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Rough volatility models %

Some years ago, Jim Gatheral (et al.) kicked off exciting new
development in rough volatility. Let K(s,7) := V2H | — s/"71/? 1,5.

Example (Rough Bergomi model)

!
S, = NS (pdW,+ BdW;). v = 0BT, o= [ Kes.naw,

t
~ f f(s, Wy)dW
0

Example (Rough Heston model)

! f
ds,=..., w =v0+f(a—bvs)K(s,t)ds+f c\sK(s, 1)dWy
0 0

t t
~Zi=z+ f K(s,W(Zy)ds + f K(s, hu(Zs)dW
0 0
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Objectives @

Provide unified analytic (i.e., pathwise) framework for rough volatility
models as above.

» Stratonovich version of rough volatility models
» Existence and uniqueness and stability of solutions

» Numerical approximation based on approximation of the driving
Brownian motion W

» Large deviation principle for analyzing behaviour of implied
volatility

Requirements
» Smoothness of coefficient functions

» Structure adapted to Hurst index H — more detailed structure
needed for H < 1
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Numerical approximation ‘7"/“4’2

Theorem
LetdS, = f(Wt) (pdW, + pdW;-), W¢ approximation (at scale ) of W.
1. Thereis €° = ¢°(1) s.t. S* — S (in probability, on [0, T1) with

%E& =f (Wa) (pWs + /_)WJ"&) _ pcggf/ (Wa) _ %fZ (Wa) )

ForH <4, [l ¢(ndt =2 .
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Numerical approximation

Theorem
LetdS, = f(W,) (pdW, + pdW;-), W¢ approximation (at scale ) of W.
1. There is €¢ = €%(t) s.t. S¢ — S (in probability, on [0, T]) with

%g‘s =f (ﬁ/a) (pWs + [_)WJ"&) _ pcggf/ (Wa) _ %f2 (Wa) )

ForH <4, [l ¢(ndt =2 .

2. LetW(I,V) = Cgg (So exp (pI — %ZV),K, ;_)ZV) and

. T _ T - T —
75om [} s [ (T)a = [T

Then E[(S7 — K)*] = lim,_o E [¥(.5%, 7|,
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Outline

EH A minimal view on regularity structures
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Polynomial regularity structure

> Model space 7 := ({1, X, X2,..., X™}) with degrees |X*| := k
» Describes jet of local expansions at any point
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Polynomial regularity structure

v

Model space 7 := ({1.X, X2,..., x|} with degrees |x*| == k
Describes jet of local expansions at any point

Model (I, T'). I1, : T — S’(R) local expansion around x € R
(LXH@E) =(@z-0f zeR

I'y : 7 — 7 translates a “local expansion” around y to one
around x, i.e., IT, = IT, Iy,

Canonical choice: Ty, X* == (X + (y — x)1)F

v

v

v

v

v
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Polynomial regularity structure

» Model space 7~ = <{1,X, xX2,... ,XM}> with degrees |X*| = k

» Describes jet of local expansions at any point

» Model (I, ). I1, : T — S’(R) local expansion around x € R

> (LX) =@ - zeR

» I'y, : 7 — 7 translates a “local expansion” around y to one
around x, i.e., IT, = IT, Iy,

» Canonical choice: I'y, X* == (X + (y — )1)f

» Modelled distribution F : R — 7 is in D7 if it is “regular” in the
sense that F(x) — I',F(y) “small” at each level

» “Jets” of local expansions in terms of defining symbols
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Polynomial regularity structure

» Model space 7~ = <{1,X, xX2,... ,XM}> with degrees |X*| = k

» Describes jet of local expansions at any point

» Model (I, ). I1, : T — S’(R) local expansion around x € R

> (LX) =@ - zeR

» I'y, : 7 — 7 translates a “local expansion” around y to one
around x, i.e., IT, = IT, Iy,

» Canonical choice: I'y, X* == (X + (y — )1)f

» Modelled distribution F : R — 7 is in D7 if it is “regular” in the
sense that F(x) — I',F(y) “small” at each level

» “Jets” of local expansions in terms of defining symbols

» Reconstruction operator R : 97 — S’(R) such that RF — I1,.F(x)
is “small” when tested against test functions centered in x e R

In this case all distributions are regular functions! |
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Modelled distributions @

