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Numerical Mathematics III — Partial Differential Equations
Exercise Problems 01

Attention: The approach for getting a solution has to be clearly presented. All
statements have to be proved, auxiliary calculations have to be written down. State-
ments given in the lectures can be used without proof.

1. Basic properties of the nabla operator. The following operators are defined for
a scalar function u a and a vector-valued function v = (vy, ve, ’Ug)T with the
help of the nabla operator

B a\"
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o gradu = Vu = (0yu, Oyu, 8ZU)T,

o divv =V - v = 0v1 + Oyve + 0,v3,
8yv3 — 82U2

e rotv=V xv=| 0,01 — 0,03
811}2 — 8yv1

Assuming that all considered functions are sufficiently smooth (sufficiently
often differentiable), show the following identities:

i V- Vu = Au = Opptu + Oyyu + 0.1,

)

) V- (Vxv)=0,
iii)  Vx (Vu)=0,

)

)

1
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=
=

i V x (uv) =u(V xv)—(vx Vu),

iv
v V-(uv)=Vu-v+uV-v.
4 points

2. Analytic solution of a one-dimensional heat equation. Show that

1 o0 —(z—2)2
u(t,x):\/ﬁ/ up (2)e S

is a solution of the one-dimensional heat equation

Ot — Oggu = 0, reR,t>0,
u(0,2) = wo(z), zeR.

It shall be assumed that ug(z) is sufficiently smooth.
Hint. To check the initial condition, assume that up(z) can be expanded in a
uniformly convergent Fourier series

uo(z) = % + Z (v, cos (nwx) + By, sin (nwx)) ,

n=1



with w € R, and use the following identities

> —@-2)? 2t
sin(nz)e™ %  dz = +dmte " 'sin(nz),
— 00
o0 —(z—2)2 2
/ cos(nz)e” i dz = +drte " "cos(nz),
—00

3. Classification of second order partial differential equations.

lowing partial differential equations

1) Opat + 205yu + 20y u + 40y.u + 50, u + Oyu + Oyu
) €% Opytt — Ogzt — log (ac2 +92+ 22)
iii) Ozt + 40zyu + 30yyu + 30,u — Oyu + 2u

) a0z + 2005y + a0yyu + bOyu + cOyu + u
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n € R.

4 points
Classify the fol-

(3d)
;o (3d),
» o (2d),

(2d)
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with @ # 0 in iv) and 2d — in two dimensions, 3d — in three dimensions.

4 points

The exercise problems should be solved in groups of four to five students. The
solutions have to be submitted until Monday, May 01st, 2023, 10:00 a.m. via

the whiteboard.



