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A REGULARITY STRUCTURE FOR ROUGH VOLATILITY

C. BAYER, P. K. FRIZ, P. GASSIAT, J. MARTIN, B. STEMPER

ABSTRACT. A new paradigm recently emerged in financial modelling: rough (stochastic) volatility,
first observed by Gatheral et al. in high-frequency data, subsequently derived within market
microstructure models, also turned out to capture parsimoniously key stylized facts of the entire
implied volatility surface, including extreme skews that were thought to be outside the scope of
stochastic volatility. On the mathematical side, Markovianity and, partially, semi-martingality
are lost. In this paper we show that Hairer’s regularity structures, a major extension of rough
path theory, which caused a revolution in the field of stochastic partial differential equations, also
provides a new and powerful tool to analyze rough volatility models.

Dedicated to Professor Jim Gatheral on the occasion of his 60th birthday.
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1. INTRODUCTION

We are interested in stochastic volatility (SV) models given in It6 differential form

(11) dSt/St = O'tdBt = \/Ut(LU)dBt .

Here, B is a standard Brownian motion and o (resp. v;) are known as stochastic volatility (resp.
variance) process. Many classical Markovian asset price models fall in this framework, including
Dupire’s local volatility model, the SABR -, Stein-Stein - and Heston model. In all named SV model,
one has Markovian dynamics for the variance process, of the form

(12) d’l}t = g(’Ut)th + h(Ut)dt,

constant correlation p := d(B, W), /dt is incorporated by working with a 2D standard Brownian
motion (VV, W),
B = pW +pW = pW + /1 — p2W.

This paper is concerned with an important class of non-Markovian (fractional) SV models, dubbed
rough volatility (RV) models, in which case o; (equivalently: v; = 0?) is modelled via a
fractional Brownian motion (fBM) in the regime H € (0,1/2).} The terminology ”rough” stems
from the fact that in such models stochastic volatility (variance) sample paths are H~-Holder, hence
“rougher” than Brownian paths. Note the stark contrast to the idea of "trending” fractional volatility,
which amounts to take H > 1/2. The evidence for the rough regime (recent calibration suggest H
as low as 0.05) is now overwhelming - both under the physical and the pricing measure, see e.g.
[1, 24, 25, 27, 4, 19, 42]. Much attention in theses reference has in fact been given to ”simple” rough
volatility models, by which we mean models of the form

(1.3) o = (W) “simple rough volatility (RV)”
t
(1.4) Wy = / K(s,t)dWs ;
0
(1.5) with  K(s,t) = V2H|t — s|""?1,0, , H € (0,1/2).

In other words, volatility is a function of a fractional Brownian motion, with (fixed) Hurst parameter.?
Note that, in contrast even to classical SV models, the stochastic volatility is explicitly given, and
no rough / stochastic differential equation needs to be solved (hence ”"simple”). Rough volatility not
only provides remarkable fits to both time series and option pricing problems, it also has a market
microstructure justification: starting with a Hawkes process model, Rosenbaum and coworkers
[16, 17, 18] find in the scaling limit f, g, h such that

(1.6) or = f(Zy) “non-simple rough volatility (RV)”
¢ ¢
(1.7) Zy = z+/ K(s,t)g(Zs)ds+/ K(s,t)h(Zs)dWs ,
0 0

with stochastic Volterra dynamics that provide a natural generalization of simple rough volatility.

Wolatility is not a traded asset, hence its non-semimartingality (when H # 1/2) does not imply arbitrage.
2Following [4] we work with the Volterra- or Riemann-Liouville fBM, but other choices such as the Mandelbrot
van Ness fBM, with suitably modified kernel K, are possible.
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1.1. Markovian stochastic volatility models. For comparison with rough volatility, Section 1.2
below, we first mention a selection of tools and methods well-known for Markovian SV models.

e PDE methods are ubiquitous in (low-dimensional) pricing problems, as are

e Monte Carlo methods, noting that knowledge of strong (resp. weak) rate 1/2 (resp. 1) is
the grist in the mills of modern multilevel methods (MLMC);

e Quasi Monte Carlo (QMC) methods are widely used; related in spirit we have the Kusuoka—
Lyons—Victoir cubature approach, popularized in the form of Ninomiya—Victoir (NV) splitting
scheme, nowadays available in standard software packages;

e Freidlin—Wentzell theory of small noise large deviations is essentially immediately applicable,
as are various “strong‘ large deviations (a.k.a. exact asymptotics) results, used e.g. the
derive the famous SABR formula.

For several reasons it can be useful to write model dynamics in Stratonovich form: From a
PDE perspective, the operators then take sum-square form which can be exploited in many ways
(Hormander theory, naturally linked to Malliavin calculus ...). From a numerical perspective, we note
that the cubature / NV scheme [43] also requires the full dynamics to be rewritten in Stratonovich
form. In fact, viewing NV as level-5 cubature, in sense of [40], its level-3 simplification is nothing
but the familiar Wong-Zakai approximation result for difffusions. Another financial example that
requires a Stratonovich formulation comes from interest rate model validation [13], based on the
Stroock—Varadhan support theorem. We further note, that QMC (e.g. Sobol’) works particularly
well if the noise has a multiscale decomposition, as obtained by interpreting a (piece-wise) linear
Wong-Zakai approximation, as Haar wavelet expansion of the driving white noise.

1.2. Complications with rough volatility. Due to loss of Markovianity, PDE methods are not
applicable, and neither are (off-the-shelf) Freidlin-Wentzell large deviation estimates (but see [19]).
Moreover, rough volatility is not a semi-martingale, which complicates, to say the least, the use of
several established stochastic analysis tools. In particular, rough volatility admits no Stratonovich
form. Closely related, one lacks a (Wong-Zakai type) approximation theory for rough volatility. To
see this, focus on the “simple” situation, that is (1.1), (1.3) so that

(1.8) S,/So =€ (/O f(Ws)st> (t) .

Inside the (classical) stochastic exponential £(M)(t) = exp(M; — 5[M];) we have the martingale
term

(1.9) | s =p [ f@)awisp [T,
0 0 0

and, in essence, the trouble is due to underbraced, innocent looking It6-integral. Indeed, any naive
attempt to put it in Stratonovich form,

t t
(1.10) “/ fW)odW := / F(W)dW + (Ité-Stratonovich correction) ”
0 0

or, in the spirit of Wong-Zakai approximations,

e—0

t t
(1.11) /0 FW) oW = lim/o FOVE)dWe
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must fail whenever H < 1/2. The It6-Stratonovich correction is given by the quadratic covariation,
defined (whenever possible) as the limit, in probability, of

(1.12) ST (W) = F(WD)) (W, — W),

[uv]er

along any sequence (7™) of partitions with mesh-size tending to zero. But, disregarding trivial
situations, this limit does not exist. For instance, when f(x) = x fractional scaling immediately
gives divergence (at rate H — 1/2) of the above bracket approximation. This issues also arises in
the context of option pricing which in fact is readily reduced (Theorem 1.3 and Section 6) to the
sampling of stochastic integrals of the afore-mentioned type, i.e. with integrands on a fractional scale.
All theses problems remain present, of course, for the more complicated situation of “non-simple”
rough volatility (Section 5) .

1.3. Description of main results. With motivation from singular SPDE theory, such as Hairer’s
work on KPZ [32] and the Hairer-Pardoux “renormalized” Wong-Zakai theorem [35], we provide
the closest there is to a satisfactory approximation theory for rough volatility. This starts with the
remark that rough path theory, despite its very purpose to deal with low regularity paths, is not
applicable

To state our basic approximation results, write W¢ = 8,W¢ for a suitable (details below)

approximation at scale £ to white noise, with induced approximation to fBM, denoted by we.
Throughout, the Hurst parameter H € (0,1/2] is fixed and f is a smooth function, such that (1.8)
is a (local) martingale, as required by modern financial theory.

Theorem 1.1. Consider simple rough volatility with dynamics dS;/S; = f(Wt)dBt, i.e. driven by
Brownians B and W with constant correlation p. There exist e-peridioc functions €€ = €*(t), with
diverging averages C, , such that a Wong-Zakai result holds of the form S¢S in probability and
uniformly on compacts, where

0,55 /S5 = F(We)B* — p&=(t) f'(We) — Lf2(W#) , S5 =So.
Similar results hold for more general (“non-simple”) RV models.

Remark 1.2. When H = 1/2, this result is an easy consequence of Itd-Stratonovich conversion
formulae. In the case H < 1/2 of interest, Theorem 1.1 provides the interesting insight that genuine
renormalization, in the sense of subtracting diverging quantities is required if and only if correlation
p is non-zero. This is the case in equity (and many other) markets [4]. Also note that naive
approximations S, without subtracting the €*-term, will in general diverge.

In order to formulate implications for option pricing, define the Black-Scholes pricing function
2 +
(1.13) Cps(So, K;0°T) = IE(SO exp (oﬁz — U2T> — K) ,

where Z denotes a standard normal random variable. We then have

Theorem 1.3. With €° = €°(t) as in Theorem 1.1, define the renormalized integral approximation,

(1.14) IE = TH(T) ;:/0 f(WE)dWE—/O CE () f/(We)dt
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and also approrimate total variance,
T
Ve = VHT) = / F2WEdt
0

Then the price of a FEuropean call option, under the pricing model (1.1), (1.8), struck at K with
time T to maturity, is given as

lim E [\I/(JE, 7/5)}

e—0
where

2
(1.15) U(S,Y):=Cgs (S’O exp (pf — /)2”//>7K,p27/) .
Similar results hold for more general (“non-simple”) RV models.

From a mathematical perspective, the key issue in proving the above theorems is to establish
convergence of the renormalized approximate integrals

(1.16) I = /O FOVE)awe — /0 @ () f (WE)dt — (Tto-integral).

It is here that we find much inspiration from singular SPDE theory, which also requires renormalized
approximations for convergence to the correct Ito-object. Specifically, we see that the theory of
regularity structures [31], which essentially emerged from rough paths and Hairer’s KPZ analysis
(see [23] for a discussion and references), is a very appropriate tool for us. This adds to the
existing instances of regularity structures (polynomials, rough paths, many singular SPDEs ...) an
interesting new class of examples which on the one hand avoids all considerations related to spatial
structure (notably multi-level Schauder estimates; cf. [31, Ch.5]), yet comes with the genuine need
for renormalization. In fact, since we do not restrict to mollifier approximations (this would rule out
wavelet approximation of white noise!) our analysis naturally leads us to renormalization functions.
In case of mollifier approximations, i.e. W¢ is the e-mollifciation obtained by convolution of W with
a rescaled mollifier function, say 0°(z,y) = e !p(e 1 (y — x))), which is the usual choice of Hairer
and coworkers [32, 31, 11], the renormalization function turns out to constant (since W€ is still
stationary); in this case
CE(t) = C. = cet~1/2
with ¢ = ¢(p) explicitly given as integral, cf. (3.13). If, on the other hand, we consider a Haar
wavelet approximation of white noise, very natural from a numerical point of view,
H+1/2
(1.17) € (t) = V2H |t [t/e)el " with mean C, = V2H gH-1/2,
H+1/2 € (H+1/2)(H+3/2)
It is natural to ask if €¢(t) can be replaced, after all, by its (since H < 1/2: diverging) mean C..
For H > 1/4 the answer yes, with an interesting phase transition when H = 1/4, cf. Section 3.2.

From a numerical simulation perspective, Therecom 1.3 is a step forward as it avoids any
sampling related to the other factor W. A brute-force approach then consists in simulating a scalar
Brownian motion W, followed by computing W= [ KdW by Itd/Riemann Stieltjes approximations
of (Z,7). However, given the singularity of Volterra-kernel K, this is not advisable and it is

30ther wavelet choices are possible. In particular, in case of fractional noise, Alpert-Rokhlin (AR) wavelets have
been suggested for improved numerical behaviour; cf. [28] where this is attributed to a series of works of A. Majda
and coworkers. A theoretical and numerical study of AR wavelets in the rough vol context is left to future work.
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preferable to simulate the two-dimensional Gaussian process (W, Wt :0 <t <T) with covariance
readily available. A remaining problem is that the rate of convergence

Z f(Ws)Ws ¢ — (Ito-integral) ,

with [s, t] taken in a partition of mesh-size ~ 1/n, is very slow since W has little regularity when
H is small. (Gatheral and co-authors [27, 4] report H =~ 0.05) . It is here that higher-order
approximations come to help and we have included quantitative estimates, more precisely: strong
rates, throughout. An analysis of weak rates will be conducted elsewhere, as is the investigation of
multi-level algorithms (cf. [6] for MLMC for general Gaussian rough differential equations). Recall
that the design of MLMC algorithms requires knowledge of strong rates. Numerical aspects are
further explored in Section 6.

