

ZEB,
Substituting (3.11) in (3.10) completes the proof of (3.9) in the case p € (0,1).

Now we turn to the case p € [1,00). We use the first equation in (3.10), Jensen’s inequality, the
eigenfunction expansion in (3.8) and the inequality (3, z;)? > 3, z¥ for nonnegative z; to obtain

) (g ) 2 ()
> eO(ta(pt)‘2)< Z PPk (o ]1)2p>_

k

(3.12)

Next we use Jensen’s inequality as follows

< zk: P (o, ]1>2p> _ ( le ezi’“ke;ik < Z ept)\k>
> (B (e 319

k

ePtAk 1=p
(3w (i Bii) = o)

ZGB'I'

In the last step, we have used the eigenfunction expansions in (3.7) and (3.8) to see that
Zept)\k €k, ]1 ZZpR t Y, 2 >sz(t,z,z) :Zept)\k'
z k
Combining (3.12) and (3.13) completes the proof of (3.9) also in the case p € [1, c0). O

Proof of the upper bound in (3.4). A main ingredient in our proof is the following preparatory
lemma, which provides, for any potential V', an estimate of " (¢,0) in terms of the maximal principal
eigenvalue of A9 + V in small subboxes (‘microboxes’) of a ‘macrobox’. For z € Z% and R > 0, we



22 REMCO VAN DER HOFSTAD, WOLFGANG KéNIG, AND PETER MORTERS

denote by /\‘Zi; (V) the principal eigenvalue of the operator A’ + V with Dirichlet boundary conditions
in the shifted box z + Bp.

Lemma 3.2. Let r: (0,00) — (0,00) such that (t)/t T co. For R,t > 0 let Br(t) = B2\ r)- Then
there is a constant C' > 0 such that, for any sufficiently large R,t and any potential V: 7% — [—00, 0),

uV (t,0) < IE[erot ViXs)ds) V2gr(t) 4 (CU/R (3r(t))dexp {t n}lgzn(( ) A 2R(V)} . (3.14)
zE

Proof. This is a modification of the proof of [BKO01, Proposition 4.4], which refers to nonpositive
potentials V' only. The proof of [BK01, Proposition 4.4] consists of [BK01, Lemma 4.5] and [BKO01,
Lemma 4.6]. The latter states that

u},/(t)(t,()) < eCt/RQ(ST(t)) exp{t T%a}(())\zQR(V)}- (3.15)
2€

A careful inspection of the proof shows that no use is made of nonpositivity of V' and hence (3.15)
applies in the present setting.

In order to estimate u" (¢,0) — u:/(t) (t,0), we introduce the exit time 7 = inf{¢t > 0: X (¢) ¢ Bg} from
the box By and use the Cauchy-Schwarz inequality to obtain

uY (t,0) — T(t) (¢,0) exp / V(X(s)) ds}]l{Tr(t) < t}]
<E[2 o VX ds Py < 1y1/2,
According to [GM98, Lemma 2.5(a)], for any r > 0,

P{r, <t} <241 exp{ —r(log% - 1)}

Hence, we may estimate P{7,; < t}1/2 < e "® _ for sufficiently large ¢, completing the proof. O

We now complete the proof of the upper bound in (3.4), subject to Proposition 3.1. Let p € (0,00)
and fix R > 0. First, notice that the second term in (3.14) can be estimated in terms of a sum,

exp {pt max )\ZZR(V)} < Z ept)‘gﬂn(v)_ (3.16)
2€Br(t) 2€Bg(t)

Thus, applying (3.14) to u¥*(¢,0) with R replaced by Ra(pt), raising both sides to the p-th power,
and using (x 4+ y)P < 2P(zP + yP) for x,y > 0, together with (3.16), we get

ubpt (t,0)P < 2P (E[62 Jo &pt(X(s)) ds]p/Qe—pT(t)
+ Ot/ (R?a(pt)?) (3r(t))pd Z ept)\(j;2na(pt)(fpt)) .
ZEBRa(pt)(t)

Next we take the expectation with respect to & and note that, by the shift-invariance of £, the
distribution of \¢. 2Ra(pt) (¢) does not depend on z € Z% This gives

(uér (,0)P) < 2p(<]E[e2 I &p(X(s>>ds]P/2>e—pr<t>

Cpt/(R2a(pt)?) pd+d ; ptrd €0) (3.17)
+ e“P P (3r(t)) <€p 0;2Ra(pt) >)
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In order to show that the first term on the right is negligible, estimate, in the case p > 2, with the
help of Jensen’s inequality and Fubini’s theorem,

<E[62f(f ftp(X(S))ds}P/2> < ]E[(et Jepte(x { _ M}
<E[(; / PIEX(E) ds>] exp { - M}
0
= HPt) exp{ — %Ld)}_

In the case p < 2, a similar calculation shows that

<]E[62f5 gtp(X(s))ds]p/2> < eBHED exp{ _ H{(pta(pt)™?) }

a(pt)~¢
Hence, for the choice r(t) = t2, the first term on the right hand side of (3.17) satisfies
2
Jim sup a(pt) log ( <]E[62 S stp<X(s))ds]p/2>e—m(t)> — oo, (3.18)
tToo pt

where we use that H(t)/t and a(t) are slowly varying.
n (3.17), take the logarithm, multiply by a(pt)?/(pt) and let t T co. Then we have that

a(pt)? a(pt)?
pt pt

lim sup ——
tToo

c .
log(u Ept (t,0)P) < i + hrgsup log<exp{pt)\8;2Ra(pt) (&)}, (3.19)

where we also used that r(t)pd+d = ¢2(taP)™) a5t + co. Now we estimate the right hand side
of (3.19). We denote by )\0 Ra(pt) (fpt) the k2 eigenvalue of A + ¢, in the box BRa(pt) With zero
boundary condition. Using an eigenfunction expansion as in (3.7), we get

{ exp{PtNS pagpe) (61)} ) < <ZeXp{pt>\0 raon E)}) = D (P (L2, 0)