» Foradegree 8 and t € 7, let |7]; be the modulus of the
coefficient X

> Modelled distributions: F € D} for K > 0 iff

[F() =T FO)|,
IFllpy = sup [F(x)lg+ sup rz
B<y.lx|<K B<y. IxLI<K, x#y lx — vl
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Modelled distributions @

» Foradegree 8 and t € 7, let |7]; be the modulus of the
coefficient X

> Modelled distributions: F € D} for K > 0 iff

[F() =T FO)|,
|7—B

IFllpy = sup [F(x)lg+ sup
B<y.lxl<K B<Y, IxLI<K, x#y lx—y

» Example: f € C*(R) (in the Lipschitz sense), then
la]

1
F:ixe Z A FPuxt e oL,
k=0 "
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Reconstruction %

For ¢ € CM (compactly supported in a fixed set), let

1 (z—x
tp;}(z) = ESD(T)’ A1>0, xeR

Theorem and definition
Reconstruction operator R : ¥ — S’(R) defined by the property that

Vx: [RE(H) - ALF(x))@D)| s 27

In the polynomial regularity structure, with F € D" constructed from
feC’, wegetRF = f.
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Brownian regularity structure %

Goal: pathwise definition of fO’ F(WdWs, t€[0,T], W € R Bm

» Symbol = representing W (in distributional sense)
» Operator J representing antiderivative — kernel K(s,1) = 15
» No need to add polynomials as objects will not be smooth
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Brownian regularity structure

Goal: pathwise definition of [1 f(W,)dW,, t € [0,T], W € R Bm

» Symbol = representing W (in distributional sense)

v

Operator 7 representing antiderivative — kernel K(s,t) = 1,5

v

No need to add polynomials as objects will not be smooth

v

small)
T =({E.E81@).....EIEM LIE).....1E)M})

v

v

Fix 0 < x small (“regularity” measured in (1/2 — x)-Holder space,

— . 1 —_\l . 1 . —_— -
Bl =3 -k, TE)| = 1-klt- 7| = l+I7|, M s.t. [EIEM|> 0
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Brownian regularity structure ‘{4’2

Goal: pathwise definition of [1 f(W,)dW,, t € [0,T], W € R Bm

>

| 2

>

Symbol Z representing W (in distributional sense)
Operator I representing antiderivative — kernel K(s, ) = 1,5
No need to add polynomials as objects will not be smooth

Fix 0 < x small (“regularity” measured in (1/2 — x)-Holder space,
small)

T = ({Z.E1)... .,:I(:)M LIE).....IEM})

Bl =Lk, 1IE) =L~k |t 7 —|T|+|T| Ms.t.|EIEM| >0
Models will contain true distributions, modelled distributions are
local expansions around special distributions

Will define many models, as models will depend on w

Different natural model classes: It6, Stratonovich, . ..
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Models for Brownian regularity structure %

1t6 model
» 11,1 :=1,II,E:=W,I[,;,1:=1,T,E:=Efort,s €[0,7T]

> ILIE)" = (W. - W)™, T, I(E)" = I (&) + (W, - W)™
> ILEL(E)" =1+ SW7, with W7, = ['(W, — Wy)"dW,
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Models for Brownian regularity structure

1t6 model

» 11,1 :=1,II,E:=W,I[,;,1:=1,T,E:=Efort,s €[0,7T]
> ILIE)" = (W. - W)™, T, I(E)" = I (&) + (W, - W)™
> ILEL(E)" =t > W, with W, := [(W, — W,)"dW,

©
A\

Mollified model
Fix € > 0, W? := 6° + W — or wavelet expansion at scale ¢ = 27V,
Hence, W¥¢ is a regular function.
> TI81 = 1, P2 := W8, 51 := 1, 52 == Zfor ¢, s € [0, T]
> IET(E)" = (W — WE)", TE T(E)" := (I(Z) + (WF — W)1)"
> [EETE)™ = (We - WE)" W*
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Models for Brownian regularity structure

It6 model

» 11,1 :=1,II,E:=W,I[,;,1:=1,T,E:=Efort,s €[0,7T]
> ILIE)" = (W. - W)™, T, I(E)" = I (&) + (W, - W)™
> ILEL(E)" =1+ W, with W, = ['(W, - Wy)"dW,

o’

Mollified model

Fix & > 0, W¢ := 6° + W — or wavelet expansion at scale ¢ = 27",
Hence, W? is a regular function.

