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Geneti variability at a 250bp piee of the mitohondrial ytohromeb-gene in a sample of 117 atlanti od (a random subsample from thedataset desribed in E. Árnason, Genetis 2004)
468 481 487 488 490 496 508 523 562 601 631 643 649 685 691

66 t a a c a a t g a t g a c c g

17 - - - - - - c - - - - - - - -

14 - - - - - - - a - - - - - t -

8 - - - - - - - - - - - - - - t

1 - - - - - - - - - - - - - t -

2 - - - t - - - - - - - - - - -

1 - - - - - - - a - - - g - t -

1 - - - - - - - - - - - - t - -

1 - - - - g - c - - - - - - - -

1 - - - - - g - - - - - - - - -

1 - - g - - - - - - - a - - - t

1 - - - - - - c - g - - - - - -

1 g - - - - - - - - - - - - - -

1 - - - - - - - - - c - - - - -

1 - c - - - - c - - - - - - - - ,M. Birkner Resarh group Interating Random Systems 3 (26)



John Gillespie's `Great obsession' of population genetis:�What evolutionary fores ould have lead to suh divergenebetween individuals in the same speies?�
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John Gillespie's `Great obsession' of population genetis:�What evolutionary fores ould have lead to suh divergenebetween individuals in the same speies?�A more humble obsession:How an stohasti models help to understandgeneti variability inside populations?
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Wright-Fisher model: A fundamental model for `geneti drift'
⊲ A (haploid) population of N individuals per generation,
⊲ eah individual in the present generation piks a `parent' at randomfrom the previous generation,
⊲ geneti types are inherited (possibly with a small probability ofmutation).
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Genealogial point of viewSample n (≪ N) individuals from the `present generation'
PSfrag replaements past

present
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Kingman's oalesentTheorem (Kingman, 1982)In the limitN → ∞, the genealogy of an n-sample,measured in units of N generations, is desribed bya ontinuous-time Markov hain where eah pair oflineages merges at rate 1.
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Kingman's oalesentTheorem (Kingman, 1982)In the limitN → ∞, the genealogy of an n-sample,measured in units of N generations, is desribed bya ontinuous-time Markov hain where eah pair oflineages merges at rate 1.The same limit appears for any exhangeable o�spring vetors
(ν1, . . . , νN ), (independent over generations),if time is measured in N

σ2
generations, where σ2 = lim

N→∞
Var(ν1). ,M. Birkner Resarh group Interating Random Systems 7 (26)



Kingman's oalesent: superimposing neutral typesAssume that the onsidered geneti typesdo not a�et their bearer's reprodutive sues.If as population size N → ∞,
N

σ2
×mutation prob. per ind. per generation → r,the type on�guration in the sample an be desribed by puttingmutations with rate r along the genealogy.
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Kingman's oalesent: superimposing neutral typesAssume that the onsidered geneti typesdo not a�et their bearer's reprodutive sues.If as population size N → ∞,
N

σ2
×mutation prob. per ind. per generation → r,the type on�guration in the sample an be desribed by puttingmutations with rate r along the genealogy.Kingman's oalesent is the standard model of mathematial populationgenetis. ,M. Birkner Resarh group Interating Random Systems 8 (26)



Coalesents with multiple ollisions, aka `Λ-oalesents'While n lineages, any k oalese at rate
λn,k =

∫

[0,1]
xk−2(1 − x)n−k Λ(dx), where Λ is a �nite measure on [0, 1].(Sagitov, 1999; Pitman, 1999).
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λn,k =

∫

[0,1]
xk−2(1 − x)n−k Λ(dx), where Λ is a �nite measure on [0, 1].(Sagitov, 1999; Pitman, 1999).Interpretation:re-write λn,k =

∫
[0,1] x

k(1 − x)n−k 1
x2 Λ(dx) to see:at rate 1

x2 Λ([x, x + dx]), an `x-resampling event' ours.Thinking forwards in time, this orresponds to an event in whih thefration x of the total population is replaed by the o�spring of a singleindividual. ,M. Birkner Resarh group Interating Random Systems 9 (26)