The second set of results concerns large deviations for rough volatility. Thanks to the contraction
principle and fundamental continuity properties of Hairer’s reconstruction map, the problem is
reduced to understanding a LDP for a suitable enhancement of the noise. This approach requires
(sufficiently) smooth coefficients, but comes with no growth restrictions which is indeed quite suitable
for financial modelling: we improve the Forde-Zhang (simple rough vol) short-time large deviations
[19] such as to include f of exponential type, a defining feature in the works of Gatheral and
coauthors [27, 4]. (Such an extension is also subject of a recent preprint [38] and forthcoming work
30].)

Theorem 1.4. Let X; = log(S:/So) be the log-price under simple rough SV, i.e. (1.1), (1.3). Then
(tH_%Xt .t > 0) satisfies a short time large deviation principle with speed t*H and rate function
given by

; 1 (y—pf1(h))2
1.1 I = nf g +
(L1 W=, n 1]){ Il + L2
with I (h fo t)dt, 15 (h fo ))2dt where h fo s)ds.

Remark 1.5. A potential short-coming is the non-explicit form of the rate function, in the sense
that even geometric or Hamiltonian descriptions of the rate function (classical in Markovian setting,
see e.g [3, 8, 14, 15, 7]), which led to the famous SABR volatility smile formula, is lost. A partial
remedy here is to move from large deviations to (higher order) moderate deviations, which restores
analytic tractability and still captures the main feature of the volatiliy smile close to the money.
This method was introduced in a Markovain setting in [20], the extension to simple rough volatility
was given in [5], relying either on [19] or the above Theorem 1.4.

We next turn to non-simple rough volatility, motivated by Rosenbaum and coworkers [16, 17, 18],
and consider the stochastic Ito—Volterra equation

Zy=z+ /t K(s,t)(u(Zs)dWs + v(Zs)ds)
0

with corresponding rough SV log-price process given by

X, = /f Y(pdW, + pdW ) 77/f2
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(For simplicity, we here consider f,u,v to be bounded, with bounded derivatives of all orders.) For
h € L*([0,T)), let 2" be the unique solution to the integral equation

ht) =2 —|—/ K(s,t)u(z"(s))h(s)ds,

and define I ( fo h(s)ds and I (h) fo ))2ds. Then we have the following
extension of Theorem 14 (and also [19, 38, ]) 0 non- sunple rough volatility:

Theorem 1.6. Let X; = log(S;/So) be the log-price under non-simple rough SV. Then tH-2 X,
satisfies a LDP with speed t*7 and rate function given by

. (z = pI§(h))’
1.19 I(x) = - —}.
(1.19) (@) =, it (i + iy
Remark 1.7. We showed in [5, Cor.11] (but see related results by Alos et al. [2] and Fukasawa [24, 25])
that in the previously considered simple rough volatility models, now writing o(.) instead of f(.),
the implied volatility skew behaves, in the short time limit, as ~ pZ 2(0) (K1,1)t"=1/2  where (K1,1)

o(0)
/
in our setting computes to cy := % (The blowup =12 as t — 0 is a desired feature,

in agreement with steep skews seen in the market.) To first order Z; ~ 2z + u( fo (s,t)dWs =

z+ u(z)w =: J(W), from which one obtains a skew-formula in the non-simple rough volatility case
of the form,

f'(2) ct?=1/2

Following the approach of [5], Theorem 1.6 not only allows for rigorous justification but also for
the computation of higher order smile features, though this is not pursued in this article. In the
case of classical (Markovian) stochastic volaility, H = 1/2, and specializing further to f(x) = z, so
that Z (resp. z) models stochastic (resp. spot) volatility, this reduces precisely to the popular skew
formula Gatheral’s book [26, (7.6)], attributed therein to Medvedev—Scaillet. In the case of rough
Heston, where Z models stochastic variance, cf. (5.1), we have f = /- u=n,/- and this leads to
the following (rough Heston, implied volatility) short-dated skew formula

on H-1/2
——cpt
2\/1}—06H )
(multiply with 2,/vy to get the implied variance skew, again in agreement with Gatheral [26, p.35]);
this may be independently verified via the characteristic function obtained in [17].

Structure of the article. In Section 2 we reduce the proofs of Theorems 1.1 and 1.3 to the key
convergence issue, subject of Section 3. In Section 4 we consider the structure for two-dimensional
noise, necessary to study the asset price process. Section 5 then discusses the case of non-trivial
dynamics for rough volatility. Some numerical results are presented in [|, followed by several
appendices with technical details. From Section 3 all our work relies on the framework of Hairer’s
regularity structures. There seems to be no point in repeating all the necessary definitions and
terminology, which the reader can find in [32, 31, 33, 23] and a variety of survey papers on the
subject. Instead, we find it more instructive to substantiate our KPZ inspiration and in the next
section introduce, informally, all relevant objects from regularity structures in this context.
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1.4. Lessons from KPZ and singular SPDE theory. The absence of a good approximation
theory is a defining feature of all singular SPDE recently considered by Hairer, Gubinelli et al. (and
now many others). In particular, approximation of the noise (say, e-mollification for the sake of
argument) typically does not give rise to convergent approximations. To be specific, it is instructive
to recall the universal model for fluctuations of interface growth given by the Kardar—Parisi-Zhang
(KPZ) equation

Oru = O%u + |0,ul® + ¢
with space-time white noise £ = £(z,t;w). As a matter of fact, and without going in further detail,
there is a well-defined (“Cole-Hopf”) It6-solution u = u(t,z;w), but if one considers the equation
with e-mollified noise, then u = u® diverges with ¢ — 0. In this sense, there is a fundamental lack of
approzimation theory and no Stratonovich solution to KPZ exists. To see the problem, take ug =0
for simplicity and write

u=H x (|0,ul]”> + &)

with space-time convolution x and heat-kernel

1 z?
H(t,x) = exp|l—— 11
( ) \/ZE p < 4t) {t>0}
One can proceed with Picard iteration
u=Hx¢t+Hx((H %6)?) + ...

but there is an immediate problem with (H' x £)?, (naively) defined e-to-zero limit of (H' x £°)2,
which does not exist. However, there exists a diverging sequence (C;) such that, in probability,

3 lin%(H’ *£%)2—C. — (new object) =: (H' % £)°2.
e—

The idea of Hairer, following the philosophy of rough paths, was then to accept
Hx & (H % €)% (and a few more)

as enhancement of the noise ("model”) upon which solution depends in pathwise robust fashion.
This unlocks the seemingly fixed (and here even non-sensical) relation

Hx&—€&— (H x €)%
Loosely speaking, one has

Theorem 1.8 (Hairer). There exist diverging constants C. such that a Wong-Zakai* result holds of
the form u® — w, in probability and uniformly on compacts, where

O4uf = 02U + |0,u|* — C. + €°.
Similar results hold for a number of other singular semilinear SPDFEs.

In a sense, this can be traced back to the Milstein-scheme for SDEs and then rough paths: Consider
dY = f(Y)dW, with Yy = 0 for simplicity, and consider the 2nd order (Milstein) approximation

tit1 X
S/ti+1 ~ Yti + f(}/ti)Wthti{»l + ff/(Ytz) Wti,SWSdS

ti
One has to unlock the seemingly fixed relation

W—>W—>/Wst::W,

4Hairer—Pardoux [35] derive the KPZ result as special case of a Wong-Zakai result for It6-SPDEs.
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for there is a choice to be made. For instance, the last term can be understood as Ito-integral
[ WdW or as Stratonovich integral [W o dW (and in fact, there are many other choices, see e.g.
the discussion in [23].) It suffices to take this thought one step further to arrive at rough path theory:
accept W as new (analytic) object, which leads to the main (rough path) insight

SDE theory = analysis based on (W, W).
In comparison,

SPDE theory a la Hairer

= analysis based on (renormalized) enhanced noise (¢, ....).

Inside Hairer’s theory: ° As motivation, consider the Taylor-expansion (at ) of a real-valued
smooth function,

Fl) = £(@) + £/ @)y — ) + 3 @)y~ 2+
can be written as abstract polynomial (“jet”) at x,
F(z) = £(5) 1+ (&)X + h(@) X + .,

with, necessarily, g = f/, h = f”/2,.... If we “realize” these abstract symbols again as honest
monomials, i.e. IT, : X* = (. —x)* and extend II, linearly, then we recover the full Taylor expansion:

: 1
L[F(@)]() = f(z) + 9(2)(. = 2) + h(z)(. )%+ ..
Hairer looks for solution of this form: at every space-time point a jet is attached, which in case of
KPZ turns out - after solving an abstract fixed point problem - to be of the form
Ulz,s) =u(z,s) 1+ 14+ Y +v(z,s) X +2'¢+v(z,5)< .

As before, every symbol is given concrete meaning by “realizing” it as honest function (or Schwartz
distribution). In particular,

(1.20) RN {H*fe, mollified noise; or

Hx¢  noise

and then, more interestingly,

Hx (H'*£92, canonically enhanced mollified noise; or
(1.21) Y S Hx[(H %£9% —-C.], renormalized ~ or
H* (H' % £)°2, renormalized enhanced noise

This realization map is called “model” and captures exactly a typical, but otherwise fixed, realization
of the noise (mollified or not) together with some enhancement thereof, renormalized or not. For
instance, writing 11, , for the realization map for renormalized enhanced noise, one has

I o[U @y $))() = u(w, s) + H %€l o) + Hx (H' %)) + .

where (%) indicates suitable centering at (z,s). Mind that U takes values in a (finite) linear space
spanned by (sufficiently many) symbols,

U@,s) € (o L, LY, X, G0 =T

5In the section only, following [23], symbols will be coloured.
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The map (z,s) — U(x,s) is an example of a modelled distribution, the precise definition is a
mix of suitable analytic and algebraic conditions (similar to the notation of a controlled rough path).

The analysis requires keeping track of the degree (a.k.a. homogeneity) of each symbol. For
instance, || = 1/2 — k (related to the Holder regularity of the realized object one has in mind),
| X?| = 2 etc. All these degrees are collected in an index set. Last not least, in order to compare
jets at different points (think (X — §1)? = ...), use a group of linear maps on 7T, called structure
group. Last not least, the reconstruction map uniquely maps modelled distributions to function
/ Schwartz distributions. (This can be seen as generalization of the sewing lemma, the essence of
rough integration, see e.g. [23], which turns a collection of sufficiently compatible local expansions
into one function / Schwartz distribution.) In the KPZ context, the (Cole-Hopf It6) solution is then
indeed obtained as reconstruction of the abstract (modelled distribution) solution U.

Acknowledgment: The authors acknowledge financial support from DFGs research grants BA5484/1
(CB, BS) and FR2943/2 (PKF, BS), the ERC via Grant CoG-683166 (PKF), the ANR via Grant
ANR-16-CE40-0020-01 (PG) and DFG Research Training Group RTG 1845 (JM).

Participants of Global Derivatives 2017 (Barcelona) and Gatheral 60th Birthday conference (CIMS,
NYU) are thanked for the feedback.

2. REDUCTION OF THEOREMS 1.1 AND 1.3

In the context of these theorems, we have

(2.1) S, = Sp exp Uot f(iv\s)st - ;/Ot 2 (W\s)ds}

where we recall that
t t t
/ f(W)dB = ,0/ f(W)dW—&-ﬁ/ FW)Haw'.
0 0 0

All approximations, W¢, W° and B = pWe + ﬁWE converge uniformly to the obvious limits, so
that it suffices to understand the convergence of the stochastic integral. Note that W is heavily
correlated with W but independent of W. The difficult interesting part is then indeed (1.16), i.e.

(2.2) /0 FOTE)aWe — /O & (s)f (We)ds — /0 FOV)aW

which is the purpose of Theorem 3.24. For the other part, due to independence no correction terms
arise and we have (with details left to the reader) fot F(WEYdW™ — fot f(W)dW | with convergence
in probability and uniformly on compacts in ¢. The convergence result of Theorems 1.1 then follows
readily.

+
As for pricing, Theorem 1.3, consider the call payoff (So exp [fOT o(t,w)dB; — % OT o(t, w)dt} — K)

An elementary conditioning argument (first used by Romano-Touzi in the context of Markovian SV
models) w.r.t. W, then shows that the call price is given as expection of

T 2 [T 2 [T
Cgs (Sg exp (p/ o(t,w)dW — 5 / o2(t, w)dt) K, 3/ 02(t,w)dt>.
0 0 0
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Specializing to the case o = f(W), in combination with Theorem 3.24, then yields Theorem 1.3 .
Remark that extensions to non-simple RV are immediate from suitable extensions of Theorem 3.24,
as discussed in 5.2.