2E€BRa(pt)
3

< Z <u1§¢;(pt pt CL‘ >

2€BRa 1) (3.20)

t

S Z <]Ex [ef(f Ept (X(S)) ds ll{supp (gpt) g x + BQRa(pt) }] >

TEBRa(pt)
< |BRa(pt) | <U§I§a(pt) (pta O)>7

where we also used the shift-invariance. Recall that [Bra(py| < e°ta(P) ™) We finally use Proposi-
tion 3.1(i) for pt instead of ¢ to complete the proof of the upper bound in (3.4). O

3.2 Proof of Proposition 3.1(i)

Recall the local times of the walk, ¢;(z fo 1{X(s) = z}ds. Note that f(f V(X (s))ds = (V,4),
where (-, -) stands for the inner product on (%(Z%). From (3.5) with V = &;, we have
(Ut (:0)) = (o [ 1fsupp (£) € Brags}])- (3.21)

Recall from (1.5) that (eX(®)) = ¢H(®) for any I € R and = € Z?%. We carry out the expectation with
respect to the potential, and obtain, using Fubini’s theorem and the independence of the potential
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variables,
(S (1,0)) = e FONE [{exp (37 0y(2)&(x)) Y1{supp () € Bragy}]
e (3.22)
=Elep{ > [H@) - ) H(t/a(t)d)] J{supp (¢0) € Bra}]

ZEBRa(t)

where we also use that ;4 0:(x) = t. We now split the sum in the exponent into a part where we
have some control over the size of the local times, and a part with very large local times. Introducing

«a 2
uow) = 2 3 [ - e a e s < . 629)
TEBRq(t)
RO = 3 [H(@(w))—a(:c)“‘?dH(t/a(t)d)]n{mx)>;g;d}, (3.24)
:EEBRQ(t)
we have
(Ut (1:0)) = Bo | S () + R () }{supp () € Bray}].

We will see that H{} gives the main term and R a small remainder in the limit ¢ — oo, followed
by M — oo. To separate the two factors coming from this split, we use Holder’s inequality. For any
small n > 0, we have

t ¢ y ﬁ
(U (:0)) < Fo [exp {(1+1) a(t)ﬂﬁvﬁ (£) }1{supp (¢1) € Brao)}] (3.25)

_n
x By [exp {HT"R(I} (ft)}ll{supp (¢:) € Bra }] e
We show later that the second factor is asymptotically negligible, more precisely, we show that

a(t)?

lim sup lim sup
M—oo t—o00

log B [exp {cngy (Et)}]l{supp (€:) C Bray }] <0, forC>0. (3.26)

Let us first focus on the first term. Recall the definition of a(¢) in (1.10) and the uniform convergence
claimed in Proposition 1.1. For every ¢ > 0 and all sufficiently large times ¢, we obtain the upper
bound

t o 2 e 2
HD () < k(L) p ; i log (H8) 1{tu (@) < M4} + ¢ 2R a(t) Sl k()
z Ra(t)

<p Z ) log (14:(x) at)?) +¢(2R)* = Gi(30) + € (2R)¢4, (3.27)
ZEBRa(t)

where we dropped the indicator, which we can do for M > 1 since ylogy > 0 for y > M, and let
Giw)=p Y, plx)log(a(t)’p(x)),  for pe M(Z9. (3.28)

z€BRa(1)

The further analysis makes crucial use of an inequality derived in [BHKO05]. In [BHKO05], the law of
the local times are investigated, and an explicit formula is derived for the density of the local times
on the range of the random walk. This explicit formula makes it possible to give strong upper bounds
on exponential functionals:
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Proposition 3.3. For any finite set B C Z% and any measurable functional F: Mi(B) — R,

B [+ Usupp (¢) C BY| < exp {t sup )[ (V@) —v/uy))*] } (241 B]. (3.29)

HEM (B

r~y

We substitute (3.27) into (3.25) and apply (3.29) for F = (1 + 1)G/a(t)? and B = Bpa(ty and note

that (2dt)/Braml < eo(t/a(1)”)  Hence, we obtain that the first term on the right hand side of (3.25)
can be estimated by

B [exp { (1 4+ 1) 40 (60 oo (6) € Brag)]

< et/ exp { — ¢y () - e (@Flogatt) +2 200}

where we abbreviated p = (1 4+ n)p and introduced

x(6) = inf [ }:(v — v u( -—5}2 ) log p(z ] for § > 0, (3.31)

HEM(Z4) zc7d

the discrete variant of x(p) in (1.24), which was studied in Gértner and den Hollander [GH99]. In
Proposition 3 and the subsequent remark they show that

(3.30)

x40 = d; (log %62 + 0(1)) as 6 1 0.

Substituting this into (3.30), we obtain

a(t)?
t

lim sup
t—o0

t
tog Eo [ exp { (1-+ 1) sy BV (0) b (6) € By}
, (3.32)
Pd me d d
< —7 8 = +e(2R)" = —x(p) + e(2R)",
as can be seen from Proposition 1.12. Using (3.32) together with (3.26) in (3.25) and letting M — oo,
e} 0 and 7 | 0, gives the desired upper bound and finishes the proof of Proposition 3.1(i) subject to
the proof of (3.26).

It remains to investigate the second term in (3.25), i.e., to prove (3.26). We first estimate R'7 (¢;) (recall
(3.24)) from above in terms of a nice functional of ¢;. Since we have to work uniformly for arbitrarily
large local times, it is not possible to estimate against a functional of the form ) _¢;(x)log ¢;(x), but
we succeed in finding an upper bound of the form (3 £;(x)?)'/9 for some ¢ > 1 close to 1. Then
Proposition 2.1 can be applied and yields (3.26).