> T161:= 1, T2 == W5, 51 := 1, TS5 = Efor 1,5 € [0, T]
> TEL(E)" = (W — WE)", TEI(E)™ = (I(E) + (W — WO1)"
> IEETE)" = (WF - WE)" W*

) . &0
Abstract metric |- ; -[;o.) on models (IL,I'): but (IT*,I'*) — (I1,1)?
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Wong-Zakai revisited

» Evaluation against ¢ means fooo -+~ @(s)ds = anticipative
(Skorokhod) integrals!
» By classical results from Mallivin calculus:

HSEI(E)'"(@:fO @(1) (Wy = W)™ 5Wt—mf0 e(OK (s, )(W; -

(ee)

ST () = [ o (W7 = Wey"ow; = m (oK (s, 00W; -

+ mf e(OKE(t, 1) (Wf _ Wf)m_] dt
0

» K(s,1) = 13, K%(s, 1) ... mollified version of K
» Note: D,W, =0fort > s, but D,W? #0

Wy ldr

weyLdr

A regularity structure for rough volatility - October 14, 2017 - Page 12 (25)



Wong-Zakai revisited

» Evaluation against ¢ means fooo -+~ @(s)ds = anticipative
(Skorokhod) integrals!
» By classical results from Mallivin calculus:

HSEI(E)'"(@:fO @(1) (Wy = W)™ 5Wt—mf0 e(OK (s, )(W; -

(ee)

ST () = [ o (W7 = Wey"ow; = m (oK (s, 00W; -

+ mf e(OKE(t, 1) (Wf _ W;t)m—] dt
0

» K(s,1) = 13, K%(s, 1) ... mollified version of K
» Note: D,W, =0fort > s, but D,W? #0

(IT%,T%) does not converge to (I1,T’) as € — 0. In fact: gives
Stratonovich solution!

Wy ldr

weyLdr
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Renormalization

Define (ﬁs,fg) = (I1%, 1) except

PEI(E)" = IIPEI(E)" — mKe(-, NELE)"".
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Renormalization

Define (ﬁg,fs) = (I1%,I®) except

PEIE)" = [FEI(E)" — mK?(-, NIELE)" .

| \

Theorem
(ﬁg,fa) is a valid model and satisfies for any 0 < 6 < 1

E[”l(ﬁ ); @) ]””< e
9 b b [O’T] ~
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Reconstruction %

> Let (for any model (IL,1)) #'Z =t > I(E) + (K * [I,Z)()1 € DY
satisfying R(.7 F) = K = RF for F € DY
> f(W,) encoded by F'' € D}, 1 + k <y < 1 with

M
Fll(z) = Z % £ (R E(9) IE)™

m=0 """
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Reconstruction

> Let (for any model (IL,1)) #'Z =t > I(E) + (K * [I,Z)()1 € DY
satisfying R(Z'F) = K = RF for F € DY
> f(W,) encoded by F'' € D}, 1 + k <y < 1 with

M
Fll(z) = Z % £ (R E(9) IE)™

m=0 """

Theorem
!
1) = RIZF (o) = [ ¥,

— e NG ! !
T = RIEFT (o) = [ r)aws - [ Kewns o0

For f smooth, we have forany 0 <6 < 1

1/p
< &2

== P
E[ sup [ 7E(0) - 7o)
t€[0,T]
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Outline

The simple regularity structure for rough volatility
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A simple rough volatility model

! S
f f(We)dw,, W, = f K(s.0aW,,  K(s.) = V2Hlt = s/"% 1,
0 0
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A simple rough volatility model %

! S
f f(WS) dWS9 WS = f K(Sv t)dWl" K(S, t) = ‘2H|t - slH_% 1[>S
0 0

Formally, nothing changes except that K is different — and (inside the
integrand) W ~ W, W¢ ~ W? J

» I(E) represents W, and |Z(E)| = H — «
» K* is mollified version of K and explodes like K?(s, 1) < &1 as
& — 0 — corresponding to exploding quadratic variation
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Reconstruction — fractional case X“(;’}
> Let (for any model (IL.T)) A= =t = I(E) + (K * IL,E)(1)1 € DF.
> f(W,) encoded by F"' € D7, 1+« <y < 1 with
LT
11 . _— p(m) 11 = —_\/n
Fll(t) = Z —f (R E(9) I(E)

m=0

Theorem
—E e e ! - ! r (T17e
TE@) = RVEFT (1)) = fo £(we)dws - fo KE(rr)f (W) dr,