3. THE ROUGH PRICING REGULARITY STRUCTURE

In this section we develop the approximation theory for integrals of the type [ f (W)dW In the
first part we present the regularity structure and the associated models we will use. In the second
part we apply the reconstruction theorem from regularity structures to conclude our main result,
Theorem 3.24.

3.1. Basic pricing setup. We are given a Hurst Bgrameter H € (0,1/2], associated to a fractional
Brownian motion (in the Riemann-Liouville sense) W, and fix an arbitrary x € (0, H) and an integer
M >max{meN|m-(H —k)—1/2 -k <0}

so that
(3.1) (M+1)(H-k)—1/2—£k>0.
At this stage, we can introduce the “level-(M + 1)” model space
(3.2) T ={EE21(3),....Z2E)M,1,7(2),..., 2(E)M}),

where (...) denotes the vector space generated by the (purely abstract) symbols in {...}. We will
sometimes write

S =8M .— (= 27(2),...,22(2)M,1,Z(2),..., Z2(E)M}
so that 7 = 7TM) = D, cgRT.

Remark 3.1. It is useful here and in the sequel to consider as sanity check the special case H = 1/2
in which case we recover the “level-2” rough path structure as introduced in [23, Ch.13]. More
specifically, if take Holder exponent o :=1/2 — k < 1/2 and (and then M = 1) condition (3.1) is
precisely the familiar condition « > 1/3.

The interpretation for the symbols in S is as follows: = should be understood as an abstract
representation of the white noise ¢ belonging to the Brownian motion W, i.e. £ = W where the
derivative is taken in the distributional sense. Note that since we set W (z) = 0 for x < 0 we have
W(p) =0 for ¢ € C°((—00,0)). The symbol Z(...) has the intuitive meaning “integration against
the Volterra kernel”, so that Z(Z) represents the integration of white noise against the Volterra

kernel
t
\/2H/ it — r[2-12q1 (),
0

which is nothing but the fractional Brownian motion /W(t) Symbols like EZ(E)™ = E-Z(2)-...- Z(T)
or Z(E)™ = Z(E) - ... - Z(Z) should be read as products between the objects above. These
interpretations of the symbols generating 7 will be made rigorous by the model (I, I") in the next
subsection. Every symbol in S is assigned a homogeneity, which we define by

EZ(E)™ =-1/2—k+m(H — k), m >0
IZ(E)™| =m(H — k), m >0
[ =0,
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We collect the homogeneities of elements of S in a set A := {|7]||7 € S}, whose minimum is
|Z] = —1/2 — k. Note that the homogeneities are multiplicative in the sense that, |7 - 7'| = |7| + ||
for 7,7 € S.

At last, our regularity comes with a structure group G, an (abstract) group of linear operators
on the model space T which should satisfy I'r — 7 = € | R and 'l =1 for 7 € S and

' e G. We will choose G = {T'y, | h € (R, +)} given by
Thl =1, ThE = =, [WI(E) = Z(S) + hl.

T'eS: | |<|T

and Tp (7" - 7) =Ty’ - Tp7 for 7/, 7 € S for which 7- 7/ € S is defined.

The limiting model (II,T'). Let W be a Brownian motion on R and extend it to all of R by requiring
W(x) =0 for x < 0. We will frequently use the notations

(3.3) / AW (1), / £(t) o dW (1)

which denote the It6 integral and the Skohorod integral (which boils down to an It6 integral whenever
the integrand is adapted). From W we construct now the fractional Riemann-Liouville Brownian

motion W with Hurst index H € (0,1/2] as
t
W(t) = W K(t) = \/QH/ b= |2 W ().
0

where K (t) = vV2H1;~ - t=1/2 denotes the Volterra kernel. We also write K (s,t) := K(t — s).
To give a meaning to the product terms ZZ(=Z)* we follow the ideas from rough paths and define
an “iterated integral” for s,t € R,s <t as

o~

(3.4) Wm(&t):/ (W (r) — W(s))™ dW (r)

W™ (s,t) satisfies a modification of Chen’s relation

Lemma 3.2. W™ as defined in (3.4) satisfies
(35) W (snt) = W)+ Y (1) () = W)Wt
=0

for s,u,t e R, s <u<t.
Proof. Direct consequence of the binomial theorem. |

We extend the domain of W™ to all of R? by imposing Chen’s relation for all s,u,t € R, i.e. we
set fort,s e R, t <s

(3.5 e == Y- (1) ) - W)

=0

We are now in the position to define a model (II,T") that gives a rigorous meaning to the
interpretation we gave above for 2, Z(Z),ZZ(Z), . ... Recall that in the theory of regularity structures
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a model is a collection of linear maps Il : 7 — C(R)’, 'y, € G for indices s,t € R that satisfiy

(3.7) I, = Iy,

(3.8) M) S AT,

(3.9) Payr=1+ Z e (8,0)7 |er (s, )] S |s — t||T\*\T'|
T'ES:|T!|<T

where the bounds hold uniformly for 7 € S, any s, in a compact set and for ¢ := A" (A7 (- — 5))
with A € (0,1] and ¢ € C* with compact support in the ball B(0,1).

We will work with the following “It6” model (II,T), and (occasionally) write (IT'*® T'*0) to
avoid confusion with a generic model, also denoted by (II,T), which renders more precisely our
interpretations of the elements of S.

m,1=1 I1=1

IE2=W I,=2=E

MIE)" = (W) - W(s)  TWI(E) =IE) + (W(t) - W(s)1

IMEZ(E)™ = {t — %Wm(s, )} Tyrrm’ =T4s7 - Ty’ for 7,7/ € S with 77/ € S
We extend both maps from S to 7 by imposing linearity.
Lemma 3.3. The pair (IL,T") as defined above defines (a.s.) a model on (T, A).

Proof. The only symbol in S on which (3.7) is not straightforward is ZZ(Z)™, where the statement
follows by Chen’s relation. The bounds (3.8) and (3.9) follow for 1 trivially and for Z(Z)™ by the
H — &/, ¥’ € (0, H) Holder regularity of W. It is further straightforward to check the condition (3.9)
by using the rule T'ys77" = T'y47-T'1s7" so that we are only left with the task to bound II,ZZ(Z)™(¢?).
Following along the lines of proof [23, Theorem 3.1] it follows [W™(s,t)| < C|s — t|mH+1/2=(m+1)x
(where C' > 0 denotes a random constant with C' € |J,, L”), so that

dt
|H I(E E SDS |_ ‘/ 305 Wm S t dt’ < C/ t—S _t|T)’L1"1-‘r1/2—(’m-‘y—l)nP

S C)\mH 1/2 (m-‘,—l)n _ C)\lI( )7n—~| .
|

As we will see below in subsection 3.2 this model is the toolbox from which we can build pathwise
1t6 integrals of the type fg fr, W(r)) dW (r). For an approximation theory for such expressions
we are in need of a comparable setup that describes approximations, which will be achieved by
introducing a model (II¢,I'¢).

The approzimating model (I1°,T¢). The whole definition of the model (II,T') is based on the object
W. Tt is therefore natural to build an approximating model by replacing 144 by some modification
We that converges (as a distribution) to W ase— 0.

The definition of W¢ will be based on an object 6° which should be thought of as an approximation
to the Delta dirac distribution. Our purpose to build 6° from wavelets, which can be as irregular as
the Haar functions. We find it therefore convenient to allow §° to take values in the Besov space
Bfoo(]R), B > 1/2 + k which covers functions like 1j9,1) € By . (R).
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Remark 3.4. We shortly recall the definition of the Besov space BIB)OO(R) (see for example [41])
although this will here only be explicitely used in the proof of Lemma 3.16 in the appendix. Given
a compactly supported wavelet basis ¢, = ¢(- —y), y € Z, ¢ = 2/24h(29 (- —y)), § >0,y €277
we set
lgllse = 1(g,0,)rel + sup 298 N~ 972|(g, 40 s
yEZL 320 yE€2-3Z,

and define Bf,oo(R) to be those L! functions g (or (C¢ W]H(R))’ distributions if 8 < 0) for which
this norm is finite.

Definition 3.5. In the following we call §° : R> — R a measurable, bounded function with the
following properties

5 (z,y) = 6°(y,x) for all z,y € R.,

themap R > z +— 0°(z,-) € Blﬁ)oo(R) is bounded and measurable for some § > —|Z| = 1/2+k.
fR 5 (z,-)dz =1,

supg: [0°| S e,

supp 6°(x,-) C B(x,c-¢) for any z € R and some ¢ > 0.

Example 3.6. There are two examples which are of particular interest for our purposes

e We say that 6° “comes from a mollifier”, by which we mean that there is symmetric,
compactly supported L>= N Blﬁ’w(R)—function p, which integrates to 1 such that

8 (zy) = p(e™ My — )

e A further interesting example is the case where 6° “comes from a wavelet basis”. Consider
only ¢ = 27 and choose compactly supported L> N nyoo—valued father wavelets (¢ n)rez
(e.g. the Haar father wavelets qbk N =2N/2. 1po—~ (k41)2-~)) and set

Z G, N (2)p, N (V)
keZ
Note that we could also add some generations of mother wavelets in this choice.

Note that (locally) W is contained in B(E‘,OO(R) (recall: |2
BL?!OO(R) - (nyoo(R))’ we can set
WE(t) = (W, 8°(,)) 1, (1)

which is a Gaussian process and pathwise measurable and locally bounded. For (maybe stochastic)
integrands f we introduce the notations

-/deE /fWE

and if f takes values in some (non-homogeneous) Wiener chaos induced by W we also introduce

(3.10) /f odW*e(r /f ) o We(r)dr,

where ¢ denotes the Wick product. Note that these two objects do in general not coincide. The
motive for using the same symbol “o” as in (3.3) is that (3.10) can be seen as the Skohorod integral
with respect to the Gaussian stochastic measure induced by the Gaussian process Wwe (for the notion
of Wick products and Skohorod integrals and their links see e.g. [39]).

= —1/2 — k), so that due to
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We now define an approximate fractional Brownian motion by setting
t
We(t) = K« We = \/2H/ it — A=Y 2awe(r)
0
which has the expected regularity as it is shown in the following lemma.
Lemma 3.7. On every compact time intervall [0,T] we have the estimates
W) = W ()] < Celt — |, [WF(8) = W2 (s) = (W) = W(9)] £ Clt — s T

uniformly in € € (0,1] for any 6 € (0,1) and &’ € (0, H) and where C.,C > 0 are random constants
that are (uniformly) bounded in LP for p € [1,00).

Proof. The proof is elementary but a bit bulky and therefore postponed to the appendix. O

Finally we can give the definition of the approximative model (II¢,I'¢), the “canonical” model
built from the approximate (and hence regular) noise We.

1 =1 re1=1
= = We ===
MEZ(E)™ = (W)~ We(s)) I5Z(E) = () + (We(t) - We(s))1

[EZ(E)"E = (We(-) = We(s))" We()) Tgrr’ =T57r-T57, 7,77/ €8
Lemma 3.8. The pair (II°,T¢) as defined above is a model on (T, A).

Proof. The identity IT; = 'y Il is straightforward to check. The bounds (3.8) and (3.9) on I'y; and
on II,Z(Z)™ follow from the regularity of W< as proved in Lemma 3.7. The blow-up of IEZ(Z)™(92)
however is even better than we need, since by the choice of §° we have |IW¢| < C., for some random
constant C,, on compact sets. (|

The definition of this model is justified by the fact that application of the reconstruction operator
(as in Lemma 3.22) yields integrals

(3.11) /0 £r, W2 () AW (r)

As we pointed out already in section 1, there is no hope that integrals of this type will converge as
€ — 0if H < 1/2. This can be cured by working with a renormalized model (II¢,I'¢) instead.

The renormalized model 115 From the perspective of regularity structures the fundamental reason
why integrals like (3.11) fail to converge to

/0 £, T () AW (r)

lies in the fact that the corresponding models will not satisfy (II°,I'*) — (II,T") in a suitable norm.
To see what is going on we will first rewrite II,=ZZ(Z)"

Lemma 3.9. For o € C*(R), se R, me€ {1,..., M} we have
ILEZ(E)"(p) = /O p(t) (W(t) = W(s))™ o dW (1)
0

o~

o [ o(t) K(s —t) (W(t) — W(s)™ dt



16 C. BAYER, P. K. FRIZ, P. GASSIAT, J. MARTIN, B. STEMPER

where o denotes the Skorokhod integral and K (t) = v2H1,50t"T=1/2 denotes the Volterra kernel.
Note that in the second term the domain of integration is actually (0, s).