We fix § € (0, 3] and note that there exist A > 1, ¢ > 0 such that

H(ty) —yH(t
% < Ay1+52/3 for any y > 1 and t > tp. (3.33)
Indeed, this follows from [BGT87, Theorem 3.8.6(a)]. Therefore, we obtain that
0,(z) )1+52/3
ta(t)— ’

H(t4(2)) = (@) P H () < An(ta() ™) (

We pick now £ > 0 such that

(3.34)

1+0%/3—e=1/(1+9). (3.35)
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which implies that ¢ < §. For any p € M(Z%), we use Jensen’s inequality together with (3.35) as
follows:

p(x)®

u(:z:)1+52/3 _ H($)1+52/3_5
T #%):>M (:c ,LL(Z)>M ) T: /.L(:v )>>M Zx w(x)>M M( )
1+e 1
< ) ( N( ) )1+
e p(x)®
: H( )>M )1 1 ( - (M(w))é—e); (3.36)
< ey 'u(x)Hf mx) +35
z: M($)>M wz )>M M

1 1
< Mm(sfl)Mi_g (Zﬂ(x)1+6) 1+5 _ M‘sf% (Z /L(LE)H_&) 1+5’

where we used in the last step that in the first integral on the right, u® < M*~'y on { > M}, and
hence the first term on the right is not bigger than one, as the exponent is positive and pu € M (Z%).
We write ¢ = 1+ §. We apply the above to y = —Et and M replaced by alt )d, to obtain that

L) \ 143 ) o
zw: <toz(t)—d) ]I{Et(x) > a]g)td} < a(t>d(1+ /3)(aé\/fw) 115 ¢ 1||£t||q

(3.37)

= Mot T 4,

We recall (3.24), use (3.34) and the definition of «(t¢) in (1.10). With the help of (3.37) we arrive at

. 0 (x 1+42/3
R < Anltn) T (rrsta)  Mele) >

< AMsf%a(t)f@—Fd)—kd(l-i—l‘sﬁ)“Eth

_ 25
= AM= T a(t) D))

where we recall that ¢ = 146 and therefore —(2+d)+d(1+ 1+5) [d+(2 d)q]. Put 6 = AME_%,
and observe that 8 | 0 as M 1 oo for § > 0 small enough, since ¢ — 12;55 = % — H‘S_—J <Oforéd >0

small enough. Hence, (3.26) follows immediately from Proposition 2.1. This completes the proof of
Proposition 3.1(i).

3.3 Proof of Proposition 3.1(ii)
Recall from (1.21) the rescaled version, &, of the vertically shifted potential, &;, defined in (3.3).
Furthermore, introduce the normalised, scaled version of the random walk local times,

a(t)?

Li(x) = 6 (lzalt)]), for z € R%,

and note that L; is an L'-normalised random step function. Note that supp (L;) C Qy if supp (¢;) C
BRa(ty where we abbreviated Qr = [~ R, R]%. We start from (3.22). Let

. H(yzma) — vH (5
Ht(y) = ( O‘(t)dz#) (a(t)d)7 fOI‘ t,y>0a
)d

K
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and recall that H, converges to H , uniformly on all compact sets. Now the exponent on the right
hand side of (3.22) can be rewritten as follows.

o) + > Hl(z (t)d/QR Ly(z) H(55) da:+oz(t)d/ H (g Le(@)) do

ZEBRa(t) Q@r

—a(t)"H (

= a(t)s (550) /Q (L) da = Y (L),
R
where we use the definition of a(t) in (1.10) and introduce the functional

) = At X X.
©(f) /QH (f(2) d

Hence,

t l t
(1 (t:0)) = Fo | exb (542 (20)) Moupp (£1) € Q. (3.38)

A key ingredient in the proof of Proposition 3.1(ii) is the large deviation principle for (L;: ¢t > 0) as
formulated in the following proposition:

Proposition 3.4. Fiz R > 0. Under Po{ -,supp (L) C Qr}, the rescaled local times process (Ly: t >
0) satisfies a large deviation principle ast 1 co on the set of L'-normalized functions Qr — R, equipped
with the weak topology induced by test integrals against all continuous functions, where the speed of the
large deviation principle is ta(t)~2, and the rate function is g — ||[Vg||2, on the set of all g € H' (R?)
with supp (9) C Qr, and is equal to oo outside this set.

Proof. This large deviation principle is stated in [GKS06, Lemma 3.2] in the discrete-time case,
and is proved in [GKS06, Section 6]. The proof in the continuous-time case is very similar, we briefly
sketch the argument. Let f: Qr — R be continuous. The core of the argument is to show that

2O oy [exp (t0(t) (f, ) Msupp (L) € Q] = Mal1). (3.39)

lim
tToo

where A\ (f) is the principal eigenvalue of A+ f in Hg(QRg), see also (4.12). The rest of the argument
is an application of the Géartner-Ellis theorem, see [GKS06, Section 6] for details.

To show (3.39), consider the discrete approximation

fi(z) = a(t)? / fz+ zoz(t)_l) dx , for z € Z4.

[0,a(2)71)4
Then

y t/at)? ,
L / fxE)ds= [T fi(X(sa(t?) ds.

Denoting by p the normalised occupatlon measure of a Brownian motion { B(s): s > 0}, an application
of the local functional central limit theorem yields that

Eo | exp (ta(t) (£, L)) Usupp (L) € Qn}]

t/o(t)?
= Fo [ exp /0 fi(alt) B(s)) ds) 1supp (1yja(ne) C Qa}] eX/=0").
Since fi(a(t)-) — f(-) uniformly on Qz, (3.39) follows from

E[eXp (/OTf(B(S)) dS) 1{supp (ur) C QR}] =exp (T Ax(f) +o(T)),  for Tt oo,
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see, e.g. [S98, Theorem 3.1.2], with T = ta(t) 2. O

In order to apply the large deviation principle in Proposition 3.4 to obtain a lower bound for the right
hand side of (3.38), we need the lower-bound half of Varadhan’s lemma, and we have to replace HE
by its limiting version

Half) = p /Q f(2)log f(z) da. (3.40)

However, the latter is technically not so easy. Inserting the indicator on the event {||L:||cc < M} for

any M > 1 would make it possible to use the locally uniform convergence of Hy(y) towards pylogy,
but this event is not open in the topology of the large deviation principle. Therefore, similarly to the
proof of the upper bound, we have to split H% (L;) into the sum of Hz(L;) and a remainder term,
separate these two from each other by the use of Holder’s inequality and apply Proposition 2.1 to the
remainder term. Let us turn to the details.