Coalesents with multiple ollisions, aka `Λ-oalesents'While n lineages, any k oalese at rate
λn,k =

∫

[0,1]
xk−2(1 − x)n−k Λ(dx), where Λ is a �nite measure on [0, 1].(Sagitov, 1999; Pitman, 1999).Interpretation:re-write λn,k =

∫
[0,1] x

k(1 − x)n−k 1
x2 Λ(dx) to see:at rate 1

x2 Λ([x, x + dx]), an `x-resampling event' ours.Thinking forwards in time, this orresponds to an event in whih thefration x of the total population is replaed by the o�spring of a singleindividual.Note: Λ = δ0 orresponds to Kingman's oalesent. ,M. Birkner Resarh group Interating Random Systems 9 (26)



Cannings' models in the`domain of attration of a Λ-oalesent'Fixed population size N , exhangeable o�spring numbers in one generation
(
ν1, ν2, . . . , νN

)
.Sagitov (1999), Möhle & Sagitov (2001) larify under whih onditionsthe genealogies of a sequene of exhangeable �nite population models aredesribed by a Λ-oalesent:

⊲ cN := pair oalesene probability over one generation → 0( cN = 1
N−1E[ν1(ν1 − 1)] )

⊲ two double mergers asymptotially negligible ompared to one triplemerger
⊲ NcNP

(a given family has size ≥ Nx
)
∼

∫ 1
x

y−2Λ(dy)Time is measured in 1/cN generations (in general 6= 1/pop. size) ,M. Birkner Resarh group Interating Random Systems 10 (26)



A `heavy-tailed' Cannings modelHaploid population of size N . Individual i has Xi potential o�spring,
X1,X2, . . . ,XN are i.i.d. with mean m := E

[
X1

]
> 1,

P
(
X1 ≥ k

)
∼ Const.× k−α with α ∈ (1, 2).Note: in�nite variane.Sample N without replaement from all potential o�spring to form thenext generation.
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A `heavy-tailed' Cannings modelHaploid population of size N . Individual i has Xi potential o�spring,
X1,X2, . . . ,XN are i.i.d. with mean m := E

[
X1

]
> 1,

P
(
X1 ≥ k

)
∼ Const.× k−α with α ∈ (1, 2).Note: in�nite variane.Sample N without replaement from all potential o�spring to form thenext generation.Theorem (Shweinsberg, 2003)Let cN = prob. of pair oalesene one generation bak in N -th model.

cN ∼ onst.N1−α, measured in units of 1/cN generations, the genealogyof a sample from the N -th model is approximately desribed by a
Λ-oalesent with Λ = Beta(2 − α,α).(

Beta(2 − α,α)(dx) = 1[0,1](x) 1
Γ(2−α)Γ(α)x

1−α(1 − x)α−1 dx
) ,M. Birkner Resarh group Interating Random Systems 11 (26)



Why Λ = Beta(2 − α, α)?Heuristi argument:Probability that �rst individual's o�spring provides more than fration y ofthe next generation, given that the family is substantial (i.e. given
X1 ≥ εN)
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Why Λ = Beta(2 − α, α)?Heuristi argument:Probability that �rst individual's o�spring provides more than fration y ofthe next generation, given that the family is substantial (i.e. given
X1 ≥ εN)

≈ P

( X1

X1 + (N − 1)m
≥ y

∣∣∣X1 ≥ εN
)

= P

(
X1 ≥ (N − 1)m

y

1 − y

∣∣∣X1 ≥ εN
)

∼ onst.(1 − y)α

yα
= onst.'Beta(2 − α,α)([y, 1]). ,M. Birkner Resarh group Interating Random Systems 12 (26)



The family Beta(2 − α, α), α ∈ (1, 2]
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⊲ Kingman's oalesent is inluded as a boundary ase:
Beta(2 − α,α) → δ0 weakly as α → 2.