Remark 3.10. Our notation reflects a close relation between the Skorokhod integral and the Wick
product. Indeed, when g = > Xs1[s ), with summation over a finite partition of [0,T], and each
X a (non-adapted) random variable in a finite Wiener-Itd chaos, it follows from [39, Thm 7.40]
that [ géW =3 X, o W, ;. Passage to L*-limits is then standard. See also [44] and the references
therein.

Proof. We prove this by reexpressing W¥(s,¢). For s < t we have already

W (s, 1) = /t AW (1) o (

so that it remains to see what happens for ¢ < s. With relation (3.6) we have in this case
k

s, == 3 () O - W) 4o (70 - WOF MLicres,

=0

o~ o~

W(r) = W(s))"*

where we use for the sake of concision formal notation, which is easy to translate to a rigorous
formulation. Using the fact that for Gaussians Uy, V, Us we have

(3.12) Ul - (VoUy™) = Ve (UlUS™ +IEVU U U
(a consequence of [39, Theorems 3.15, 7.33]), we obtain

W (s, 1) = — / Ar W () o (W(r) — W) Lieres

e . o
=X (3)r [ B0 (@) - W) (0 - W) () - W),
1=0
Using (];) = k(]fjll) and E[WW (r) - (W(t) - W(s))] = —K(s—r)l,5 for t <r < s we can reformulate
this and obtain

W(s,t) = — / AW (r) o (W(r) — W(s))* Licres + k / ArK (s —r)(W(r) — W(s)F 1,50.

(An alternative derivation of the above Skorokohod form can be given in terms of [45, Thm 3.2].)
Since II,2Z(= f ©(t) dgW™(s,t) the claim follows. O

Let us also reexpress the approximating model in suitable form.

Lemma 3.11. For ¢ € C°(R), se R, m € {1,..., M} we have
EEZ(E)" () = [ olt) (77(0) = ()™ o ()
[l 5 O ) - )
+ m/ £ (1) (WE () — We(s))™ dt
where o is defined as in (3.10) and where

(3.13)  F(u,v) = E[WE(U)WE(U)] =1y.>0 /000 /OOO 0% (v, 21)0% (21, x2) K (u — x2) dzrdas .
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Proof. Using that for Gaussian V, U we have VU™ =V o U™ + mE[VU]|U™~! (this is (3.12) with
Us = 1) we can rewrite

IEZ(E)" () :/0 o(t) (W= (t) — W*(s))™ o dW=(2)
+m / dt p(t) E[W* (1) (W* () = W (s))(W* (8) = W*(s))™
0
Inserting E[We(t) (We(t) — We(s))] = H=(t,t) — (s, t) shows the identity. O
Comparing the expressions in Lemma 3.11 and 3.9 we see that we morally have to subtract

m/ B (4, 1) (W () — T2 ()™ dlt

from the model, which will give us a new model II°. Of course we have to be careful that this step
preserves “Chen’s relation” II5I';; = II;, see Theorem 3.13 below.
If we interpret £ ¢ as an approximation to the Volterra-kernel we see that the expression
EE(t) =2 (t,t),t >0

440H—1/2

will correspond to something like = 00” in the limit € — 0. We have indeed the following

upper bound.
Lemma 3.12. For all s,t € R we have
(s, )] S V2.
Proof. | #¢(s,t)] < e 2 fB(mE) dz fB(LCE) duls —u|H=1/2 < H-1/2, O

Our hope is now that the new model II¥ converges to II in a suitable sense. Similar to [31, (2.17)]
we define the distance between two models (II,T") and (IL,T") on a compact time interval [0,77] as

(3.14)

- - Pyt — T
JOLE: D= osp AL - freh + sup T Terls
supp C B(0, 1), t,s € 0,7, |t — |
A € (0,1], T€S,ADB<|T|

s€[0,T),7€8S

where | - |3 denotes the absolute value of the coefficient of the symbol 7" with |7/'| = 8 and where the
first supremum runs over ¢ € C! with ||¢||c1 < 1. We will also need
Tz = sup AT (02)]
supp ¢ € B(0, 1),
A€ (0,1],
s€0, T, 7€S
We are now ready to give the fundamental result of this subsection which plays a key role in our

approximation theory. Recall that the (minimal) homogeneity |=| = —1/2 — k which corresponds to
W being Hoélder with exponent 1/2 — k.

Theorem 3.13. Define, for every s € [0,T], the linear map ﬁi : T — CHR)Y given by, for
me{l,...,M}

[EEZ(2)" = IEEL(E)™ — me= ()IE(Z(E)™ )
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and ﬁ‘z =II on all remaining symbols in S. Then

(ﬁe’ fs) = (ﬁsa FE)
defines a (“renormalized”) model on (T, A) and on compact time intervals we have
(3.15) e, ol | s

for any 6 € (0,1) and p € [1,00). In particular, we have “almost rate H” for M = M (k, H) large
enough.

Remark 3.14. In the special case of the level-2 Brownian rough path (i.e. H =1/2, M = 1) the
above result is in precise agreement with known results (even though the situation here is simpler
since we are dealing with scalar Brownian). More specifically, we don’t see the usual (strong) rate
“almost” 1/2 but have to subtract the Holder exponent used in the rough path / model topology
(here: 1/2 — k) which exactly leads to the rate “almost x”. Since M = 1 entails the condition
1/2 — k > 1/3, we see that k < 1/6, exactly as given e.g. in in [23, Ex. 10.14]. A better rate can
be achieved by working with higher-level rough path (here: M > 1) and indeed the special case
of H = 1/2, but general M, can be seen as a consequence of [21]: at the price of working with
~ 1/(1/2 — k) levels, one can choose x arbitrarily close to 1/2 and so recover the usual “almost”
1/2 rate. Of course, the case H < 1/2 is out of reach of rough path considerations.

Proof. Since due to Lemma 3.12 we have, for fixed ¢, that sup,¢jo 7 |€°(t)| < oo and [ILZ(Z)™] S

| - —s|™ the bound (3.8) is still satisfied. The modification ﬁiEI(E)m —IIEEZ(E)™ does not lead
to a violation of “Chen’s relation”. Indeed, using validity of (3.7) for the original model, we have

. o (E e~ _
fiirs, (22(2)") = 0 (Z (3) - Wf(s))lzwk-l)
EN - - .
S mEIEM) - Y ( Z) (T2(1) — () (k — ) () (=) — T (1))

k—1 E—1\ . . -

— 5z - ket 3 (U] ) (70 - W) (75 - Wy
=0

= [E(EZ(E)*) — kE° () (W () — We(s))* = TIE(E(Z(E)F) -

We so see that (3.7) is also satisfied after our modification, and then easily conclude that (I, T¢) is
still a model on (7, A). At last, the bound (3.15) is a bit technical and left to Appendix A. O

3.2. Approximation and renormalization theory. We now address to central question of how
the integral fg f(/VVE(r), r) dWe(r) has to be modified to make it convergent against fg FW(r),r)dW(r).
The key idea is to combine the convergence result from Theorem 3.13 with Hairer’s reconstruction

theorem, which we state below.
We first recall the notion of a modelled distribution, compare [31, Definition 3.1]. We say that a
map F : R — 7 is in the space D} (T"), v > 0 for some time horizon T' > 0 if

[F(t) — T F(s)|s
[t — s|r—=8

(3.16) [Fllpgmry == sup  |F(s)|g+ sup
A>pB<~,s€[0,T] A3B<,s,t€[0,T], s#t

< 00,
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where as above | - |3 denotes the absolute value of the coefficient of the vector 7 with |7| = 8. Given
two models (I, T') and (II,T) and two F, F : R+ T it is also usefull to have the notion of a distance
F; | oo v (T = sup |F(t) — F(t)
IF: Fllog o300 = s 1FE) = F()ls
|[F(t) = TusF(s) = (F(t) = TusF(s)ls

+ Sub It —sp—7

A>B<7,s,te[0,T], s#t

The reconstruction theorem now states that for v > 0 a map F' € D)(I') can be uniquely identified
with a distribution that behaves locally like IL. F'(-).

Theorem 3.15. [31, Theorem 3.10]
Given a model (ILT), v > 0 and a T > 0 there is a unique continuous operator® R : DJ(T') —
CI=I(R) such that for any s € [0,T] and ¢ € C}(B(0,1))
(3.17) (REF —TLF(s) ()| S ||z A7
For two different models (II,T) and (II,T) we further have
(RE ~TLF(s) = (RF —ILF(s)))(¢2)|
(318) <2 (1o ey L D) (LDl + 1L Pl ey )
for F € D)(T'), F € D).(T).

As mentioned earlier we want ourselves to work with compactly supported functions ¢ €
Blﬁm(Rd), B > —|E| which includes objects like the Haar wavelets. The following Lemma allows us
to carry over all bounds.

Lemma 3.16. The bounds (3.8), (3.14), (3.17) and (3.18) do still hold for ¢ € Bﬁoo(Rd),ﬁ > —|g|
with compact support in B(0,1) (after a change of constants).

Remark 3.17. This covers in particular functions like 1jg1; € B} o (R).
Proof. We prove this via wavelet methods in the appendix. O

By the notation X () we mean in the following both X and X¢.

To study objects like fot FOVE (), ) AW ) (1) with the reconstrution theorem we first “expand”
the integrand f (/W(E) (r),r) in the regularity structure T

Moy .
FO(s) = 2;0 mai"f(W(a)(S), s)L(E)™

On the level of the regularity structure these objects can be multiplied with “noise” = which gives a
modelled distribution on 7.

We will analyze F(¢) by writing it as composition of a (random) modelled distribution with the
smooth function f. To this end we need

Lemma 3.18. On the reqularity structure (T, A, G) introduced in Section 3.1, consider a model
(II,T) which is admissible in the sense

ILZ(E) = (K * ILE)() — (K * ILE)(?) .

6CI=ZI(R) denotes the space of distributions that are locally in the Besov space Bss,00(R) (cmp. [31, Remark 3.8]).
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Then
(3.19) KE() =I(2) + (K = ILE) ()1
defines a modelled distribution. More precisely, K= € DF := UW<OO Dy.

Remark 3.19. Our notion of admissibility mimics [31, Def 5.9], which however is not directly
applicable here (due to failure of Assumption 5.4 in [31]).

Proof. By definition of the modelled distribution space we need to understand the action of I'y; on
all constituting symbols. Since {1,Z(Z)} span a sector, i.e. a space invariant by the action of the
structure group, it is clear that
IFaZ(Z2) =Z(E) + (...)1.
Application of the realization map I, followed by evaluation at s, immediately identifies (....) as
LI(E)(s) — ILZ(E)(s) = ILIE)(s) = (K «TLE)(s) — (K + LE)()

where we used admissibility and II;= = II;= in the last step, a general fact due to the trivial action
of the structure group on the symbol with lowest degree. As a consequence I's;/Z(t) = KZ(s), so
that, trivially, K= € D for any v < oo. O

For a given (sufficiently smooth) function f, and a generic model (II, ") on our regularity structure,
define

M
1 m —_ —\m
FU: s Zoﬁal F((RKE(s), s)Z(Z)™ .
Remark that KZ(s) is function-like, i.e. with values in the span of symbols with non-negative degree.
From [31, Prop. 3.28] we then have
RKE(s) = (K=2(s),1) = K + II,E .

(In particular, we see that F¢)(s) coincides with F' when IT is taken as either approximate or
renormalized approximate model.) We can also define ZF simply obtained by multiplying it with
=. The properties of FIT and EFY are summarized in the following lemma.

Lemma 3.20. Given f € CPMT3((0,T] x R), there ewists N > 0 such that, for all v € (1/2+ k, 1),

1F oy S TR, IEF oy S IS
We have further for two given models (II,T) and (II',T7),
(3.20) IE™ F g oyip oy S (T + T I(TL, )5 (11, 1)

(3.21) (=2 =3 (SN T+ JT)1) I (O, T); (X, )

e S
where the proportionality constants are, in particular, uniform over all f with bounded C*M+3-norm.

Proof. The map F'! is simply the composition (in the sense of [31, Sec. 4.2]) of the function f
with the, thanks to the previous lemma, modelled distributions = and s + s1. The result then
follows from [31, Thm 4.16] (polynomial dependence in ||II||7 is not stated there but is clear from
the proof). O

Remark 3.21. In the case when f € C?M+3 but with no global bounds, the result still holds since
we only consider the values of f on the range of the continuous function RAXZ (which is bounded by
some R > 0). The resulting bounds then depend linearly on || f||c2m+3(B,x[0,77)-
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In the case of the It6 model (II,T") (resp. the approximating renormalized models (ﬁa7 re)) we
simply denote FI by F (resp. F¥). We are then allowed to apply Hairer’s reconstruction Theorem
3.15. Note that since we have two models we have two reconstruction operators R and R¢. The
objects REVZF©) can be written down explicitely.