Since H is convex with H(0) = 0, we have H(yt) > yH(t) for all ¢ > 0 and all y > 1. Therefore,
H(f(z)) > 0on {z: f(x) > M} for any M > 1. Hence, we may estimate

HE (f) z/

Qr
= Half) — p /Q 1{f(x) > M} () log f (z) dx + o(1).

1f(x) < MYAL(f(2)) do = p /Q 1{f(x) < M}f(x)log f(x) dz + o(1)

The remainder can be estimated, for any § > 0, as follows. For any f: Qz — [0,00) satisfying [ f =1,

f1+6/2

J
/f>Mflogf B g(/fﬂ‘/f f> /f>M ffjwf 10gf5/2 = §(/f>M f) log%
M—5/2f f1+5 M_é/zf f1+‘5 ﬁ
: g(/bM f) 8 ff>f1:1]\; : g(/f>M f)( ff>f1\7; )

2 s TS 2 s
St ([ ), < 3t g,
>M

)
where we put ¢ = 1 + 6. Altogether, we have, abbreviating 6 = 25 M~ 2+25

(UG (£,0)) > Eo [exp (# (Ha(L2) = 0] Lall) ) I{supp (L) € QR}} eot/a(t7) (3.41)

Similarly to the proof of the upper bound, the main contribution will turn out to come from Hg,
and the g-norm is a small remainder. In order to separate the two from each other, we use Holder’s
inequality to estimate, for some small n > 0,

Bol exp (5201~ WHn(E0) Wsupp (1) € Qi)
t

a(t)?

t 1—n !
WT@HLth) I{supp (L) C QR}} .

t
a(t)? )
< o [exp (53 (Ha(E2) = O1EiL,) ) Wsup () € Qu| (3.42)

xEo[exp(
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This effectively yields a lower bound on the expected value in (3.41) of the form

1

(1= 0 Ha(L)) Wsupp () € Q)|
1

<50 (7

From Proposition 2.1 it follows that the second expectation on the right is negligible in the limit
t — oo, followed by M — oo, ie., 8 | 0. Hence, we can concentrate on the first term. To apply
the lower-bound half of Varadhan’s lemma, see [DZ98, Lemma 4.3.4], we need the following lower
semi-continuity property of the function Hz:

<“§€a(t) (t,0)) > K [exp (
(3.43)

_n

1— T 1y
T%HLth) 1{supp (L:) C QR}:| 6\o(t/Oz(t)2)_

Lemma 3.5. Let f: Qr — [0,00) be continuous. Then Hp is lower semi-continuous in f in the
topology induced by pairing with all continuous functions Qr — [0, 00).

Proof. Let (f,:n € N) be a family in L'(Qg) such that (f,,%) — (f,7) as n — oo for any
continuous function ¥: Qr — R. We have to show that iminf, o Hz(frn) > Hr(f)-

For any s € (0, 00) we denote by g5 the tangent to y — ¢(y) := pylogy in s, i.e., gs(y) = p(1+log s)y—
ps, for all y € R. By convexity we have g, < ¢ for any s € (0,00). Therefore, for any 0 < e < 1/e,

Halfn) = /Q o (fn(@)) dz > /Q G (n(@)) dz = p(1 +1og(f V &), fu) = plf V &, fu).

Letting n — oo, we obtain, using the boundedness and continuity of log(f V ¢),

>p | f(z)log f(z)L{f(z)>e} dz + / 9e(f(2)) U p(z)<ey d
Qr Qr
>p [ f(z)log f(x)dz + / (f(2)(1 +loge) — &) U y(s)<c) da.
Qr Qr
The second summand is bounded from below by Leb(Qpz)ecloge, which converges to zero as ¢ | 0.
This completes the proof. O

Now we can apply [DZ98, Lemma 4.3.4] and obtain

a 2
O 1o By [exp (721 = 0MaL0) oo (L) € Qi)

> —inf{IIVgH% — (L—=n)Hr(g®): g € H'(RY) NC(R?), |lgll2 = 1,supp (9) C QR}-

Letting 7 | 0 and R 1 oo, it is easy to see that the right hand side tends to —x(p) defined in (1.24).
Indeed, use appropriate continuous cut-off versions géf)—n)p of the minimiser g(_y), in (1.27) to verify

lim inf
t—o0

this claim. Using this on the right hand side of (3.43) and recalling Proposition 2.1, we see that the
proof of the lower bound in Proposition 3.1(ii) is finished.

4. THE ALMOST-SURE ASYMPTOTICS: PROOF OF THEOREM 1.8

We again derive upper and lower bounds, following the strategy in [BKO01, Section 5]. Recall the scale
function ((¢) defined in (1.16) and let

Ea(2) = £(x) —H(=

B() )a(ﬁ(t»d (4.1)

B@)*/ B()
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denote the appropriately vertically shifted potential (compare to (3.3)). Then Theorem 1.8 is equiva-
lent to the assertion

lim
tToo

2
a(ﬁit)) log uB® (t,0) = —X(p), almost surely, (4.2)

where X(p) = p(d — 42 + log £) = —sup{A(¥): ¢ € C(R?), L(3) < 1}, see Section 1.6.2.

4.1 Proof of the upper bound in (4.2)

Let r(t) = tlogt and apply Lemma 3.2 with V' = {g(;) and with R replaced by Ra(8(t)). Furthermore,
take logarithms, multiply with «(3(t))?/t and let ¢ 1 co. As in (3.18), one shows that the first term is
negligible. Hence, we obtain that

2

) a(B(t)) ¢ C 9
lim hed Gl SOV | B(t) < — +lim m
msup ————logu (t,0) < 75 + z&m[ (B(#))” max Axi2Ra(s t))(ﬁﬁ(t))],

where B(t) = Bpas)(t) (recall the definition Bg(t) = B,()42r from Lemma 3.2). Let
Ni(t): i = 1,. N(t)), with N(t) = |Bg(t)|, be a deterministic enumeration of the random vari-
ables A..2ra(s ( (1)) with z € B(t). Note that these random variables are identically distributed
(but not 1ndependen ) and that, by (3.20) and Proposition 3.1(i), their exponential moments are
estimated by

lim sup 704(5(@)) )

log (711 < —x(p). (4.3)
t1oo t

We next show that, for any € > 0, almost surely,

lim sup a(B(1))? rjﬁ%)m (#) < —%(p) + &, (4.4)

which completes the proof of the upper bound in (4.2).