⊲ Smaller α means tendeny towards more extreme resampling events.
⊲ For α ≤ 1, orresponding oalesents do not ome down from in�nity.
⊲ Beta(2 − α,α)-oalesents appear as genealogies of α-stableontinuous mass branhing proess (via a time-hange). ,M. Birkner Resarh group Interating Random Systems 13 (26)



`Meta-mathemati' assoiations
Brownian motion ↔ Kingman's oalesent

∩ ∩Stable proesses ↔ Beta(2 − α,α)-oalesents
∩ ∩General Lévy proesses ↔ General Λ-oalesents
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Asymptotis of the frequeny spetrumConsider an n-Beta(2 − α,α)-oalesent, mutations at rate r aording tothe in�nitely-many-sites model (assuming known anestral types). Let
M(n) := #total number of mutations in the sample,

Mk(n) := #number of mutations a�eting exaktly k samples,
k = 1, 2, . . . , n − 1.Theorem (Berestyki, Berestyki & Shweinsberg, 2005�)

M(n)

n2−α
→ r

α(α − 1)Γ(α)

2 − α
,

Mk(n)

n2−α
→ rα(α − 1)2

Γ(k + α − 2)

k!in probability as n → ∞.
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Mk(n) := #number of mutations a�eting exaktly k samples,
k = 1, 2, . . . , n − 1.Theorem (Berestyki, Berestyki & Shweinsberg, 2005�)

M(n)

n2−α
→ r

α(α − 1)Γ(α)

2 − α
,

Mk(n)

n2−α
→ rα(α − 1)2

Γ(k + α − 2)

k!in probability as n → ∞.Thus M1(n)/M(n) ≈ 2 − α for n large, whih suggests
α̂BBS := 2 −

M1(n)

M(n)as an estimator for α. ,M. Birkner Resarh group Interating Random Systems 15 (26)



A likelihood approah
If the observations had been generated by putting mutationsat rate r > 0 on a realisation of a ertain Λ-oalesent(from some lass, e.g., Beta(2 − α,α)),for whih (Λ̂, r̂) is

PΛ,r(observations) maximal?
,M. Birkner Resarh group Interating Random Systems 16 (26)



In�nitely-many-sites modelAn in�nite sequene of ompletely linked sites, mutations always hit a newsiteExample: segr. siteSeq. 1 2 3 41 1 0 0 02 1 1 0 03 0 0 1 14 0 0 1 15 0 0 1 0(0=wild type, 1=mutantassume known anestral types)Obs. �t IMS ⇐⇒ no sub-matrix 1 1
1 0
0 1

(nor row permutation). ,M. Birkner Resarh group Interating Random Systems 17 (26)



In�nitely-many-sites model, IIIf the in�nitely-many-sites model applies, the observations orrespond to aunique rooted perfet phylogeny (or `genetree').Sequenes, Genetree, obs. typessegr. siteSeq. 1 2 3 41 1 0 0 02 1 1 0 03 0 0 1 14 0 0 1 15 0 0 1 0 1

2

3

4

1 2 3,4 5

type multipliity(1, 0) 1(2, 1, 0) 1(4, 3, 0) 2(3, 0) 1Construt e.g. using Gus�eld's (1991) algorithm.Note: purely ombinatorial, does not depend on a probabilisti model forthe observations. ,M. Birkner Resarh group Interating Random Systems 18 (26)



�Naive approah�We have
pΛ,r(T,n) =

∑

T ∈CT,n

PΛ,r

(marked geneal. tree of n-sample = T
)
,where CT,n are all marked oalesent trees ompatible with theobsrvations.Problem: Too many trees!
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Reursions for tree probabilities (B. & Blath, 2007)
T a tree of (ordered) types, type multipliity vetor n.