Lemma 3.22. We have (a.s.)
RFE() = [ o) SV (.0 W),
REFE() = [ o) 100 aWe(e) ~ [ (.00 (T (0), 000 .

Proof. The proof is in the appendix. O

If we take ¢ = 1}y we obtain RFZ(1 1)) fo t)dW (t), so that it is natural to
choose /Jf( ) = REF*(1j0,1)) as an approximation. However, note that the key property of the

reconstruction operator R() is that it is locally close to the corresponding model I1(®) so that we
have in fact two natural approximations:

Definition 3.23. For F, F¢ as in Lemma 3.20 and ¢t > 0 we set
— t —
Fi0) = REF (o) = [ 10T ()r) W (r / @ (r)onf (We(r), 7) dr
For a (fixed) partition {[t, 5, )} of [0,¢) with [tf,; — 5| < & we further set

Sin® = > TiEF(ua,,)

(5,65, )

-3 Y Lopsunn [ (e - e )" awe ) -
[t 7tlf+l)m oM t
- Z ), 1) e ) (W) - =19) " ar.

m= 1 t

We might drop the indices f and f, M on 7% and ﬁ if there is no risk of confusion.
The following theorem, which can be seen as the fundamental theorem of our regularity structure
approach to rough pricing shows that these approximations do both converge.

Theorem 3.24. Fiz T > 0. For f smooth, bounded with bounded derivatives, and jﬁ, ﬁ’M as in
Definition 3.23 we have

(i) for any 6 € (0,1) and any p < oo there exists C such that

- / SOV (), r)dW (r)

(ii) for every d§ € (0,1) we can pick M = M(§, H) large enough, such that, for any p < oo there
exists C' such that

(3.22) < et

Lp

sup
t€[0,T]

)

(3.23) < et

Lp

sup
t€[0,7]

FEalt) - / (), 7AW (r)
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Remark 3.25. With regard to (i): although ,}v}f(t) does not depend on any choice of M, and nor
does its (It6) limit, the choice of M affects the entire regularity structure and so, implicitly also the
reconstruction operator R¢ used in the definition of ﬂf, as well as the modelled distribution F*.

The latter, in turn, requires f € CM for the construction to make sense. If § is chosen arbitrarily
close to one, f needs to have derivatives of arbitrary order, hence our smoothness assumption.

Remark 3.26. (f of exponential form; [27]) By an easy localization argument one shows that for f
smooth (but without any further bounds) ones still has

T () /f W)

with C' — oo. The original rough vol model due to [27] makes a point that f should be of exponential
form. Now, the result with LP-estimates still holds since we only consider the values of f on the
range of the continuous function RKXE (which is bounded by some R > 0). As pointed out in
Remark 3.21, the bounds then depend linearly on Hf||CM+2(BRX[0 7))~ Since, for us, (I, T) is always

sup P| sup
e€(0,1] t€[0,T)

< 055H> —0

a Gaussian model, RKZ= is a Gaussian process (say, W or We ) hence we have (Fernique) Gaussian
concentration for sup,co ) [RKE(t)|. So, for instance if f and its derivatives have exponential
growth we do have the LP bounds of the above theorem, for all p < co. This remark justifies in
particular the choice f(z) = exp(z) and p = 2 in the numerical discussion of Section 6.

Proof. Without loss of generality T' < 1, otherwise split [0, 7] in subintervals. Let us show (3.22).
/f W(r) = (R*(F°E) - R(FE))(1p4)
- t(H‘f”Fs 0) — HO_F(o)))(t—lyo,ﬂ)
+ t(REEFE —TEEF(0) — (REF — HOEF(O))) (t M) -

We then obtain the rate £°%, 6 € (0,1) using Theorem 3.13, Lemma 3.20 and (3.14) for the first term
and also Theorem 3.15 for the second term. Letting x T H and M 1 oo our total rate can be chosen
arbitrary close to H.

To obtain the second estimate we can bound j;f (t)— ﬁ () with the first inequality in Theorem
3.15. 0

Non-constant vs. constant renormalization

If 6° comes from a mollifier (cf. Example 3.6) the renormalization 4 = . =(:,-) that was
applied in Theorem 3.13 and thus in Definition 3.23 is a constant, which is the familiar concept
one encounters in the study of singular SPDE [32, 31, 11]. If §° comes from wavelets such as the
Haar basis, .2 (-, -) is usually not constant but a periodic function with period e. Thus we see that
our analysis gives rise to a “non-constant renormalization”. It is natural to ask if one can do with
constant renormalization after all. For the sake of argument, consider ¢, periodic with period ¢,

with mean .
1
= f/ E°(t)dt
€Jo

From Lemma 3.12 it follows that €° (and its mean) are bounded by & , uniformly in ¢. Putting
all this together it easily follows that [(€° — C.,¢)| < e*t~1/2 uniformly over all ¢ bounded in

H-1/2
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C®, with convergence to zero when o > 1/2 — H. As a consequence, taking ¢(t) = f(WE), for
smooth f, we clearly can apply this with any o < H. Hence, by equating the constraints on «,
we arrive at H > 1/4. The practical consequence then is, with focus on the convergence stated in
part (i) of Theorem 3.22 that we can indeed replace non-constant renormalization by a constant,
however at the prize of restricting to H > 1/4 and with an according loss on the convergence rate.
Interestingly, our numerical simulation suggest that no loss occurs and constant renormalization
works for any H > 0. While we have refrained from investigation this (technical) point further, *
we can understand the mechanism at work by looking at the following toy example: Consider the
Ito-integral fol WhrdW where W# is a fBM, but now with Hurst parameter H > 1/2, built, say,
as Volterra process over W. Using Young integration theory, one can give a pathwise argument
that shows that Riemann-Stieltjes approximation converge a.s. (with vanishing rate as H — 1/27).
However, we know from stochastic theory (Ito integration) that this convergence works in L? (and
then in probability) for any H > 0. We would thus expect that, when H € (0,1/4], constant
renormalization is still valid, but now the difference only vanishes in mean-square sense (which is
what we did in the numerics section).

3.3. The case of the Haar basis. The following special case of the approximations above to

fo r)dW (r) is of particular interest for our purposes. We here collect some more concrete
formulas that arise in this case.
Lete =27V ¢:=1 (0,1) and ¢; = 2N/2d>( —1),1 € Z and the corresponding §° coming from

this wavelet is then for z,y € R.

Z¢IN )¢y n (Y) = 2V 1aon -3 (22N |+ 1)2-7) (Y)
lez

The mollified Volterra-kernel (3.13) then takes the form

U U / / U ’Il (5131, $2)K(u — ZL‘Q)dSCldLL'Q
:\/2H~2N/ |U*CE|H71/21LU2NJ2—N§udZE

[[v2N 2= N (|v2N [+1)2- N Au)
_V2H
1/2+ H
x (Ju = [02V 27N = ([02V] 4+ 1027 Aw)] ) L o v

A special role is played by diagonal function as a renormalization,

S e 2H 2N N|o—N1/2+H
(3.24) CE(t) = HE(L1) = 17V/2+H|t — 2V |27 .

"Some computations led us to believe that this question can be settled with the aid of mixed (1, p)-variation of
the covariance function of the Volterra process, cf. [22], which we expected to hold uniformly over approximation.
However the amount of work seems in no relation to the main theme of this article.
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We have moreover

We(t /Kt—rdWE ZZZ/Kt—rmN()

0 [t2V ]
=Y 2 N2 )z = Y 2 NP (12 ) 2,
1=0 1=0
where Z; = (W, ¢y,n) are 1.i.d. N(0,1) variables. As approximation we can finally take .7 (¢) from
Definition 3.23 with partition {[t;,t;11)} = {[127", (1 +1)27N At)} which gives us

[t2N¥1-1 M

i) Z Z amF(We (1), tl)QN/zZl/lH <W€(r)—we(tl))mdr—
m= 0 t
M tipr . - m—1
> e 1) O F (W (1), 1) ARG (W) - wew) dr
and
rt2 -1 .
T = / [2V/22, - (W (r),7) dr —€=(r) D0 F(WF (1), )] -

As explained at the end of the last section, €°(r) in these formulas could be replaced by its local
mean, the constant
-N
9N 2 v2H oN(1/2—H)

L 0= )

4. THE FULL ROUGH VOLATILITY REGULARITY STRUCTURE

4.1. Basic setup. We want to add an independent Brownian motion, so that we take an additional
symbol =Z. We again fix M and define a (larger) collection of symbols S, with S C S, and then

(4.1) T=Prr =T+ {EEZLE),....EIE)"}).
TeS
Again we fix |Z| = —1/2 — k and the homogeneity of the other symbols are defined multiplicatively

as before.
Also as before, we set W, = fo (s,t)dW, with K(s,t) = V2H|t — 5|7 ~1/21;~,, where W and

also W are independent Brownian motions.
We extend the canonical model (II,T") to this regularity structure by defining

,57(2)™ = {t > % ( / t (W - W(s))de(u)> }

(the above integral being in It6 sense), and &
I (EZ(E)™) = Elw(Z(E)™).

Arguments similar to the proof of Lemma 3.8 show that this indeed defines a model on 7.

8Upon setting Fts( ) Z, the given relation is precisely implied by multiplicativity of T.
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4.2. Small noise model large deviation. Given & > 0 we consider the ”small-noise” model
(I1°,T%) on T obtained by replacing W, W by §W, §W, which simply means that
1 =1
°Z(2)™ = s IZ(Z)™
EZ(2)™ = s =z(E)™
°EZ(2)™ = 6™ M IEZ(E)™,

(1]

(1]

and

(1|

M1=1E=8TE=E,
ILI(E) = Z(E) + (W (t) — W(s))1
D' =071, forr,7 €8S.

Finally, for h = (hy, ha) in H := L?([0,T])?, we consider the deterministic model (I1*, T") defined
by

mn'1 =1,
"2 = hy, TI'E = hy,
tVs
WIEW) = [ (K(wt) - K (.5 (0)du
0
Hhrr’ = 11 for 7,7/ € S

and

(1|
(1|

hq4 __ h—= _ — 1h _
Ftsl - 1>Fts_‘ - _"Fts -

tVs
MLIE) =ZE)+ ([ (Kt~ K9l (w)d)
0
Mrr’ =Thr-Th7', forr,7 € 8.
The following lemma and theorem are proved in Appendix B.

Lemma 4.1. For each h € H, II" does define a model. In addition, the map h € H — TI" is
continuous.

Theorem 4.2. The models II° satisfy a large deviation principle (LDP) in the space of models with
rate 6% and rate function given by

gy = [ 2l TL=10" for some h e X,
400, otherwise. )

As an immediate corollary we have

Corollary 4.3. For § small, P(Y? ~ y) ~ exp[—I(y)/6%], in the precise sense of a large deviation
principle (LDP) for

1
Vi - / FETW)S(pdW, + pdTV,)
0
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with speed 8%, and rate function given by

(y — 1 (m))’

(42) )=, it (Gl - U

= hel?([0.1)

where

Ii(h) = p/ol f(/os K(u,s)hl(u)du> hi(s)ds, Is(hy) = /01 f</0S K (u, s)hl(u)du>2ds .

Remark 4.4. This improves a similar result in [19] in the sense that f of exponential form, as
required in rough volatility modelling [27, 4, 5], is now covered.

Proof. Note that

Yy = <R6F6 (PE+PE), 10,11)
where F¥ = FI° as defined in Lemma 3.20. By the contraction principle and the continuity estimate
from Theorem 3.15, it holds that Y7 satisfies a LDP, with rate function given by

1(y) = inf {3 (Il +hall3e), v = (RF" - (524 72), 1)),
where we used F* = FI"_ It then suffices to note that
(RME - (62 +75)), L)) = /01 f </0 K(u, s)hl(u)du> (phi(s)ds + Pha(s)ds)
and optimizing over hq for fixed h; we obtain (4.2). O

We note that thanks to Brownian resp. fractional Brownian scaling, small noise large deviations
translate immediately to short time large deviations, cf. [19].

Although the rate function here is not given in a very useful form, it is possible [5] to expand
it in small y and so compute (explicitly in terms of the model parameters) higher order moderate
deviations which relate to implied volatility skew expansions.

5. ROUGH VOLTERRA DYNAMICS FOR VOLATILITY

5.1. Motivation from market micro-structure. Rosenbaum and coworkers, [16, 17, 18], show
that stylized facts of modern market microstructure naturally give rise to fractional dynamics and
leverage effects. Specifically, they construct a sequence of Hawkes processes suitably rescaled in time
and space that converges in law to a rough volatility model of rough Heston form

L — bug ¢ C\/Vs
Vt = UO"‘/(; (t—s)l/z_HdS_F/O‘ 7(t—5)1/2_HdW8 .