To prove (4.4), one first realizes that it suffices to show (4.4) only for ¢t € {€": n € N}, since the
functions ¢ — a(t), t = B(t), and t — H(t)/t are slowly varying, and ¢ — N(t), R = Ar({gq)) are
increasing. Let

We recall that S(e")a(B(e")) ? ~ dn. Using Chebyshev’s inequality and (4.3), we estimate, for any
k>0,
pn < N(e”)Prob{ekﬁ(e“)Al(e") S

< en(d+o(1)>enkd<>z<p)—s><ekﬁ<en>xl(en)>,

fkﬁ(e“)a(ﬁ(E"))‘z(i(p)f‘f)}
(4.5)

In order to evaluate the last expectation, we intend to apply (4.3) with §(¢) replaced by kG(t). For
this purpose, we note that we can replace a(3(t)) by a(kB(t)) in (4.3), since « is slowly varying. Also,

kB(1)Araks(t)) Eaie)) = BB ARakae)) Erp)) — kﬂ(t)[ (((;L(( <()))) 0 _ H,iﬁ((;(la(ﬁ((»))_d ) :
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where we use that by (4.1), the field {3,y — §ip(¢) is constant and deterministic. Now we use (1.6) and
(1.10), to see that the deterministic term is equal to

WWWHQ%%%%E%‘ <£92££ﬁfﬂ
(kH (B(£)~%) = HEABa(B®) ™)) + o(n)
u)d( a»f«ﬂ@yuﬁu»*%-+ouw
= ~ a0 ((?))2 (pklogk—l—o(l))(l +0(1)) +o(n)

—nd (pklog k) (1 + o(1)).
Hence,
(M) < exp { — nd(kx(p) - pklogh +o(1)) }.

Using this in (4.5), we arrive at
pn < exp {nd(l +k(X(p) — €) — kx(p) + pklog k + o(1)) }

Choosing k = %, we see that p, < e "dke+o(1))  This is summable over n € N, and the Borel-Cantelli
lemma yields that (4.4) holds almost surely. This completes the proof of the upper bound in (4.2).

4.2 Proof of the lower bound in (4.2)

Our proof of the lower bound in (4.2) follows the strategy of [BK01, Sect. 5.2]. First we establish
that, with probability one, for any sufficiently large ¢, there is, inside a ‘macrobox’ of radius roughly ¢,
centred at the origin, some ‘microbox’ of radius Ra(8(t)) in which the random field £g(;) has some
shape with optimal spectral properties. Then we obtain a lower bound for the Feynman-Kac formula in
(3.2) by requiring that the random walk moves quickly to that box and stays there for approximately ¢
time units. As a result, the contribution from that strategy is basically given by the largest eigenvalue
of A + ¢ in that microbox. Rescaling and letting R 1 oo, the lower bound is derived from this.

Let us go to the details. We pick an increasing auxiliary scale function ¢ — v; satisfying
ye=t" = =1+ o(1)),

S T W - ((CITLC () o B (. (46)
a(B(t))? /) Bt)a(B(t)) a(f(t)?

(Note that the second requirement follows from the third.) For example, v; = ta(5(t))*e; with some
suitable ¢; | 0 as a small inverse power of logt satisfies (4.6). This is obvious in the case where
limgyo H(s)/s = 0, and in the case where limg H(s)/s = oo, it is also clear since H(s)/s diverges
only subpolynomially in s, while 8(t) = (logt)!*°(!) and « is slowly varying.

—2

The crucial step is to show that, in the ‘macrobox’ B.,, we find an appropriate ‘microbox’. To fix
some notation, let Qr = [~R, R]? and let C(Qx) denote the set of continuous functions Qr — R.
We need finite-space versions of the functionals #, £ and A defined in (1.25) and (1.26). Recall the
definition of Hy from (3.40) and define its Legendre transform Lz: C(Qr) — (—00, ] by

Lr(p) = sup{(f, ) — Hr(f): f € C(Qr), f >0, supp f C supp}. (4.7)

As in the proof of Proposition 1.12 one can see that f = e¥/?~! is the unique maximizer in (4.7) with

La() = g /Q e¥@)e gy,
R
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Proposition 4.1 (Existence of an optimal microbox). Fiz R > 0 and let ¢ € C(Qpg) satisfy Lr(1)) < 1.
Let ¢ > 0. Then, with probability one, there exists ty > 0, depending also on &, such that, for allt > t,
there is y; € B,,, depending on &, such that

19

1 z
st = o ) ~ a2 € P e

The proof of Proposition 4.1 is deferred to the end of this section.

Now we finish the proof of the lower bound in (4.2) subject to Proposition 4.1. Let R,e > 0, and let
1 € C(Qg) be twice continuously differentiable with £5(1) < 1. Fix £ not belonging to the exceptional
set of Proposition 4.1, i.e., let tg and (y;: t > tg) in B, be chosen such that (4.8) holds for every ¢ > t.
Fix t > ty. In the Feynman-Kac formula

REIO (¢,0) exp{/ §6(t) }

we obtain a lower bound by requiring that the random walk is at y; at time 7; and remains within the
microbox