pΛ,r(T,n) =
1

rn

∑

i: ni≥2

ni∑

k=2

(
n

k

)
λn,k

ni − k + 1

n − k + 1
pΛ,r(T,n− (k − 1)ei)

+
r

rn

∑

k:nk=1,xk0distint
s(xk)6=xj∀j

pΛ,r(sk(T ),n)

+
r

rn

∑

k:nk=1,xk0distint ∑

j:s(xk)=xj

(nj + 1)pΛ,r(rk(T ), rk(n + ej)).where ej: j-the unit vetor, sk(T ): removes �rst oordinate of k-th sequene in
n, rk(T ): removes k-th sequene from T , xk0 `distint': ⇐⇒

xk0 6= xij , ∀(x1, . . . , xd) und (i, j) 6= (k, 0), rn = rn +
∑n

k=2

(
n
k

)
λn,k.Extendes Ethier & Gri�ths (1987) to Λ-ase and Möhle (2005) to IMS.Note: true reursion in omplexity of (T,n). ,M. Birkner Resarh group Interating Random Systems 20 (26)



Markov hains and linear equations
|S| < ∞, (qxy) transition kernel S, f : S → R.

u(x) = f(x)
∑

y∈S

qxyu(y), x ∈ S′ ⊂ Swith given boundary values on S \ S′.
X a q-Markov hain, τ := min{k : Xk 6∈ S′}.If τ ≤ K for a �xed K < ∞,

u(x) = Ex

[ τ∏

i=0

f(Xi)
]
. ,M. Birkner Resarh group Interating Random Systems 21 (26)



A Monte-Carlo methodUnsing this and the reursion for pΛ,r:
pΛ,r(T,n) = E(T,n)

[ τ∏

i=0

f(Xi)
]for a suitable Markov hain on type trees with multipliities (analogous toGri�ths & Tavaré, 1994).

⊲ Unbiased estimate p̂Λ,r(T,n) via independent runs
⊲ Finite runtime: omplexity of (T,n) (:=#mutations + sample size)dereases in eah step
⊲ Can view hain as an integral on �(Λ-)oalesent histories� ,M. Birkner Resarh group Interating Random Systems 22 (26)



The Monte-Carlo method (details to be glossed over)Transition mehanism
(T,n) →






(sk(T ),n) w. p. 1
rnf(T,n)r if
nk = 1, xk0 distint, s(xk) 6= xj∀j,

(rk(T ), rk(n + ej)) w. p. 1
rnf(T,n)r(nj + 1) if
nk = 1, xk0 distint, s(xk) = xj ,

(T,n− (k − 1)ei) w. p. 1
rnf(T,n)

(
n
k

)
λn,k

ni−k+1
n−k+1 if 2 ≤ k ≤ ni,where

rnf(T,n) =
∑

k:nk=1,xk0distint
sk(xk)6=xj∀j

r +
∑

k:nk=1,xk0distint ∑

j:sk(xk)=xj

r(nj + 1)

+
∑

1≤i≤d: ni≥2

ni∑

k=2

(
n

k

)
λn,k

ni − k + 1

n − k + 1
. ,M. Birkner Resarh group Interating Random Systems 23 (26)



Simulated datasets: α = 1.25, 1.5, 1.75, 2, r = 2.0
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p̂Beta(2−α,α),r(data) for the od sample
r
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αMaximum at α̂ = 1.3, r̂ = 0.7. α̂BBS = 2 − 9/14 ≈ 1.36. ,M. Birkner Resarh group Interating Random Systems 25 (26)



Further issues
⊲ Redue variane of estimator via importane sampling?
⊲ Properties of estimators?
⊲ Interplay of demographi stohastiity and reombination,�Λ-anestral reombination graph�?
⊲ More general mutation models, unknown anestral types
⊲ Seletion, population substruture
⊲ ...beta genetree is available (under GNU General publi liene) fromhttp://www.wias-berlin.de/people/birkner/bgt/ ,M. Birkner Resarh group Interating Random Systems 26 (26)