(As earlier, W, W independent Brownians.) Similar to the case of the classical Heston model,
the square-root provides both pain (with regard to any methods that rely on sufficient smooth
coefficients) and comfort (an affine structure, here infinite-dimensional, which allows for closed form
computations of moment-generating functions). Arguably, there is no real financial reason for the
square-root dynamics® and ongoing work attempts to modify the above square-root dynamics, such
as to obtain (something close to) log-normal volatility, put forward as important rough volatility

9This is also a frequent remark for the classical Heston model.
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feature by Gatheral et al. [27]. This motivates the study of more general dynamic rough volatility
models of the form

(5.2) dSi/Sy = [(Z)dBy = f(Z:)(pdW; + 5dW,)
(5.3) Zy = z—i—/o K(s,t)v(Zs)ds+/O K(s,t)u(Zs)dWs

with sufficiently nice functions f,u,v. (While f(z) = /z is still OK in what follows, we assume
u,v € C3 for a local solution theory and then in fact impose u,v € C’g for global existence. (One
clearly expects non-explosion under e.g. linear growth, but in order not to stray too far from
our main line of investigation we refrain from a discussion.) Remark that f(z) plays the role of
spot-volatility. Further note that the choice z =0, v =0, u = 1 brings us back to the “simple” case
with (rough stochastic) volatility f(Z;) = f (/Wt) considered in earlier sections.

With some good will,*° equation (5.2) fits into the existing theory of stochastic Volterra equations
with singular kernels (e.g. [46] or [12]).

5.2. Regularity structure approach. We insist that (5.2) is not a classical It6-SDE (solutions
will not be semimartingales), nor a rough differential equations (in the sense of rough paths, driven
by a Gaussian rough path as in [23, Ch.10]). If rough paths have established themselves as a powerful
tool to analyze classical [t6-SDE, we here make the point that Hairer’s theroy is an equally powerful
tool to analyze stochastic Volterra (resp. mixed It6-Volterra) equations in the singular regime of
interest.

As preliminary step, we have to have to find the correct model space, spanned by symbols which
arise by formal Picard iteration. To this end, rewrite (5.2) formally, or as equation for modelled
distributions,

(5.4) Z=IZ(U(2Z)- )+ (.01
from which one can guess (or formally derive along [31, Sec. 8.1]) the need for the symbols
1,Z(2),Z(2), Z(EZ(2)), ...
We have degrees |1| = 0, |Z(Z)| = H — « and then, for subsequent symbols, degree computed as
(1/2+4 H) x {number of Z} + (—1/2 4+ k) x {number of Z}.

For a modelled distribution, Z(t) takes values in the linear span of sufficiently many symbols, the
(minimal) number of which is dictated by the Hurst parameter H. Loosely speaking, Z € D7
indicates an expansions with ~y-error estimate, in practice easy to see from the degree of the lowest
degree symbols that do not figure in the expansion. For example, in case of a “level-2 expansion”
we can expect
Z(t) = (.)1+ (..)I(E) e DFH)

since |Z(Z)?| = |Z(EZ(Z))| = 2H — 2k. It follows from general theory [31, Thm 4.16] that if Z € D],
then so is U(Z), the composition with a smooth function, and by [31, Thm 4.7] the product with
E €Dy, is a modelled distribution in DY~1/2=%_ For both reconstruction and convolution with
singular kernels, one needs modelled distributions with positive degree v — 1/2 — x > 0. Given

10We are not aware of any literature on mixed It6-Volterra systems (although expect no difficulties). Here of
course, it suffices to first solves for Z and then construct S as stochastic exponential.
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H € (0,1/2] we can then determine which symbols (up to which degree) are required in the expansion.
As earlier, fix an integer

M >max{m e Njm-(H — k) —1/2 -k <0}

(so that (M + 1).(H — k) — 1/2 — £ > 0) and see that Z € DS =) will do. When H > 1/4,
and by choosing k£ > 0 small enough, we see that M = 1 will do. That is, the symbols required to
describe Z are {1,Z(Z)} and if one adds the symbols required to describe the right-hand side, one
ends up with the level-2 model space spanned by

E,E1(8), 1L, I(8)}

which is exactly the model space for the “simple” rough pricing regularity structure, (3.2) in case
M =1. When H < 1/4 this precise correspondence is no longer true. To wit, in case H € (1/3,1/4],
taking M = 2 accordingly, solving (5.3) on the level of modelled distributions will require a ( “level-3”)
model space given by

(E,21(2), E1(2)?, EL(ZL(2)), 1, Z(2), Z(2)%. Z(EL(2)))
which is strictly larger than the corresponding level-3 simple model space given in (3.2). In general,
one needs to consider an extended model space T = (S), so as to have

TE€S = ZI(r)™,I(r)™" € 5,m >0,

(with the understanding that only finitely many such symbols are needed, depending on H as
explained above). As a result, symbols such as

EZ(E(Z(E)™), m >0, Z(EZEZE)™)™), m,m’ >0,

will appear. At this stage a tree notation (omnipresent in the works of Hairer) would come in
handy and we refer to [9] (and the references therein) for a recent attempt to reconcile the tree
formalism of branched rough path [29, 34] and the most recent algebraic formalism of regularity
structures. (In a nutshell, the simple case (3.2) corresponds to trees where one node has m branches;
in the present non-simple case symbols branching can happen everywhere.) ) Carrying out the
following construction in the general case, H > 0, is certainly possible.!! However, the algebraic
complexity is essentially the one from branched rough paths and hence the general case requires a
Hopf algebraic (Connes-Kreimer, Grossman-Larson ...) construction of the structure group (a.k.a.
positive renormalization). Although this, and negative renormalization, is well understood ([31, 10],
also [9] for a rough path perspective, all complete exposition would lead us to far astray from the
main topic of this paper. Hence, for simplicity only, we shall restrict from here on to the level-2 case
H > 1/4 (with M =1 accordingly) but will mention general results whenever useful.

5.3. Solving for rough volatility. We rewrite (5.3) as equation for modelled distributions in D7,
(5.5) Z=21+K{U(2)-Z2+V(2)).
(Here U,V are the operators associated to composition withu,v € CM+2 respectively.) We also
impose

ve(1/2+n,1)
which is clearly necessary such as to have the product U(Z) - Z in a modelled distribution space of
positive parameter, so that reconstruction, convolution etc. makes sense. Let H > 1/4, M = 1 and

He note that, as H — the number of symbols tends to infinity. In comparison, as far as we know, among all
recently studied singular SPDESs, only the sine-Gordon equation [36] exhibits arbitrarily many symbols.
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pick x € (0, 2£=1) so that (M +1).(H — k) —1/2 — k > 0. As explained in the previous section,
this exactly allows us to work in the familiar structure of Section 3.1. That is, with M =1,

T = (E,E2(2),1,Z(2)) .

with index set and structure group as given in that section. This structure is equipped with
the It6-model, and its (renormalization) approximations. Equation (5.5) critically involves the
convolution operator K acting on D7. The general construction [31, Sec. 5] is among the most
technical in Hairer’s work, and in fact not directly applicable (our kernel K, although S-regularizing
with = 1/2+ H) fails the Assumption 5.4 in [31]) so we shall be rather explicit.

Lemma 5.1. On the regularity structure (T, A, G) of Section 3.1 with M = 1, consider a model
(II,T) which is admissible in the sense

I(E) = (K «TLE)() — (K «TLE)()
Lety>0, F € DY and set 12
KF:s€[0,T)]— Z(F(s))+ (K «RF)(s)1

Then (i) K maps DY — D™ +81} and (i) R(KF) = K « RF, i.e. convolution commutes with
reconstruction.

Remark 5.2. [31, Thm 5.2] suggests the estimate K maps DY — DY+#. The difference to our baby
Schauder estimate stems from the fact, unlike Assumption 5.3 in [31, p.64] we do not assume that
our regularity structure contains the polynomial structure.

Proof. (Sketch) The special case F = ZE € D> was already treated in Lemma 3.18. We only show
that, in the general case, K necessarily has the stated form but will not check the properties. It is
enough to consider F' with values in (£, 2Z7=2) and make the ansatz

(KF)(s) = TF(s) + (..)1.

Applying reconstruction, together with [31, Prop. 3.28] we see that R(F) = (...) which in turn
must equal K * RF, provided we postulate validity of (ii). This is the given definition of CF . O

We return to our goal of solving
(5.6) Z=214K(U(Z)-E+V(2)),

noting perhaps that U(Z) makes sense for every function-like modelled distribution, say F'(t) =
Fo)1+ 00, Fe(0)(Z2)F € Ty := (1,Z(2), ..., (ZE)M), in which case

(5.7) U(F)(t) = u(Fo(t))1 + o' (Fy(t Z FL(H)Z(2)"

(Similar remarks apply to V, the composition operator associated to v € C™*2). Recall M = 1.

Theorem 5.3. For any admissible model (IL,T) and u, v € C’Ifw“(R), for any T > 0, the equation
(5.6) has a unique solution in DV(T3), and the map (u,v,II) — Z is locally Lipschitz in the sense
that if Z and Z are the solutions corresponding respectively to (u,v,II) and (u,v H)

I12; Zllpy Sl =@l garva + [lo = Bl arsz + (L, T); (LDl

12 7 is extended linearly to all of T by taking Zt = 0 for symbols 7 # =).
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with the proportionality constant being bounded when the (resp. Céw”
arguments stay bounded.

In addition, if (II,T) is the canonical Ité model (associated to Brownian resp. fractional Brownian
motion, H > 1/4) then Z = RZ is solves (5.2) in the Ité-sense.

and model) norms of the

Remark 5.4. Z = RZ is clearly the (unique) reconstruction of the (unique) solution to the abstract
problem. We also checked that Z is indeed a solution for the It6-Volterra equation. However, if one
desires to know that Z is the unique strong solution to the stochastic Ito6-Volterra equation, it is
clear that one has to resort to uniqueness results of the stochastic theory, see e.g. [12].

Proof. The well-posedness and continuous dependence on the parameters essentially follows from
results of [31], details are spelled out the details in Appendix C.

The fact that the reconstruction of the solution solves the Itd6 equation can be obtained by
considering approximations as is done in [35, Thm 6.2] or [23, Ch. 5]. |

Using the large deviation results obtained in the previous subsection, we can directly obtain a
LDP for the log-price

Xo= [ #2040 - 5 [ F(Zds
0 0

For square-integrable h, let 2" be the unique solution to the integral equation
t
2Mt) =2 +/ K(s,t)u(z"(s))h(s)ds .
0

Corollary 5.5. Let H € (0,1/2] and f smooth (without boundedness assumption). Then t7-2 X,
satisfies a LDP with speed t* and rate function given by

(5.8) I(z)= inf {- (z = I3 (h)”

h 2
heL2([0,1]) 2” 2= + 21%(h) }

where
I (h) :p/o F"(s)h(s)ds ,  I5(h) :/O F(Z"(s))%ds .

Remark 5.6. Despite our previous limitation to H > 1/4, to approach extends to any H > 0 and
yields the result as stated.

Proof. Ignoring the second part fg()ds in X; which is O(t) = o(t%_H) since f is bounded, we let
X, = fg f(Zs)(pdWs 4+ pdW ¢) and by scaling we see that

tH_%)/(\'t :d )?f,
where § =t and X?, Z? are defined in the same way as X, Z with W, W replaced by §W, W and
v replaced by v® = sitem p,

We then note that B
Xf = <R6F(Za)(p5 +ﬁE), 1[0,1]> = \P(Hévva)

where W is locally Lipschitz by Theorem 5.3. We can then directly use the fact that II° satisfy

a LDP (Theorem 4.2) with a contraction principle such as Lemma 3.3 in [37] to obtain that X?
satisfies a LDP with rate function

(1 _ .
1) = int { SR + [, = war o).
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It then suffices to note that 2" is exactly RZ for Z the solution to (5.6) corresponding to a model
(") and with h = 0, and to optimize separately over h as in the proof of Corollary 4.3. ([

We also have an approximation result :

Corollary 5.7. Let H > 1/4 (for simplicity, but see remark below). Then Z = lim Z¢, uniformly
on compacts and in probability, where
t

(5.9) Z; = z+ ; K(s,t)(u(Z5)dW: + (v(Z5) — €°(s)uu' (Z5)ds) .

Remark 5.8. Replacing the renormalization function ¢<by its mean is possible, provided H > 1/4.
However, unlike the discussion at the end of Section 3.2, this is no more a consequence of quantifying
the distributional convergence. In the present context, this is achieved by checking directly model-
convergence, which, fortunately, is not much harder. We leave details to the interested reader.