By, .t = Yt + Bra(s(t))

during the time interval [v;,t]. Using the Markov property at time +;, we obtain by this the lower
bound

w0 (,0) > Bo [exp{ [ 630 (X(9) s}, (X (0)]
oy (4.9)
<Ey [exo{ [ 6o (X)) s} > 1= )],

where 7, ; = inf{s > 0: X(s) ¢ By, :} denotes the exit time from the microbox By, ;. In the first
expectation on the right side of (4.9), we estimate £ from below by its minimum K = essinf £(0) > —oo,
and in the second expectation we use (4.8) and shift spatially by y: to obtain

o —d
W60 2o 1 - Hé?if&éff?z >1}Po{x<w> -

(4.10)
x e~e(t=re)e(B( exp {/ X(s)) dS}]l{TO’t >t — Y,

where we have denoted 1:(-) = a(8(t)) 24 (- a(B(t))~1). By our choice in (4.6), the first term on the

right side of (4.10) is e°(*(5(®)™*) Now, by choosing a path from the origin to y; consisting of k steps

for k = |v] or k= |y] + 1,

Po{X (v) = m} > (&) P{lo(1) + - +o(k) <% < o(1) +++-+ ok +1)},
where o(1),0(2),... are independent exponential random variables with mean 1/2d. Using that
P{o(1)+-++ok)<n <o) +--+ak+1)} >P{o(1l) +: - +ok) € [F,7)} P{o(0) > %},

and Cramér’s theorem, we obtain the lower bound

Po{X (71) = i} > e~O0) — e=olta(B0) ™),
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By an eigenfunction expansion we have that
t—’)’t
o [exp { [ w(X(s)) ds}{ros > t = )]
0

> B e { [ 0X(6) ds U > £ 70 X070 = 0)

> exp {(t = WA’ (®) fer (0,

where \4(¢) is the principal eigenvalue of A + 1 in the box B Ra(B(1)) With zero boundary condition,
and e; is the corresponding positive £>-normalized eigenvector. Putting together these estimates and
recalling from (4.6) that ¢t — v, = ¢(1 4 o(1)), we obtain, almost surely,

liar%inf()é(ﬁfw log u®#® (t,0) > —¢ + 11%1 inf a(6(t))2\4(t) + 11%1 infw loge;(0)2.  (4.11)

We now define the continuous counterpart Ax of A4(t), which is the finite-space version of the spectral
radius defined in (1.26):
An(1) = sup {(¢, %) = [IVgll3: g € H'(R?), |lgll2 = 1,5upp g € Qr}- (4.12)
According to [BK01, Lemma 5.3,
2
lin inf a(B(t))2A%(t) > Aa(¥)  and lin inf @ log e;(0)% > 0.

Using this in (4.11), we obtain
lin inf a log w90 (t,0) > —¢ + An (1)), (4.13)

(B())
t

for any ¢ > 0 and for any twice continuously differentiable function ¢ € C2(Qy) satisfying Lz(¢)) < 1.
Hence,

115? inf M log u®#® (t,0) > —Xn,
where
Yr = inf{-X(¥): ¢ € C*(Qr) and Lx(1) < 1}. (4.14)

It remains to show that, for any p > 0, we have limsupgyo, Xr < X(p)- This can be seen as follows:
By Proposition 1.14 the variational problem in (1.33) has a minimizer ¢)*, a parabola with £(¢*) = 1.
Pick ¢p = eg + 9*|Qy, where ez > 0 is chosen such that Lz(¢r) = 1 — %. Obviously e | 0. It is
easy to show, using the explicit principal eigenfunction of A + ¢* that limp oo Ag(¥r) = A(¢*). This
completes the proof of the lower bound in (4.2) subject to Proposition 4.1.

We finally prove Proposition 4.1:
Proof of Proposition 4.1. This is very similar to the proof of [BK01, Prop. 5.1]. Recall that
() = a(B(#)72Y(-a(B(t))™1). Consider the event

€

49 = N A{eww+2) =) - W}’

2€BRa(p(t))

for y € 2%

Note that the distribution of Aé,t) does not depend on y. Our first goal is to show that, for every € > 0,
Prob(Ag)) > ¢~ der(¥)=Ceto(l) as t 1T oo, (4.15)
where C > 0 depends only on R and %, but not on .
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It is convenient to abbreviate
se = B(t)a(B(t)) 7. (4.16)

Let f € C(Qr) be some positive auxiliary function (to be determined later), and consider the tilted
probability measure

Prob; () = <eft(z B {e(2) € - He —H{fe(2))+fe(2)H(se)/ 5 for z € 74,

where f(z) = stf(za(ﬁ(t))_ ) is the scaled version of f. The purpose of this tilting is to make the
event Ag) typical. We denote the expectation with respect to Proby . by (-):.. Consider the event

Do) = { gy 2 80() ) 2 g |

C Ay and the left inequality in the definition of D;(2), we obtain

Using that mZEBRa(B(t)) Dy.(z) C

Prab(4(") > exp] Zm(» (100 ~ 24 (P2 ) + )]}
2EBRa(B(t (417)
X H Probt,z(Dt(z)).
2€BRa(p(1))

Since B(t)a(B(t))~2 = dlogt, it is clear from a Riemann sum approximation that

exp{ Z [—ft(z) (wt(z) + m)]}

2€BRra((t))

)} @)

D™

B(t) 1 2 2
- eXp{ " a(B)Z a(B))° >, awan) (¢<a<ﬁ<t))>) +

2€BRa(s(t))
— tid<f:'¢'>7d%<fa]l)+o(1)’ as t T Q.

We use the uniformity of the convergence in (1.6), the definitions (1.10) of a(-) and (1.16) of 8(¢),
and a Riemann sum approximation to obtain

> [HGE) - 522 = S (A (sef (i) — f agay) Hlso)

2€BRa(p(t)) 2€BRa(p(4))

=/~:(5t)[ > ofGEmy) o8 f (imy) + olac B(#) )] (4.19)

2€BRra(p(t))

= (Haf) + o{1)) (1 o(1) - S = Hal) (dlog) + o(1).

Using (4.18) and (4.19) in (4.17), we arrive at

PI‘Ob(A(()t)) Z td<,HR(f)_<f:¢)_%(f:ﬂ))'i'o(l) H Probt’z (Dt(Z)), as t T 00.
2€BRa(p(1)
Recall from (4.7) that Ly is the Legendre transform of Hy. We choose f as the minimizer on the right

of (4.7), i.e., such that Hz(f) — (f,¥) = —Lx(?)). Hence, to show that (4.15) holds, it is sufficient to
show that

Il Probi:(Di(2)) >t as t 1 0o. (4.20)
2€BRa(p(1))
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To show this, note that

Prob; . (Dt(z)) =1- Probt,z{fg(t)(Z) > Pi(2) + m}

—Probtz{gg(t ) <i(z) — m}

Since both terms are handled in the same way, we treat only the second term. For any a > 0 we use
the exponential Chebyshev inequality to bound

Probt,z{fﬁ(t)(z) < hi(2) — m}

g
< MR Coxp { ful2)Ep0)(2) +a[a(2) ~ 500 (2) — gorrra | })
_ HUe(2)=a) = H(fe(2))+aH (s0)/s¢ yaltpe(2)—¢/2a(B(1))?]