!
I5(t) = RUEFT (1)) = f F(W,)dW,.
0

For f smooth, we have forany 0 <6 < 1

. /p
E[ sup |f;(z) _ ff(z)|p ] < &t
t€[0,T]
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Numerical example: f(x) = exp(x), strong error

10’
6x10 '
4x10
e
w 3x10
2x10”"
X H=0.3:strongrate = 0.35
----- Reference rate 0.3
X H=0.2:strongrate = 0.25
----- Reference rate 0.2
10_1 -2 -1 IO
10 10 10
e=2"N
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Outline

1 The full regularity structure for rough volatility
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Rough Volterra dynamics for volatility @

ds, = S.f(Z) (pdW; + pdW™),

t t
Zi =7+ f K(s,0H)v(Zs)ds + f K(s,Hu(Zy)dW,
0 0

» Special case: u(z) = 4/z (rough Heston)
» Require f, v, u smooth
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Rough Volterra dynamics for volatility

ds, = S.f(Z) (pdW; + pdW™),

t t
Zi=z+ f K(s,0H)v(Zs)ds + f K(s,Hu(Zy)dW,
0 0

v

Special case: u(z) = +/z (rough Heston)
Require f, v, u smooth
For H > 1 (for simplicity), then only need (M = 1):
T = (5 EIE),1,1(E),5 213
Generally, fixed point arguments require more operations, need
to add symbols like

21 (EZ@E)"). I(21(21@M))....

v

v
[1]

v
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Solving for Z %

Let U and V denote the “lifts” of u and v to modelled distributions.
Then
Z=0+KUD- -E+V()).
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Solving for Z %

Let U and V denote the “lifts” of u and v to modelled distributions.
Then

Z=Ad+KU)- -E+V().

Theorem
1. Foru,v smooth, there is a unique solution Z € DY (T"),
I+k<y<1,(uvII) - Zis (loc.) Lipschitz.
2. If(I1,T) is the It6 model, then Z := RZ solves the It6 equation.

3. The extended renormalized model (ﬁ‘f,fa) converges to (I, I),
implying that Z = lim._,o Z°, where

4 3
7= z+f K(s, t)u(Zf)de+f K(s, 1) [W(Z5) — K*(s, s)uu'(Z%)] ds.
0 0
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Abstract Large Deviations %

» T =T +({E,Z1(B),...,2IE)M})
» Canonical model (H F) extended by
LEIE" =t L [[(Wa-W,)" dW,
» Small noise model: for 0>0
CI(E)" = 6", I(E)", ICZI(E)" = " ,Z1(E)",...
» Fix h == (h',h*) € H? for H = L*([0,T]) and let

IAVKY
'z = p!, 'E = 1?, M 1E)(0) = f (K(u, 1) — K(u, s)) h' (w)du, . ..
0
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Abstract Large Deviations %

» T =T +({E,Z1(B),...,2IE)M})
» Canonical model (I1, ') extended by
MEIE)" =10 2 [ (W - W,)" aW,
» Small noise model: for § > 0
[CI(E)" = 6", I(E)", IPEI(E)" = §" ' [I,Z1(E)",...
» Fix h == (h',h*) € H? for H = L*([0,T]) and let

IAVKY
'z = p!, 'E = 1?, M 1E)(0) = f (K(u, 1) — K(u, s)) h' (w)du, . ..
0

The models (I1°, %) satisfy an LDP in the space of models with speed
62 and rate function
J(ID) = {

1 2 —_ 17h
Lim2,, mm=1,

+00, else.
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Large deviations for rough volatility

Let X; :=log§,, t
Iy =z+ f K(s. 0 (2"(5)) h(s)ds.
0

Corollary

f smooth (without boundedness assumption). Then 1 ‘%X, satisfies
an LDP with speed > and rate function

(x- If(h))z}

1
I(x) = inf { = ||hl2
) i?w{z Wellze * 2@

1 1
E(h)=p fo FEN(s)ds,  Eh) = fo f&"(s))*ds.

» Choose 6§ = ! in the theorem.
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Conclusions z@’}

A regularity structure for rough volatility models allows:

» Unified analysis (existence, uniqueness, stability) — sketched,
but not completely worked out in paper

» Numerical approximation by wavelet approximation to underlying
Brownian motion

» Large deviation principle
Example of a regularity structure:

» Simple one-dimensional regularity structure with genuine need
for renormalization.

A regularity structure for rough volatility — preprint available soon! )
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