Remark 5.9. In contrast to the previous statement, the above result is more involved for H € (0, 1/4]
and additional terms renormalization terms appear, the general description of which would benefit
from pre-Lie products, as recently introduced [9].

Proof. Thanks to Theorem 3.13 and Theorem 5.3 it follows from continuity of reconstruction that
Z =RZ=1lim R Z°,
e—0

so that the only thing to do is check that Z¢ solves (5.9). Note that (5.6) implies that one has
(omitting upper ¢’s at all normal and caligraphic Z ...)

Z(t) = Z11 +u(Zy)Z(E),
and, with (5.7),

UZ(t)Z = u(Zy)=Z + v'u(Z)I(2)=.
But then since II is a “smooth” model, in the sense of Remark 3.15. in [31], one has
RE(U(27)5)(1) I (U(25(2))=)(t)

= w(Z))(IE)(t) + u'u(Z7)(FEL(E))(1)

= u(Z;)We(t) —u'u(Z;)# = (t,1) .

Since convolution commutes with reconstruction, cf. Lemma 5.1, it follows that Z¢ is indeed a
solution to (5.9). O

6. NUMERICAL RESULTS

We will now resume where we left off in Section 3.3 and revisit the case of European option
pricing under rough volatility. Building on the theoretical underpinnings of Section 3, we present
a concise description of the central algorithm of this paper - for simplicity restricted to the unit
time interval - and complement the theoretical convergence rates obtained in previous chapters
with numerical counterparts. The code used to run the simulations has been made available on
https://wuw.github.com/RoughStochVol.

Concise description. Without loss of generality, set time to maturity 7'= 1. We are interested
in pricing a European call option with spot Sy and strike K under rough volatility. From Theorem
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1.3, we have

2 =2
(6.1) C(So, K, 1) =E|Cps( Soexp ( p.7 = 29 ), K, 2
2 2

where the computational challenge obviously lies in the efficient simulation of

(F£,7) = </ th, th,/ f? Wt, dt)

As explored in Subsection 3.3, we take a Wong-Zakai-style approach to simulating .#, that is, we
approximate the White noise process W on the Haar grid as follows:

Let {Z;};—1, ov_1 ~4id N'(0,1) and choose a Haar grid level N € N such that the stepsize of the
Haargrid e = 27V, Then, for all t € [0,1] and i = 0,...,2Y — 1, we set

—1
(6.2) We(t) = Y Zie§(t) where e5(t) =215~ (111925 (2)

which induces an approximation of the fBm

6.3)  We(t) = i Z;es(t) where

=0
V2H2N/2 o oo _
640 &0 = Tonv g (= 27N - min((i 027N, H)).

As outlined before, the central issue is that the object fol f(/V[75 (t),t)We(t)dt does not converge in
an appropriate sense to the object of interest .# as € — 0. This is overcome by renormalizing the
object, two possible approaches of which are explored in Subsection 3.3. For the remainder, we will
consider the ’simpler’ renormalized object given by

(6.5) / fW‘E tYWe(t dt—/ e (t af(WE() t)dt
where the renormalization object €°(t) can be one of

2NV2H N N|H+1/2
() = {HH/QIt—Lﬂ e

(6.6) V2H oN(1/2—H)
(H+1/2)(H+3/2) :
Coming back to the original question of simulating (.#,¥'), we just argued that what we really need
to simulate to achieve convergence in a suitable sense is the object (ﬁ , 7/5), the expressions of
which are collected below (note that under an assumed non-constant renormalization the expression

(6.5) for 7€ has been rewritten to a form more suitable for efficient simulation):

2N 1

i+1)2= N - -
D> L7 [, - P i 0,0

2N71 (i+1)2°~
68) 7= / FHWE(L), t)dt.

i— 27N

Numerical convergence rates.
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Algorithm 1: Simulation of M samples of (ﬁ, veE)

Parameters: M € N: # Monte Carlo simulations

N € N: Haar grid ’level’ such that ¢ = 2=V

d € N: # discretisation points of trapezoidal rule in each Haar subinterval
Output: M samples of bivariate object (&, ¥©)

1 initialize .#° = #° = 0 € RM;

simulate array Z € RM *2" of jid standard normals;

2

3 for each Haar subinterval [2'2_N'7 (i +1)27") where i € {0,...,2Y — 1} do

4 choose discretization grid D* with d points on the Haar subinterval;

5 evaluate functions €5,k = 0,...,4, from (6.4) on D' to obtain &° € R+1)xd,

6 compute W€ = Z* x 8¢ € RM*d where Z* € RM*(+1) ig the truncation of Z to its first

i + 1 columns such that W is an approximation of the fBM on D?;

7 evaluate integrands from equations (6.7, 6.8) on D! using W¢ and the last column of VAR
approximate respective integrals on subinterval by trapezoidal rule ;

9 add obtained estimates to running sums ¢ and Ve,

10 end

11 return ¢ V¢

In this subsection, we will discuss strong convergence of the approximative object 7% to the
actual object of interest .# as well as weak convergence of the option price itself as the Haar grid
interval size ¢ — 0. Specifically, we will be looking at Monte Carlo estimates of our errors, that is,
in order to approximate some quantity E[X] for some random variable X, we will instead be looking
at ﬁ Zﬁl X; where the X; are M #id samples drawn from the same distribution as X. In other
words, we need to generate M realisations of the bivariate stochastic object (ﬁ, 4 E), a task that
can be vectorized as described below, thus avoiding expensive looping through realisations.

Strong convergence. We verify Theorem 3.24 (i) numerically , albeit in the L?(Q)-sense and - for

simplicity - with f(x,t) = exp(z), i.e. with no explicit time dependence. That is, we are concerned
with Monte Carlo approximations of

and we expect an error almost of order e.

—_—~— 1 —~
ﬂs—/ exp(Wy)dW;
0

L2()

Remark 6.1. We choose f(x,t) = exp(x) because this closely resembles the rough Bergomi model
(see [4] and below). Also, for the simplest non-trivial choice, f(x,t) = z, the discretization error is
overshadowed by the Monte Carlo error, even for very coarse grids.

Since (VV7 W) is a two-dimensional Gaussian process with known covariance structure, it is

possible to use the Cholesky algorithm (cf. [4, 5]) to simulate the joint paths on some grid and then
use standard Riemann sums to approximate the integral. The value obtained in this way could serve
as a reference value for our scheme. However - for strong convergence - we need both objects to be
based on the same stochastic sample. For this reason, we find it easier to construct a reference value
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Strong error: non-constant renormalization

10°
-1
6x10
-1
4x10
s
W 3x10
-1
2x10
X H=0.3:strongrate = 0.35
————— Reference rate 0.3
X H=0.2:strong rate = 0.25
————— Reference rate 0.2
10_1 -2 -1 0
10 10 10
g=2"N

FIGURE 1. Empirical strong (6.9) errors on a log-log-scale under a non-constant renormalization,
obtained through M = 10° Monte Carlo samples with a trapezoidal rule delta of A = 2717 and
fineness of the reference Haar grid ¢’ = 278, Solid lines visualize the empirical rates of convergence
obtained by least squares regression, dashed lines provide visual reference rates. Shaded colour
bands show interpolated 95% confidence levels based on normality of Monte Carlo estimator.

by the wavelet-based scheme itself, i.e. we simply pick some ¢’ < & and consider

(6.9) Hi e

L2(Q)

as € — ¢’. As can be seen in Figures 1 and 2, both renormalization approaches stated in (6.6)
are consistent with a theoretical strong rate of almost H across the full range of 0 < H < 0.5 (cf.
discussion at the end of Section 3.2).

Remark 6.2 (Weak convergence). In absence of a Markovian structure, a proper weak convergence
analysis proves to be subtle, that is, an analysis that - for suitable test functions ¢ - yields a rate of
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o Strong error: constant renormalization

6x10
-1
4x10
S
 3x10
-1
2x10
X H=0.3:strong rate = 0.33
Reference rate 0.3
X H=0.2:strongrate = 0.24
————— Reference rate 0.2
10" -2 -1 0
10 10 10
g=2"N

FIGURE 2. Empirical strong (6.9) errors on a log-log-scale under a constant renormalization, obtained
through M = 10° Monte Carlo samples with a trapezoidal rule delta of A = 2717 and fineness of
the reference Haar grid ¢’ = 278. Solid lines visualize the empirical rates of convergence obtained
by least squares regression, dashed lines provide visual reference rates. Shaded colour bands show
interpolated 95% confidence levels based on normality of Monte Carlo estimator.

convergence for

2[o(7)] Efo( [ ew@iam)]]

as € — 0, remains an open problem. However, picking p(x) = 22, Tto’s isometry yields

( / 1 exp(/Wt)th) 1 ) / B [exp (277 = [ ! (221

which we can be approximated numerically. So we can consider

(6.11) ‘E{(ﬁf] = /Olexp (2t2H)dt‘

(6.10) E
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» Option price: Weak error
10
______ +
——"+——’
10'2 e —t
_______ + Py |
#+
5 +
i o
s
B} A
10°
)
+ H=04,rate = 0.83
+ H=0.3,rate = 0.62
+ H=02rate = 044
H=0.1,rate = 0.30
10_4 -2 -1 0 1
10 10 10 10
g=2"N

FIGURE 3. Empirical weak (6.12) errors on a log-log-scale as ¢ — ¢/ = 278 obtained through
M = 10° MC samples with spot Sy = 1, strike K = 1, correlation p = —0.8, spot vol og = 0.2, vvol
n = 2 and trapezoidal rule delta A = 2717, Dashed lines represent LS estimates for rate estimation,
shaded colour bands show confidence levels based on normality of Monte Carlo estimator.

as € — 0. Our preliminary results indicate that for both renormalization approaches the weak rate
seems to be around the strong rate H.

Option pricing. We pick a simplified version of the rough Bergomi model [4] where the instanta-
neous variance is given by
f*(z) = o exp (1)
with o¢ and 1 denoting spot volatility and volatility of volatility respectively. Let C* denote the

approximation of the call price (6.1) based on (ﬁ , “I/E), fix some &’ < ¢ and consider

(6.12) (S, K, T = 1) — O (So, K, T = 1)‘

as € — ¢’. Empirical results displayed in Figure 3 indicate a weak rate of 2H across the full range of
0<H<1i
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APPENDIX A. APPROXIMATION AND RENORMALIZATION (PROOFS)
Lemma A.1. Fora,b> 0 and ¢ € [0,1] we have for z ¢ [0,1)
la® — b°] < 2170|2[9 (a® 0 v b*) - |a — b°
and for z € (0,1)
4™ — b7| < 2170 |2|9 (alr=apr(1-0) \ pla=D)3 gz (1=8)) | _ p|3 |
Proof. This follows from interpolation between |a* — b%| < |z]sup, e,y 2° a = 0] < |z[a® "V

b*~Ya — bl and |a® — b*| < a® + b® < 2a% V bo. O

Proof of Lemma 3.7 . Rewriting /Wg(t) =V2H [[7dW (u) [;°dré(r,u) |t — r|H=1/21, ., we have
g _ 9 oo oo 2
E\W=(t) — Ws(s)‘ = 2H/ du(/ Aré® (r,u) Lyt — r[T7Y2 — 1, s — TH_1/2)>
0 0

o0 o0 9
< [ au [T s (ot = 7 s = )
) 0

¢
< oVt _ L |H-1/2 _ _ .|H-1/2 2
~ dr ]-r<t|tL ’I"| 1r<s‘8 r| )
0

where we used the It6 isometry in the first and Jensen’s inequality in the second step. Assuming
s < t we can split the integral in domains [0, s] and [s,t] which yields the bound [t — s[*7 [|s —
r[AH=1 4|t — 527 < |t — s|?H. Application of equivalence of moments for Gaussian random variables
and Kolmogorov’s criterion then shows the first inequality.