(4.21)

We pick a = §¢fi(z) with some d; | 0. Then the terms involving H can be treated similarly to (4.19).

Indeed, abbreviating f = f(za(8(t))™1), we obtain
HUAE) — @)~ B + 0T = H (i1 = 507) = (1= 80T B (s0) — [H (o) = T H (s0)]
- N o +
= k(s¢)(1 + o(1)) [H((1 —o)f) - H(f)] - —Z(TO())({ Fodlogt[1+1log f],
where we also used the approximation log(1 — ;) = —d:(1 + o(1)). Hence, we obtain
Probt,z{gﬁ(t) (2) < tr(2) — m < 91a(B() ™ Fld—e/2—p(1+og Pl (d+o(1) as t 1 0o,

where we recall (4.1) and abbreviate 1) = ¥(za(B(t)) ). Recall that we chose f optimally in (4.7),
which in particular means that log f(x) = ¢(x)/p — 1. Hence, for some C' > 0, not depending on ¢ nor
on z, we have, for ¢ > 1 large enough,

Proby . {gﬁ ) < h(z) — m} < ¢ Cdebia(B(n) 4 <

Going back to (4.21) and assuming that the first probability term satisfies the same bound, we have
H Proby. (Dy(2)) > (1 — %)|BRa(B(t))| = C(Ra(B1))* = gollogt) — 4o(1)
2€BRa(p(1)

where we use that « is slowly varying and 3(¢) = (logt)' =), so that a(3(¢))% < B(t)™ = o(logt) for
t — oo. This proves (4.20), and therefore (4.15).

NI

(4.22)

We finally complete the proof of Proposition 4.1. As in the proof of [BK01, Prop. 5.1] it suffices to prove
the almost sure existence of a (random) ny € N such that, for any n > ny, there is a y,, € B,_, such

that the event Aéf:H) occurs. In the following, we abbreviate t = €. Let M; = B., N |3Ra(B(et))]Z°.
Note that |M;| > t%=°(1) as ¢ t 0o and that the events AS® with y € M; are independent. Tt suffices
to show the summability of

Py = Prob{ > LAGY) < %|Mt|Prob(Ag‘”)}
yEMy
on t € eV. Indeed, since, by (4.15),
|My|Prob(A§?) > d-dEr($)=Ce=o(l) (4.23)
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tends to infinity if ¢ > 0 is small enough (recall that L£z(¢)) < 1), the summability ensures, via the
Borel-Cantelli lemma, that, for all sufficiently large ¢, even a growing number of the events Agft) with
y € M; occurs. To show the summability of p; for ¢ € e, we use the Chebyshev inequality to estimate

2 1 et)y]2 1 — Prob(A{")
(et)y (et) - (ct) 0
pr < Prob{ [yegM I{Ay"} <y€EM 1{A, }>] > [|M:|Prob(A§™)] } < 4|Mt|Prob(A85t))'

The summability over all ¢ € e! is clear from (4.23). O

5. APPENDIX: CORRECTED PROOF OF LEMMA 4.2 IN [BK01]

We use the opportunity to correct an error in the proof of one of the main results of [BK01], the
analogue of Theorem 1.4 for case (4) in Section 1.3. In the original proof the large deviation principle
of Proposition 3.4 and Varadhan’s lemma are applied to the functional f — — [ f7 dz, which fails to
be continuous in the topology of the large deviation principle. Here we adapt the techniques of the
present paper to derive this result. We use the notation of Section 3.

Recall case (4) from Section 1.3. That is, we are in the case where esssup £(0) = 0, v € (0,1) and
k* = 0. The case v = 0 is easier and can be treated analogously. The main assumption is that

lim; o0 ﬁt(a:) = —Dz7, uniformly in z on compact subsets of [0, c0), where
. _ a(t)d+2 1
Hy(x) = == H(xa(t)d>, (5.1)

and D > 0 is a parameter. We have a(t) = t*t°() as t — oo, where v = le_ijdv € (0, #2)
The step which needs amendment in [BKO01] is the following analogue of Proposition 3.1:

Proposition 5.1.

e
(i) For any R >0 and M > 0, lirgsup a(t) log <“§za(t) (t,0)) < —x“.
.. .. at)?
(ii) For any R > 0, llItI:rl;onf (t) log <u%a(t) (t,0)) > —X&,
where
@ =it (199l +D [ (@) n M) da),
gEH ' (R?)
llgllz=1
— : 2 2y
w =t (VoD [ (@) da).
gEH(RY)

llgllo=1,supp (9)CQR

Proof. Introduce

HO(f) = / H(f(x))dz,  for f € L}(Qn), f > 0.
Qr
As in (3.38), we have

(W (1:0)) = Bo | exp (5 HiY (L)) Msupp (L) € Qi}]. (5.2)

where we recall the rescaled and normalized local times L;.
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We start with the proof of (i). Fix M > 0. With Hx(f) = —D IQ 7 dx, we have, uniformly in

f € Ll(QR)a f Z 03
limsupHY (f) < limsupHG (f A M) = Hp(f A M).

tToo tToo
Note that Hg(Ls A M) = a(t)2Gi(14;), where we introduce

Do Y (e u:)AM), for g€ Mi(Brag).