The second one follows by interpolation (and once more Kolmogorov) if we can prove that

(A.1) E[We(t) — W(t)]> < 21+

We have, by Ito’s isometry,

E[‘Wf(t)—vv(t)] ]:2H/ du (/ dr 8 (r,u) |t — r[H=1/21, o, — |t—u|H_1/21u<t) .
0 0

We can enlarge the inner integral such that [ §°(r,u) =1 by negleting an error term which can be
estimated by [ .oy du( [0 ey dre ™"t = r|H=1/2)2 < ¢2H - Application of Jensen’s inequality then
yields

o0 oo 2
| [ gl (je= ol e )
0 — 00

The cases where either » > u or u > t yield an 27

Lemma A.1

error term as above so that bounding with

It 2 g TV (g o 20
proves (A.1). O

Proof of (3.15). We only consider the symbols ZZ™ (=), the symbols Z(Z)™ can be handled with
Lemma 3.7. In view of Lemma 3.9 and 3.11 we have to controll (for m > 0 in the first equation and
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m > 0 in the second equation)

(A2) S EQ&K/)\QMH*I*QHI

)

/dws £) o (1) (IW5)™ /dW o 2Oy

2

(A.3) E < 208 \2mH—1-2w'

)

/ dt 2 (t) (Ji/g(sat)(w\.ft)mfl - K(s— t)(Wst)mil)

0

where /V[Z(f) = W(E)(t) - /W(E)(s) and where § € (0,1), ¥’ € (0, H) is arbitrary. Equivalence of norms
in the Wiener chaos and a version of Kolmogorov’s criterion for models ([31, Proposition 3.32])
then gives (3.15) (note that this gives for a better homogeneity then we actually need since we only
subtract 2’ and not 2m«’ in the exponent of A € (0, 1]). We can rewrite the random variable of

(A.2) as

/ e [ w8 ) (Lisogd @) (2™~ 200 T

Using [39, Theorem 7.39] and Jensen’s inequality we can estimate the second moment of this
Skorohod integral by

T+1 /\ P 2
Bla2f s [ at [ auls ol E(Leoe (T - 0F0m)

In the regime A < ¢ every term in the squared parentheses can simply be bounded (using Lemma
3.7) by M1 < /\2H7172” e If on the other hand ¢ < A we can split off a term of order
fB(O ce) dt fB 0 Fs) LS < N2 126" 26 drop the indicator 1,>¢ and can bound on the support
of 6°(t, u)

|02 (W) (W)™ = 02 () (Wieo)™| < 1(02 () = 02 (8)) - W™ + |02 ()] - | (W)™ = (W)™
< 0513(37(1+20)/\)(t) /\_1_K’I€Nl>\mH + 0513(37)\) (t))\_l)\mH_K’IEN/ ,

where C: > 0 denote random constants that are uniformly bounded in L? for p € [1, 00). This shows
(A.2). To estimate (A.3) we first note that due to E|[(W)™ 1 — (W&)™ 12 < |t — s[2m—DH -2 02
we are only left with

2

E / At @ (0)(A(s,t) = K(s =) (W)™ S [ dt@d()| = (s,t) — K(s — t)|*|s — t[2m =D,
0 0

which is straightforward to bound with Lemma 3.12 if A < e. For A < € and t > 2ce with ¢ > 0 as in

Definition 3.5 the desired bound follows from Lemma A.2. The remaining case however contributes

with

[l s e s
B(0,2ce)

</ dt ()\2(m—1)H€2H71+/\2mH—1‘t|2mH71)
~ B(s,A"12ce)

< )\Q(mfl)HflEQH + AZmel(A715)2mH < N\2kH—x En"

which completes the proof. |
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Lemma A.2. For c as in Definition 3.5 and t > 2ce and s € R we have for k' € (0, H)
K (s —t) — (s, 8)| < |s — t|T-1/2wen

Proof. If 2ce > |s —t|/2 the bound easily follows from Lemma 3.12. If 2ce > |s —t|/2 we can reshape
o0
|K(s—1t)— (s, t)| = ‘/ du 6% (t,u) (Leesls — Y2 — 1, |s — w7 1/?)
—o0

where 6%°(t,-) == J25 dwy [7 dwad®(t,21)0% (21, ) satisfies the properties in Definition 3.5 with
support in B(t,2ce). Note that for 2ce > |s — t|/2 either both indicator functions vanish or
none so that we only have to consider t < s where we obtain with Lemma A.1 up to a constant

B L O e R 0

Proof of Lemma 3.16. We restrict ourselves to proof (3.17), the other three inequalities follow by
basically the same arguments. We fix a wavelet basis ¢, = ¢(-—y), y € Z, wi = 2/24h(20(-—y)), 5 >
0,y € 2777 and use in the following the notation ¢, = 202427 (- —y)), j >0, y € 277Z. Within
this basis we can express the Bf’oo regularity of ¢ by

> 1,6, r2] +Sup2m > 2wl S llelse

YyEL ye2=IZL

Without loss of generality we can assume that A = 2770 is dyadic, so that by scaling

(A4) > |<sos,¢f°>m|+s3p2“ BN gm I (X i) 1a] S 202 o
ye2-0Z =Jo ye2-ITZ,

We can now rewrite
(RF - Hst)((p;\) =
S (RF-ILE)(G) - (62,002 + > > (RF —ILE) (W) - (&), o)) 12

ye2-I07 j>jo y€2—IL
(A5) = > (RE-TLE)(4) (0, 02+ Y Ty(Fy —TyFo)(@)) (677,¢2)
yE2I07Z yE2~I0Z
(A6)  + D (RE-TLE)W)) (W, 002+ Y Ty(Fy —TyFo)(W)) (¥, 2) 2
Jj 2 Jo, J 2 Jo,
ye2Z y €272

Only finite terms in (A.5) contribute which all can be bounded (up to a constant) by 27707 = \7.

Moreover
CEDIERIES DD DIES I a L DIC AR

Jj>jo J>jo Ada<y yE2—IZ
< Z 9=37 4 9=7do Z Z 9—(F=do)ag—(i=d0)B < 9—jov — )7
Jj>Jjo Asa<y j>j0

where we used 8+ «a > 0, @ € A in the last line. |
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Proof of Lemma 3.22. Note first that via Taylor’s formula it easy to check that for scaled Haar
wavelets 2 and v € (0, (M + 1)H)

571/2
D U/ P20 FIV(B), )W (1) — ILFE(s)(¢7) ] < AT1/2)

uniformly for s in compact sets. The same argument as in the proof of Lemma 3.16 then implies
that (A.7) actually holds for compactly supported smooth function ¢ (or even compactly supported
functions in BB +(R%). Proceeding now as in [31] we choose test functions 7,1 € C° with 1 even

and suppn C B 0,1), [n(t)dt = 1. We then obtain for V2 (s) = (¥, n%)
1/2
B[ [Rra) - [ 600 (70 0)aw o]

=E

911/2
e (RFEmi) - / B0 ST @) 0)aw (1)) ]
< /dxw(x) §1m1/2mR 030
where we included a term II,ZF(z) in the second step. It remains to note that

[ @ s @.00aw e S [ v 17 @.aw

in L2(P) and further RFE(¢°) — RFZ(¢) a.s. and thus in L2(P). Putting everything together
we obtain

B[R - [ o) ST 0. 0awwE] -0

which implies the first statement. For the second identity we proceed in the same way but making
use of Lemma A.3. O
Lemma A.3. For F € L?(P x Leb) we have

2
E ‘/F(t)dWs(t) ] < /E[|F(t)|2] at

Proof. As a consequence of Definition 3.5, we have [ |§°(z, y)dz| is bounded uniformly in ¢ and y.
We can, therefore, normalize |§°(-,7)| to a probability density and apply It6’s isometry and Jensen’s

inequality to
/()de —/ / 5% (1, ¥) F(t)dt AW (r).

APPENDIX B. LARGE DEVIATIONS PROOFS

Proof of Lemma 4.1. The fact that II" satisfies the algebraic constraints  is obvious so we focus on
the analytic ones. The Sobolev embedding L? ¢ C~'/2 yields that IIZ, TIZ satisfy the right bounds.
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Noting that (by e.g. [47, section 3.1]) || K * h||on < C||h]|c-1/2 gives the bound for IIZ(Z)™. Finally,
we note that using Cauchy-Schwarz’s inequality

(mzz@m )| = | [ M ) - K s hn(0) 6} e)ds

< ( sup K*hl(S)—K*hl(t)|> a2l 6212

|s—t|<A

< ymH-1/2

The inequality for IIZZ(Z)™ follows in the same way, and the bounds for T' also follow.
Continuity is h is proved by similar arguments which we leave to the reader. O

Proof of Theorem 4.2. The theorem is a special case of results in Hairer-Weber [37] for large
deviations of Banach-valued Gaussian polynomials. Let us recall the setting.

Let (B, H,u) be an abstract Wiener space and let us call £ the associated B-valued Gaussian
random variable, and (e;) an orthonormal basis of H with e; € B*. For a multi-index o € NY with
only finitely many nonzero entries, define H,(€) = II;>0Ha, ({€, €;)), where the H,, n > 0 are the
usual Hermite polynomials. For a given Banach space F, the homogeneous Wiener chaos H*) (E) is
defined as the closure in L2(E, i) of the linear space generated by elements of the form

H,(&)y, |laj=k, yeE.

Also define the inhomogeneous Wiener chaos H*(E) = @F_H(E). Finally for ¥ € H(k)(E) and
h € H we define U™ (h) = [ W(E+h)u(dE), and for ¥ =", U, € HF(E), we let Whom = (J)hom,

Now let E = @,ewE, where W is a finite set and each E, is a separable Banach space. Let
U = @, ¥, be a random variable such that each U, is in HX~ (E;). Letting T = @T(SKT‘I/T,
Theorem 3.5 in [37] states that U’ satisfies a LDP with rate function given by

I(9) =inf {1/2|n[3,, ¥ = @,ew¥r™(h)}.

In our case, we apply this result with W = {EZ(2)™,EZ(2)™,0 < m < M} and each E. is the
closure of smooth functions (¢, s) — II;7(s) under the norms

()|

In order to obtain Theorem 4.2, it suffices then to identify (II7)"*™(h) which is done in the
following lemma. |

|ITI7|| = sup A7
At

Lemma B.1. For each 7 € W and h € H, (II7)"™(h) = IT"r.

Proof. We prove it for 7 = ZZ(Z)™, the other cases are similar. Note that ¥ ~— Whom(p) is
continuous from H* to R for fixed h (by an application of the Cameron-Martin formula), and so it
is enough to prove that

(B.1) lim (T1°7) " By = it

e—0

where II¢ corresponds to the (renormalized model) with piecewise linear approximation of . For
any test function ¢, by definition one has

<H§T7 <P> = _<I€7 g0/>a
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where
I5(s) = / (K % €)(w) — (K #€)(0)) "€ (u)du — C.F,.

where R;, is a renormalization term which is valued in the lower-order chaos H™, so that by
definition it does not play a role in the value of (II7)"*™. Now note that if ® is a Wiener polynomial
whose leading order term is given by I1¥_, (¢, g;) (where the g; are in H) then ®"™(h) = TI¥_, (h, g;).
In our case this means that

(15)"m (s) = /t ((K s 2 (w) = (K hT)(4)™ 1 () du

where h§ = p® *x hy. In other words we have (ﬁ%)hom = [I*", and by continuity of h + TI" we

obtain (B.1). O

APPENDIX C. PROOFS OF SECTION 5

The proof of Theorem 5.3 follows from the estimates in the lemmas below, using the standard
procedure of taking a time horizon T" small enough to obtain a contraction and then iterating. Note
that due to global boundedness of u, v the estimates are uniform in the starting point z, so that one
obtains global existence (unlike the typical situation in SPDE where the theory only gives local in
time existence).

By translating v and v we can assume w.l.o.g. that the initial condition is z = 0. Then the
solution will take value in Dj (I') := { F € Dz(T), F(0)=0.}.

Lemma C.1. For each F and F in D&T(T) for the respective models (II,T') and (ﬁ,f), and for
each v <1 and T € (0,1], one has

ICF: K Fll g 7y S TIE: Flly i1y 121 )
for some n > 0, the proportionality constants depending only on v and the norms of (IL,T) and
1L T).
Proof. (v < 1 avoids the appearance of any polynomial terms, present in [31, Sec. 5] but not in
our case.) Note that if F belongs to D&T so does KCF'. Since K is a regularizing kernel of order

8 := %+ H in the sense of [31], it follows along the lines of [31, Sec. 5] that
IKE; KE o 0y o7y S NE3 Fllpysi=i oy py =1 3y
where we pick ¥ € (v,1) such that ¥ <+ |Z| + 8 = v+ H — k. On the other hand, it is clear from

the definition of ||-;-|| that since KF and KF vanish at ¢ = 0 it holds that
ICF; ICFH‘D;(F),D;('f) S TIKE; ’CFMD;(F),DZ(T“)
forn =% —17. |

Lemma C.2. Let G (resp. é) be the composition operator corresponding to g (resp. §) € C’é\/[+2.
Then one has

IG(F); G(F)|||D;(r),D;(f) SIG = Gllom+z + || F; F|||D;(r),p;(f)
the proportionality constants depending only on v and the norms of (II,T), (ﬁ,f), F, ﬁ, g, 9.

Proof. This follows from the estimate in [31, Theorem 4.16]. The joint continuity is not stated there
but is clear from the triangle inequality. |
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