Gi(p) = _—a(t) o

We now use Proposition 3.3 for B = Bp,(;) and F' = G to obtain from (5.2) that, for any large ¢,
<u§za(t) (t,0)) < 2t ™) [exp (t Gt(%ﬁt)) I{supp (£:) € Bpra() }]
< ota®™®) oy, ( _ tX(M)),

where

=it (3 (Ve - Vi) -G

HEM1(BRa(t)
The proof of the upper bound is finished as soon as we have shown that
lim inf o(t)2 ™ > 00, (5.3)
tToo

This is shown as follows. Let (t,: n € N) be a sequence of positive numbers ¢, — oo along which

lim infoe a(t)2x™ is realized. We may assume that its value is finite. Let (u,: n € N) be a sequence

of approximative minimizers, i.e., probability measures on Z? having support in B Ra(t) Such that

hmlnf[ Z(\/,un \/un(y) + Da(t dZ( )/\M) ]

zry

is equal to the left-hand side of (5.3). For any i € {1,...,d} consider g3’: R — R given by
) = \Jalt)un La w)a])
 la(ta
+(a:z alt ) (\/a Ve pin [a xJ+eZ \/04 Ve pin [a n)T J)),

where e; € Z% is the i*! unit vector. For z = (z;: j = 1,...,d) € R?, we abbreviate 7; = (z;: j #

i) € R¥1 and denote gf;)i(a:,) = ¢4 (x). For almost every Z; € R4"!, the map gs)a;, is continuous and
piecewise affine, and hence lies in H!(R) with support in [~ R, R]. Furthermore,

(9005 (we) = %i()—a(tn)Wa(tn)dun(L I ) = ot (Latt)z]) )

Hence, using Fubini’s theorem and Fatou’s lemma, we see that

oo > hmlnfoz (\/Oé pn(2) — \/Oé(tn)d,un(y))Q

ZNy
— liminf . P > d; liminf | da; |( DIP
gr_l)ggZ/Rdl /dx "(x;) Z/ xlmln/:c )(x)‘

Since

|25 — La(ta)zi] [alta)] < afta) ™, (5.4)
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this also shows that

Tim (g8 — /at) pn(lo{ta) - )12 = 0. (5.5)

In particular, g3 is asymptotically L?-normalized. Furthermore, it follows that, along a suitable
subsequence, for almost all 7; € R?1, g('”) converges to some g(i,) € H'(R). The convergence is

(i) strong in L2, (ii) pointwise almost everywhere, and (iii) weak in L? for the gradients. The limit
satisfies

hnrgloréfa (\/oz pn(2) — \/a(tn)dun(y)>2 > i/d ) / da; | g~, |2. (5.6)

ZNy

Since gg)i(xz) = g(z) and limy_e0 [|g% — v/a(tn)un(la(t,) )|z = 0, there is g € L*(R?) such
that g(x) = g%)(xz) for almost all € R?. In particular, (a) ¢ € H'(R?) with (b) |lgll2 = 1,
(¢) supp (9) C @r and (d)

Vg3 < hmlnfa (\/oz Un(2) — \/oz(tn)dun(y))z.

zwy

Indeed, (a) follows from (b) and (d). Item (b) follows from (5.5), while item (c) is trivially satisfied.
We are left to prove item (d). Since 9(5? (z;) = g(z) for almost every z, we get

: 0 0
OV () = 2 O () — 5.7
(95,) (i) 92,95 () 8%9(9«“), (5.7)
and hence
a ; 2 0 2
> [ [ dnlefr @l = [ > |5g@) = IValB. (53)
i=1 /R R S
Therefore, item (d) follows from (5.6).
It remains to show that [(g(z)? A M)7dz < liminf, o a(t,) 4>, ((a(ts)?un(z)) A M)7. Note that

dz( ) Am)" = [ (et 1) aa
= / ( 9P (z) — (x, — %)(gs’)&),(xi) 2y

We next use the inequality |a — b|>Y > (|a|” — |b]?)? > |a|?>” — 2|ab|” and for the subtracted term use
Jensen’s inequality and the Cauchy-Schwarz inequality, as well as (5.4), to see that

/ La(tn)zi]

g8 (@) (i — W) (9%5,)!(:)

<o | |g£:'><x>\\(xi - %)@3; ) (@)

7

(5.9)

A M") dx.

¥
dx

d:c] !

< aft,) ™7 (2R)I71 || o6

’I’Z

which is negligible. Next we use the fact that g — g pointwise and Fatou’s lemma to see that the
limit inferior of the right hand side of (5.9) is not smaller than [(g(x)? A M7)dz. This completes
the proof of (5.3) and therefore the proof of (i).
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We next turn to the proof of (ii). First we show that, for any f € C(Qy) and any family of L'(Qp)-
normalized functions f; € L'(Qpy) satisfying f; — f in the weak topology induced by test integrals
against all continuous functions,

lim inf 1y (f1) > Ha(f)- (5.10)

We fix a large M > 0 and estimate H& (f;) > HW (fi A M) + HY (f:1{f; > M}). We first handle
the first term. Introduce ¢(z) = z7 and let g,(z) = (1 —)y” + yy""'x denote the tangent of ¢ at
y € (0,00). By concavity, we have ¢ < g, on (0,00) for any y > 0. This implies that, as t 1 oo, for
any € > 0,

#(feAM)=0(1) =D [ ¢(fe(z) AM)dz>0(1) =D |  gsave(fel2)) de

Qr Qr
>o0(1)—D(1— 'y)/ (f(:l,‘) V 8)7 dx — D~ 0 ft(m)(f(a:) \% 6)7_1 dx
—o()-D(-y) [ (fvey =Dy [ fisver
Qr Qr

where in the last step we used that (f V &)Y~ ! is continuous and f; — f. Letting ¢ | 0, we see that
lim infioe 1y (fe A M) > Hp(f) for any M > 0.

Tt remains to show that lim inf 7400 lim infyee H (f:1{f; > M}) > 0. Fix § > 0 such that v + ¢ < 1.
Recall (5.1). Since H is regularly varying with exponent 7, by [BGT87, Proposition 1.3.6], there is an
M > 0 such that, for any sufficiently large t,

Hy(z) > -2, for any x > M.

Hence,

WA fe > MY) > —/ Fel@) PN fr() > MYydow > M1 [ fi(a)do = =M,
Qr Qr

since f; is L'-normalized. This completes the proof of (5.10).

We complete the proof of Proposition 5.1(ii) by using (5.10) in (5.2) and use the lower bound of
Varadhan’s lemma in [DZ98, Lemma 4.3.4] to conclude that the assertion in (ii) holds. O
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